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ITPOAOI'OZ
Tov EmpeAnteov tng "Exdoong

16éa Tng aglotroinong Tng lotopiag Twv MadnpoaTikwv oTnv MabnpoaTikd Extrai-

devon (ME) epgpaviCeTan 16N ammé 1o 6e0TePo HIoG Tou 19 alwdva GTav oTToL-
daiol podnpaTikoi 61mwg o1 A. De Morgan, F. Klein, H. Poincaré avagépovtar oxeTikG
OTO £PYO TOUG KOI ONHAVTIKOI I0TOpIKOf, 6TTwg 0 P. Tannery kou apydTepa o G. Loria,
£6e1€av evepyo evdiagépov Yo To péAo Trou 1 loTopiat Twv MaBnuaTikdv propel va
Siadpaparioer otnv MoBnparTikr Ekraidevon. ‘Opwg pia Mo UOTNHATIKY AvaTTTUEN
S 160G auTHG eppavileTal atmd Ta TEAN TG dekaeTiag Tov 1960 kai €€rg, dTaV
d1Gpopeg ek6OXES TNG apXiCouV Vo papPGLovTal oTnV TIPGEN pe TToIKIAoLG TPETTOUS,
€101 ®OTE Ta TeEAeLTAIO 40 XpOVIa TTEPITTOL var SiapopPwOel oTadIOKG £vag evepyds
EPELVNTIKGG KAGOOG TNG MabnpaTikig EKTTaidevong Tou Tpe OUYKEKPIYEVI HOpPN
pe TNV idpuon kar avatrTuén Tng International Study Group on the Relations between
History and Pedagogy of Mathematics, Tng yvwoTr|g wg opddag HPM, pe dnpooieboeig
EPELVNTIKAV GPOPwV, HI0PYEVWOT OXETIKWV LVESPiIwY, £kboor TUANOYIKWV TEHWY
KATE." H opéda awTr, ou Snpiovpyionke to 1972 katd tnv Sidpkeia Touv 2" Interna-
tional Congress on Mathematical Education (ICME 2) oTo Exeter Tng M. BpeTaviag iva
pia a6 Tig 600 POCIKGTEPES KO TITAAAIGTEPES OHGOES PEAETNG TTOL TEAOVY LTIG THV
aryida Tng Aiebvoug Emtpotrhg yia Tnv Maénuarixri Ekmraidevon (ICMI: International
Commission on Mathematical Instruction?), £€xovtag SiaTuTTWOE! TOUG BaOIKOUG OTO-
XOUG TNG EUTTEPIOTATWHEVD O aTrd TO 19783,

AivovTag €ugaon oTnV VOWHATWOT TN I0TOPIOS KOI TNG ETTICTNHOAOYIOG TV
Mo®npaTik@v kaTd T didaokoAia Kar p&onon Twv MadnpaTIKOV ouvIoTS £va Qu-
O10AOYIKO TPOTTO €KBEONG TV MOBNPOTIKADV €V TN YEVETEI TOUG, O€ TPOTTOV DOTE VO
OONYEITOI KAVEIG O€ TIANPEDTEPN KATAVONOT CUYKEKPIPEVWV HOBNPOTIKWOV OgUGTWY
OAAG ko o€ pio BaB0TEPN avTIANYn Tou Ti eival T MaBnpaTIK& CUVOAIKG WG ETTI-
OTNHOVIKG Tredio. TovTo eival onpAvVTIKG KaBwS Bond& va OLVEIONTOTIOITEI KAVEIG
OTI T& MaONUATIKG €ival ATTOTEAETHO GUVEIOPOPDY OO TTOAAEG KOl HIPOPETIKES
TOPadOoeIg: PpiokdTav avékaBev oe Eva ouvexT| SIGAOYO PE TIG GAAEG ETTIOTHHES, TNV
1Aocopia, TIG TEXVES KAl TNV TEXVOAOYIa: £xouv LTTOOTEN TTOAEG OAAXYEG pEoT OTOV
XPOVO TOOO WG TTPOG TO ETTICTNHOVIKO TOUG TTEPIEXOPEVO, 600 KO WG TTPOG TO Ti Vo-
eiTar wg MoBnpaTiké: amoTeAolV €va 0TABEPS KABOPIOTIKS TTAXPGYOVTO LTTOOTHPI-
&NS TNG ETMOTNHOVIKAG, TEXVIKAS, KOAMTEXVIKIG KOl KOIVWVIKIAG eEEANIENS.

O1 £peVVNTIKES Kail SISOKTIKEG TIPOOTTABEIEG TIPOG AVTH THV KATeLOBLVOT) £X0LV 00N~
yoer og PEYGAN TTOIKIAI TIEIPAHOTIKOV EVPNUATWY, TOV OXEDIGOPO KOl TNV TTAPO-
yoyr 6180KTIKOD VAIKOU YIa TOUG HOONTEG KOl ETTIHOPPWTIKOU LAIKOU YIO TOUG
EKTTOIOEVTIKOUG KAl TNV QVATITUEN BEWPNTIKWY 16DV IO TNV CUCTNHATOTIOMON
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SAWV TwV avwTEP® TTPOG 6PeAog TNG SISOKTIKIAG Kal peLVNTIKAG KOIVOTNTAG. O €v-
S1aPEPSHEVOG OVAYVHOOTNG HTTOPET VO OITTOKTHOEI HIX EIKGVOl OE OXEDT KOl HE TIG TTI0
mpéopaTeg e€eAiEelg oTOV TOPEN QUTO pEow TNG oLVOTITIKAS PIfAIoypagiag oTo
TEAOG TOL TTAPGVTOG EITAYWYIKOU ONHEIOHATOG, 1 OTTOIX £ival GXETIKG EVKOAX TTPO-
of3Goipn kai Béoel TG oTroig PTTopEel va avaldnTAoE! P HEYOAUTEPN KO CUVAHX TTIO
e€e1bikevpévn BipAloypagia oTa ayyAIKG ko EAANVIKG.

‘ExovTag wg 0TOX0 VO YVWOTOTTOIROOLHE OTNV eupUTEPN EAANVIKY Mandorywyiki
Kovétnra To oUyxpovo autd medio Tng Mabnpartikig Exraidevong, oo apdv api-
£€pwpot TOL TTEPIOSIKOV ETTIOTruES TNG AywyriG OLpTTEPIAGBOpE Kol ETTIHEANOKOpE
epyooieg ENAvwv oAAG Kol EEvav epeuvnT®VY, pe TV eATTda 6T1 T6oO Ta BIa Tl Kei-
peva, 600 Kol 1 0g AUTE avopepSpevn TTepaITEPW PiPAIoypagia Ba aroTeAEoOLV Ki-
VI TPO Kal 00MyS YI& TOUG AVOYVMOTEG VA TTPOPANHATIOTOUV KOl EVOEXOPEVIS VO
00X0ANB0UVV £peLVNTIKG Kol OISOKTIKG pe Tnv didokTiKA aglotroinon Tng loTopiag ko
EmoTnpoloyiag Twv MaBnpoTIK@®V.

ETIAEXONKaV TIEVTE KelpeVa EAAVV OLYYPAPEWY KOl TEOTEPT EEVWV YPOPHEVWV
OTa OYYAIKG pe TTEPANYN OTO EAANVIKGL.

ITO TPIO TIPWTO KEMUEVD YIVETOI EUTTEPIOTATWHEVN AVAPOPG HETAED GAAWV KOl OF
YEVIKOTEPES 10€€G Kol peBOSOAOYIKES TTpOTEYYIOEIS TTOU £XOUV dIdPAPATIOE! ONpO-
VTIKG pAAO OTNV HOP@OTIOINOT TOL BWPNTIKOV LTTOPABPOL YIX TNV EICaYWYN KAl VG-
TTUEN pIOG 10TOPIKAG SiIGoTaoNg 0TV MoaBnpaTikf Ekraidevor). Mo ouykekpipéva:

To G&pBpo Tou Navvn OwpAIdN eival PIa EPTTEPIOTATWHEV BewpPNTIKI) oUVOEON
KOl ETTIOKGTINOT TWV TTAPOYOVT®YV TTou apopoly oty aélotroinon Tng lotopiog otnv
S160okoAiar TwV MaBNPOTIKWOV KOBWS Kal TNG OXETIKAS SISOKTIKAG €peuvag, divovTag
£ppaon oTnv TePITTwon NG AAyeBpas. H epyaoia cLVEIOPEPET OTO VO SIGHOPPUTEL
0 OVOYV®OTNG HIX GUVOAIKT] BEDPNOT TOL BEPATOG.

X710 &pBpo N, N Tinne Kjeldsen e&eTéler Tov ouvbvaopo TG diepeuvnTIKHG TTPO-
oéyyiong kai Tng aglomoinong Tng lotopiag Twv MabnpaTik®dv oTnv SIdaokoNia pe
@oITNTEG TwV MaBNUATIK@Y, KAOWMG Kal TIG emMOp&oEelg auTAS TNG SIGAKTIKAG TTpo-
o€yylong 6oov agopd aTnv PaBOTEPN KATAVONOT GO TOLG POITNTES TNG (010G TNS
@vong Twv MobnpaTikdv. ESeTdler emiong, Tig emdpdoeig auTAg TNG SISOKTIKAG
TIPOOEYYIONG OXETIKG HE TIG SUVATETNTEG TWV POITNTAV - HEAAOVTIKAV KABNYNTOV
va 816a8ouv og padnTES. EidikGTEPQ, TTAPoLOIGLel TO TTPSYPAHpa 0TToLSWY aTo MNa-
vemmoTrpio Roskilde Tng Aaviag rouv eoTidleTan oTnv LAOTIOIMON projects TTpooava-
ToNIoPEVWY oTnv eTTiAvoN TTPOPANHGTWY Ko divel §U0 TETola TTapadelypaTa, KOABWS
KOl VO TTAPGOEIYHO EPAPHOYNS TNG TTPOTEYYIONG QUTHS a€ OXOAIKH T&EN AUKeiov.

3710 GpBpo Tov 0 Man Keung Siu peTé o6 pix oOVTOHI, OAAG TIEPIEKTIKI AVaPOpP&
oTnV TPocéyyion BepdTwv TNg ModnpaTikig Ekraidevong péow ng loTopiog Towv
MoBnpaTIK®V, avodDel TIG OXETIKEG ETTIHOPPWTIKEG SpaoTNPIGTNTES HIOG OP&GOag
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KaONyNT@V Kal oTeEAeX@V Tng ekaidevong otnv Kiva (Hong Kong) pe avTikeipevo
v loTopia Twv MoBnuaTikwy kai TV aflotroinor] Tng oTnv extaidevor). Z1ig Spa-
oTNPIGTNTES QUTEG diveTal €Paon oTr CLUYKPITIKY Bewpnon TG eEEAIENS Twv Ma-
ONHOTIKWV OTOV apXaio AVOTOAIKS Kol 0TOV AUTIKG KGOHO.

X1a uTTEAoITTOr TIEVTE Kefpevar ouNTOUVTA ETTT HEPOUG EPELVNTIKG BEPATA OTNHV
meploy auTr. Ta Kefpeva Tapovoidlovtar avé Pabpida ektraidevong, apxiCovrag
atré TNV TPWTORGOpICL.

>tnv gpyooio Tov Mat@aiov AvaoTaciddn pe Tov Kota NikoAavTwvakn avo-
AOeTal piax relpapaTiky SidaokoAia pe padnTég T TéGENG AnpoTikol XXoAeiov yia
TO ICOTTEPIHETPIKG OXAHATA KOl TIG OXEOCEIG TTEPIPETPOL-EPPadOV, 0TV oTroia Xpn-
OIHOTTOINONKAV TIPWTOTUTIEG IGTOPIKES TINYES KOl EISIKOTEPQ, KATGAANAG PETOPPOI-
opéva atmrootrdopara oméd To E’ BifAio Tng Mabnuarikrig Xuvaywyrig Tou IMémrou
(4% p.X. a1dvag) Kai Tig lotopieg Tou MoAufiov (29 m.X aiwdvag). To Gpdpo, Tépav
TOU £181KOU TOU EVOIOPEPOVTOG, AVAOEIKVUEI TIG SBUVATOTNTES TTOU TTIPOOPEPEI I KO-
TEANAN 8150k TIKA 0€I0TTOIMON 1I0TOPIKWY TIY®V 0TN SISAOKOAI TwV MaBNPOTIKOV
oTo emimedo Tou AnpoTiko XxoAeiov.

>tnv epyacia Tou o BayyéAng MavayiwTov Tapovaidlel Tnv I0TopIkA e&EMEN TS
€vvolag Tou AoyapiBpov ko pia SidakTiKA akoAovbia faoiopévn og aUTHvV, N OTTolx
€xel epappooTel 600 opég oe B’ TGEN eAAnvIkoU Aukeiov. Mpdkeitar yia éva Bépa —
«TTPOKANCT» KOBWS Opopd it pOONHOTIKA €VWOIQ;, 1) OTToI0 €V Eival OTjHEPT TTOAD
XPAOIHN KOl ONPOVTIKE, EPQOVICETOI 0’ EVOG PEV OE HIO HOPET| GIPPNHEVT, Oip’ ETE-
pouL &e eVTEADS SIAPOPETIKI) QTS EKEIVI TTOU €iXe APXIKG (16%5-17° cddvVag) Kai N
otroiat LTTAPEE KABOPIOTIKH YIO TNV SIKTOTIWAOT KAl ETTAVOT LTTOAOYIOTIKWV TTPOBAN-
HATWV TTOAD OIQPOPETIKAV OITTO EKEVO 0T OTTOIX XPOIPEVEl OTIHEPOL.

To &pBpo Tou Adriano Dematte pe Tnyv Fulvia Furinghetti eSeTéer mAcovekTipaTa
Kol SUOKOATEG TNG AEYOHEVNS «EPPNVEVTIKIG TIPOTEYYIoNG» oTnv agloTroinon g loTo-
piag oTnv didaokaAiar Twv MaBnNUATIK®OY, 0 GUVOLACHOG HE T ATTOTEAEOHATA HIOG
OXETIKNG TrEIPAPOTIKAS d1daokaAiag og TeEAEIGPOITOUG HOONTES ITaAIKOU Aukeiov Be-
WPNTIKAG KATEVOLVONG, TTGVW OTNV EVWWOIX TNG OUVGPTNONG KOl EISIKOTEPD OTNV €K-
BeTIK KOI TNV AOYOPIBHIKY] OLUVGPTNON, KOTG TV OTroia XpnoigoTroifenkov
TPWTOTUTTEG I0TOPIKES TINYES (Kefpeva Tou L. Euler — 18° auddvag - ota Aarivikd). H
gpYyaaia oLVEIOPEPEI OTNV S1EPEDVNON TNG ATTOTEAEOPOTIKGTNTOSG, OAAG KOl TV TTE-
propiopav otny didakTikr aflotroinon Tng loTopiag Twv MadnpaTikwdv otnv dida-
OKOAIO Twv MaBnpaTIK@V Kol atmoTelel, oTo 610 TAGIOI0, HIX SIGQOPETIKN
TIPOCEYyIon oTré ekeivnv Tou GpBpou Tou E. MavayidTou, Tng idiag paBnUATIKAS €v-
VOIS (eKeVNG TOL AoyapiBpov).

>T0 GpBpo Touv MixdAn KovpkovAov pe Tov KwvoTavrivo T{avakn avoAbeTan pio
TrelpapaTiki Sidaokoia pe @oItnTég Mandaywyikod TUAPATOG GTTOL, PE TNV XPron
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keipévav Tou A. Quetelet, BEAyou po®npaTikod Touv 19° aldva Kal TTp@TOTTGPoL TS
EQPOIPHOYNG OTATIOTIKWV PeBGOwV 0TIg Kolvwvikég ETrioTrpes, e€eTdleTan ) evowpd-
TWOT HOKPOOKOTTIKWV EPTTEIPIKWOV OTOIXEIWV (OTATIOTIKWV OTOIXEIWV) 0TI PIAOCO-
@Ik oudATNON YIa TNV €AebBepn BovAnon Touv avBpwtov. H gpyacia mépav Tou
€181Kk00 NG evdIaPEPOVTOG avadeIkVOE TIG SUVATOTNTES TTOL TIPOOPEPEI N KATGAANAN
d16akTIKI) afl0TT0INON LTTAPXGVTWV ICTOPIKWDV SBEOPWV PETAED OTATIOTIKAG, TOAVO-
TATWV KOl QIAOCOPIOG GKOHN KAl HE POITNTEG TTOL SIHOETOLY TTOAD Aiyeg PaoIkég
YVWOEIG OTATIOTIKAG.

To é&pBpo Tou Uffe Jankvist eival mAovoio og TAnpogopieg ko 16€€G OXETIKG HE TO
BewpnTIKG TAGHTI10 TTOL aTTOTEAEN TO LTTEBOBPO HIGG TTPOOEYYIONG OTNV dIGACKOAITK
Twv MabnpaTikay, n omoia aflotolel ovoIwd®G TNV loTopiar Twv MaABNUATIKGWY,
OLVOLAOTIKG KOl CUHTIANPWHOTIKG PE PIANOCOPIKG {NTAPOTA yia Tot MaBnpaTIKG To
id10, A& KO TIG EPAPHOYES TOUS. XTO TTAGTOI0 AUTS, TO Kefpevo eeTGlel Ty didar-
KTIK] €PELVO TOL CUYYPAPED PE TIPOTITUXIOKOUS (POITNTEG MaABNUATIKWY Kal Xprion
TPWTOTUTTWV TIYWV OTNV TEPIOXH TWV AIOKPITWOV MaBnpaTIk®y Kal TG Oewpiag
Fpa@npéTwy pe avGAvon TePITTTWOoNG £VES TIPOTITUXIOKOD (OITNTH TTOU HEAETNOE
EKTEVWG TETOIEG TINYEG.

Téhog 010 GPBpO ToL 0 OGdwWpPog Maoxos TePIYP&Pel Evar HIGAKTIKG TIEIPOO HE
TIPWTOETEIG POITNTEG TPAHATOG MaBNUATIKGY YIo TNV S1600KaAD BACIK®OV BEPGTWV
Tou ATTeIPOOTIKOU AOYIOHOU, OEIOTTOIOVTOG TIPWTOTUTION KEIUEVO OXETIKA PE TNV Ki-
vNon Kal TN €EAe0Bepn TITAON TWV CWHATWY, T6o0o Tov [aAiAaiov, 600 Kol OnNpavTI-
KOV TPoSpopwy Tou KATG Tov VoTepo Meoaiwva, 6Twg o W. Heytesbury, o N.
Oresme k.o. Ta B€paTa TTOL TTPAYHATEVETAI O CUYYPOPEDS KOI TO TIPWTOTUTTO KEI-
HEVQ TTOL XpnOIpoTIolEl £XoLV TTai&el KXBOPIOTIKG PAA0 0TV AVATITUEN TNG AUTIKOEL-
pwTraikrg EmoTipng, T600 Twv MoBNPATIKWY 600 Kal TNG HEGW QUTWV TTEPIYPOPHS
™S oong, dnA. Tng Ouaikiig 6TTwg TovTN YiveTon avTIANTITH o1ré Tov FaMAaio Ko
Tov NeUTwva kot e€Rs.

MixéAng KovpkouAog

KwvoTtavtivog Tavdkng

BipAoypagpia

O avoyvmoTng PTTopEl Vo &TTOKTAOE! TIANPEDTEPN EIKGVO TNG EVPUTEPNG TTEPIOXIS
OTNV OTTOIG AVOIPEPOVTAI T GPOPA TOL TTIAPGVTOG TEVXOUS HETW TNG TTAPOAKATW Pi-
BAioypa@iog - Kupiwg GUANOYIKWY €PYWV - KO 1] OTIOIX KATS TO HEYOAUTEPO HEPOS
eivan OXeTIKG €0KOAX TTPOCBAOIHN Kal TALTSXPOVA LTTOBONONTIKY TNV avadTNoN
TIEPICOGTEPWV Kl TTIO £EEIBIKEVUEVWV QAVOIPOPWIV, TGO TTPAOPATWY, 600 KOl PO
Tou 2000. H BipAioypagia eivon peTé To 2000 KO AVAPEPETAI XPOVOAOYIKEL.
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http://www.clab.edc.uoc.gr/hpm/HistoryMath&Edu1.pdf )

Etriong o avoryvdoTng propel va AdBel T’ SYiv Tou kai Ta aKéAovoa:

(o) YIréipouv XprioIHeS TTANPO@opies Kat VAIKG oTnv 10TooeAida Tng HPM Group:
http://www.clab.edc.uoc.gr/hpm/

(B) MpoypappaTtiCovral yiax To 2016 dvo diebvry ouvédpIa:

e 13th International Congress on Mathematical Education - ICME 13

24-31 lovAiov 2016, ApPoupyo, leppaviar http://www.icmel3.org/

2710 TAQGIO TOL OTTOIOV CUPTTEPIAGHPAVETOI KOl TO

Topic Study Group 25: The role of History of Mathematics in Mathematics Education
BA. oxeTikd http://www.icme13.orgffiles/tsg/TSG_25.pdf,
http://www.clab.edc.uoc.gr/HPM/TSG25-ICME13-CallForSubmissions.pdf

® HPM 2016: History and Pedagogy of Mathematics - The HPM Satellite Meeting
of ICME 13
Montpellier, FoAAiar, 18-22 lovAiov 2016.
BA. oxeTikd http://www.clab.edc.uoc.gr/HPM/HPM%C2%A02016%20First%20an-
nouncement%20_Final.pdf , http://hpm2016.sciencesconf.org

Znuerdoers

1. MIa EPTTEPIOTATWHEVI KATAYPOPH] TWV EPELVNTIKWY TTOPIOPATWV OTNV TTEPIOXH QUTH PEXPI TO
2000 Trov £manée €KTOTE KAOOPIOTIKG PGAO OTNV TTEPAITEPW ETTIOTNHOVIKY avaTrTULEN TN TTEPIOXAS
auThg, amoTeAel 0 CUANOYIKGG TOHOG J. G. Fauvel & J. van Maanen (eds), “History in Mathematics
Education: The ICMI Study”, “New ICMI Study Series”, vol.6, Kluwer Academic Publishers (2000).
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ment mathématique, 16pUBnke To 1908 oTo International Congress of Mathematicians otnv Padpn
Ko avadiaxpOpadnke To 1952, efye de WG TPATO TPGedPO TOV OTTOLSAIO YEPPOAVE PHOONUOTIKG F.
Klein. ZApepa aroTeAEr TOV KUPIGTEPO KOl HEYOAVTEPO SIEOVI] ETTIOTNHOVIKG POPER GXETIKG HE TNV
MabnpaTiki EkTraidevon pe TTOMEG Kai TTOIKIAEG ONPAVTIKEG SpaOTNPIGTNTES, HETAED TWV OTTOiWV
Kol To av& TeTpaeTia International Congress on Mathematical Education —-ICME. To emrépevo yiveTau
oTo Apfolpyo 24-31/7/2016.

3. Historia Mathematica 5, 1978, 76. o TAnpéoTepn Teprypagr Tng 10Topiag Tng opédag HPM BA.
To Keipevo Twv J.G. Fauvel & F. Fasanelli oto http://www.clab.edc.uoc.gr/hpm/HPMhistory.PDF




FORWARD

Integrating History of Mathematics in Mathematics Education has been advocated
since the second half of the 19" century, when great mathematicians like A. De
Morgan, H. Poincaré, F. Klein and others explicitly supported this path and important
historians like P. Tannery and later G. Loria showed an active interest on the role History
of Mathematics can play in education. At the beginning of the 20" century, this interest
was revived as a consequence of the discourse and the related debates on the
foundations of mathematics. Later on, history became a resource for the various
epistemological approaches, like Bachelard’s historical epistemology, Piaget’s genetic
epistemology, and Freudenthal’s phenomenological epistemology, at the same time
stimulating the formulation of specific ideas and conclusions on the learning process.

This interest became stronger and more competitive in the period 1960-1980 in
response to the “New Math” reform, when its proponents were strongly against “a
historical conception of math education”, whereas, for its critics, history appeared like
a “therapy against dogmatism,” conceiving mathematics not only as a language but also
as a human activity. In 1969, the National Council of the Teachers of Mathematics
(NCTM) in USA devoted its 31° Yearbook to the History of Mathematics as a teaching
tool and in the 1970s a widespread international movement began to take shape, greatly
stimulated and supported by the establishment of the International Study Group on the
Relations between History and Pedagogy of Mathematics (the so-called HPM Group)
affiliated to the International Commission on Mathematical Instruction (ICMI), originally
in 1972 during the 2" International Congress on Mathematical Education (ICME 2) and
finally in 1978". Thus, during the last 40 years or so, integrating History of Mathematics
in Mathematics Education has been developed as a worldwide intensively studied area
of new pedagogical practices and specific research activities.

In this way, a gradually increasing awareness has emerged that since Mathematics is
a human intellectual enterprise with a long history and a vivid present, mathematical
knowledge is determined, not only by the circumstances in which it becomes a
deductively structured theory, but also by the procedure that originally led or may lead
to it, and which is indispensable for its understanding. Therefore, learning Mathematics
includes not only the final “polished products” of mathematical activity, but also
understanding implicit motivations, the sense-making actions and the reflective
processes of mathematicians, which aim to the construction of meaning; that is, teaching
mathematics should also give students the opportunity to “do mathematics”. Therefore,
perceiving Mathematics both as a logically structured collection of intellectual products
and as processes of knowledge production, should be the core of the teaching of
Mathematics. At the same time, it should also be central to the image of Mathematics
communicated to the outside world.
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Along these lines, putting emphasis on integrating historical and epistemological issues
in Mathematics teaching and learning constitutes a possible natural way for exposing
Mathematics in the making that may lead to a better understanding of specific parts of
Mathematics and to a deeper awareness of what Mathematics as a whole really is. This
is important for Mathematics Education, helping to realize that Mathematics is the result
of contributions from many different cultures; has been in constant dialogue with other
scientific disciplines, philosophy, the arts and technology; has undergone changes over
time; has constituted a constant force for stimulating and supporting scientific, technical,
artistic, and social development; and that throughout history there have been shifting
views of what Mathematics is.

Aiming to increase the visibility of the HPM perspective within the Greek Educational
Community, we have willingly accepted the invitation of the Editorial Board of Education
Sciences®, to act as guest editors of a special issue with focus on integrating History and
Epistemology in Mathematics Education. This issue includes nine invited papers; five by
Greek researchers and educators written in Greek and four by distinguished scholars in
this area, written in English. Each text is accompanied by an abstract in both languages.

Among other things, the first three papers provide an overview of general ideas,
conceptual frameworks and methodological schemes that have played an important role
in shaping the theoretical background of introducing a historical dimension in Mathematics
Education.

Yannis Thomaidis provides a well structured survey of the work done on introducing
a historical perspective in Mathematics Education with emphasis on the case of Algebra.

Tinne Kjeldsen examines the possibility to establish an inquiry teaching and learning
environment in Mathematics, through the History and Epistemology of Mathematics
and provides relevant empirical data with Mathematics students and school teachers in
Denmark.

After a concise outline of the meaning and content of a historical perspective in
Mathematics Education, Man Keung Siu describes and analyses related activities of a
group of school math teachers and educators in Hong Kong, with emphasis on a
comparative study of the development of Mathematics in the Western and Eastern
civilizations.

The remaining five papers discuss specific issues in this domain and are ordered
according to the instructional level; from elementary school to the university.

Mathaios Anastasiadis and Costas Nikolantonakis provide information on an
experimental teaching approach of isoperimetric problems and the relation of perimeter
to area, with 6'"-grade students, where excerpts from Pappus and Polybius’ texts have
been used, appropriately adapted to the students’ educational and cognitive level.

Evangellos Panagiotou gives an interesting account of the historical development of
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logarithmic concepts and presents a didactical sequence based on this development that
has been implemented in upper high school (11" grade).

Adriano Dematte and Fulvia Furinghetti examine the advantages and difficulties of
the hermeneutic approach as a way to implement history in mathematics teaching. In
this context they provide results of an experimental teaching on the function concept
with last-year high school students in Italy with a human sciences orientation. More
specifically, it concerns the exponential and logarithmic functions, using excerpts from
Euler’s Introductio in analysin infinitorum.

These two papers consider the same mathematical subject from different perspectives,
thus nicely complementing each other.

Michael Kourkoulos and Constantinos Tzanakis analyze their experimental teaching
of prospective elementary school teachers on using statistical data in the context of the
philosophical debate on the existence of human free will and its limitations imposed by
social conditions and factors. To this end, texts of the 19" century Belgian pioneer
statistician A. Quetelet have been used, that reveal the didactically beneficial interrelation
between statistics and philosophy.

Uffe Jankvist’s paper is informative and rich in ideas on the theoretical background of
a historically oriented approach to the teaching of Mathematics, which touches upon
philosophical issues on both the nature of Mathematics itself and its applications. The
paper informs about the author’s empirical research to identify long-term effects that an
exposure to primary historical sources may have on mathematics students, in the context
of a teaching module on Graph Theory.

Finally, Theodorus Paschos describes a didactical experiment with first-year
mathematics students on the Fundamental Theorem of Calculus, based on original texts
by Galileo and his late Middle Age predecessors, like W. Heytesbury, N. Oresme etc.

For the interested reader’s convenience and further orientation, a concise bibliography,
mainly of collective works, is provided at the end of the Greek version of the present
introduction (see pp.4-6).

Michael Kourkoulos

Constantinos Tzanakis

Znuedoers
1. Historia Mathematica 5, 1978, 76.

2. Education Sciences (in Greek: “Emotrjueg Aywyrig”) is the oldest Greek scientific journal in the
domain of the Science of Education. For the last 14 years it has been published by the Faculty of
Education of the University of Crete.



OEQPHTIKO ITAAIZIO ENOXZ
METAIITYXIAKOY MAGHMATOX ME GEMA:
«AEIOIIOIHXZH THX IXTOPIAX TQN
MAOHMATIKQON XTH AIAAKTIKH TOYZ»

Mdvvng Gwuaidng
2X0AIKG¢G ZUuBouAoG Mabnuatikwy
KiAkig, Aaykadd & Qpatokdotpou

Abstract

n this paper a number of theoretical principles on the relation between the historical
Ievolution of mathematical ideas and the teaching and learning process of mathe-
matics are critically analyzed and discussed. These principles are drawn from broader
theoretical schemata developed in the field of mathematics education research; for a
more specific analysis an attempt is made to examine the relation between the historical
evolution of basic algebraic ideas and research results on the teaching and learning of
school algebra. This paper has been used as the theoretical framework for a postgrad-
uate course on the didactical application of the history of mathematics.

Keywords

History of Mathematics, Mathematics’ Education, Historical parallelism, Algebra.

ITepiAnyn

v epyacia avtr] avadbovtat kat e§etddovial KPItkd oplopéveg DempnUKES apyeég
ZYIOL 1) oY€o1) )¢ W0Topikyg e§€AENG TV padnpotikey 18edv pe 1) Stadikaoia g
Sibaokaliag kat pdbnong twv Mabnpatikdv. Ot apyég avtég avtlobviar péoa ané
evpUtepa Deopnukd oyrjpata mov €xovy avartvydel oto mlaiolo TOV epevvay g
Maxuxrs tov Mabnpotikdv yio pia mo e&eidikevpévny avdlvor emyetpeitat 1)
e&€taon g oxéong avapeoa oty wotopikij e5EAIEN Paotkdv alyefpikdv 16edv kat og
ePELVITIKG amnotedéopata mov agopoty 11 Sidaokadia kat pddnon g oxoAikijg
dAyePpag. To mepiexdpevo avtis g epyaciag €xel Yproiponotnel wg Oewpntikd
nlaioto evég petantuytakot padipatog yia ) Sibaxtiki] agronoinon g lotopiag
v MaOnpatikdv.

Aéerc kderdra
loTopia Mabnuartikdv, AiSakTikr) Mabnuartikdv, lotopikog maparAnAiouds, Adyefpa.



Emotjpes Ayoytjs Oegpatiké Tesyog 2014 17

0. Ewcaywyn

O| ou{nTAOoEIS YIa TN oX€on avapeoa oTny loTopia Twv MabnpaTIKWY Kal Th Ho-
BNHOTIKA EKTTOIOEVOT EPPAVICOVTAI TS TIG APXES TOL 20° AIDVA PE GPOLG EVOG
«TTapaAANAIoHOLY Kol pie TTPGBeoT) va oupfBdAouy o BeATiwon Tng S16aokaAiag Kot
pGdnons. AvTh n évwoia Tou «TTAPOAANAIOHOU» OTNPIXTNKE O€ HIX HETAPOPE, OTO
XOPO TNG eKTaidevong, Tou Aeyopevou «PioyeveTikol vopou» Tou Ernst Haeckel
(1834-1919) oUpgpwva pe Tov oTroio n ovtoyéveon (SnAadn n avarTuén evég opyo-
vIopoU), eival piax Bporyeiar eravaAnyn f avokepoiainon Tng guioyéveong (bnAadr
NG €&€MIENG ToL avTioTOIXOL YEVOUS). H peTOpOpS XpnOIHOTIOIBNKE OXPKETEG POPES
a1r6 £EEXOVTES HABNUATIKOVG' IO V& DTTOOTNPIXTEN OTI AV 1 YVWOTIKA av&TTTUEN €VOS
OTOHOL OVAKEPOAXIDVEI TNV AVATITUEN TOL AVOPDTTIVOL YEVOUS, TOTE Bal TIPETTEN I
d16aoKoAiar Twv MaBNPOTIK®V Vo aKOAOUBET KATG KATTOI0 TPATTO TNV ICTOPIKI TOUS
TIOPEIT KOl VOl EVOWHOTWVEI OTOIXEID TNG TEAELTATTG.

v katevBuvon auTh £X0LVV LTIAPEE! ONUOVTIKEG £EEAIEEIG, TTOL eTEIVOVTOI ATTO
TV avaTrTuén piog opBoAoyikrg Béong yia Tn didakTikA aglotroinon Tng loTopiog
TV MoBNPOTIKAV, HEXPI KOl CUYKEKPIHEVES TIPOTAOEIG KYEVETIKWOVY HEBGOWV d16ar-
okaAiag Kai Trapaywyn S1I8akTIKoO LAIKOU. MapdAnAa Spws £xouv SiaTuTTwOET op-
@IBoAieg yia T duvatdTnTa AeITOLPYIKAS EvTaENG IOTOPIKWV OTOIXEIWY OTNV
TPEXOLOX TPOKTIKNA TNG OXOAIKHG TAENS TwV MABNHATIKWY. ZNPOVTIKGTEPO £PYO GTO
0TT0i0 KATOYPGPOVTAIl GAEG o1 TropaTTGve eEeAiEelg BewpeiTan PéXpI OfpePa 0 GUA-
Aoyik6g TOpog History in Mathematics Education, Trou ekd66nke 0T OeIp& PEAETAOV
g AigBvolg EmTpoTrig yia Tn MaBnuarikr Exkmraidevon (Fauvel & Maanen, 2000).
O1 epYOOiEG TTOL AVOPEPOVTAI OE ETTIOKOTIOEIG, AVOOEWPITEIG KAl EIDIKEG TTTUXES
Tou {NTAPOTOG OLYKPOTOUV 1ON pia evupeiat BifAloypapikf Béon dedopévwv, oTnv
OTTOi0 PTTOPOUV VO YIVOUV OPIOHEVES ETTIAEKTIKEG KOI ATTOAVTWG EVOEIKTIKESG TTAPOI-
TOPTTES (Owpaidng & Kaotdvng 1987, Thomaidis 1991, Jahnke 1994, Otte & Seeger
1994, Fried 2001, Nooney 2002, Furinghetti & Radford 2002, ZoppmoA& & T{avékng
2003, Grattan-Guinness 2005, Bepukdkn & Kaotdvng 2006, Owpaidtng & Tavakng
2006, KoAéZa 2006, EM.E.ALLM. 2009, Jankvist 2009, Tzanakis & Thomaidis 2012).

EkT66 o116 TIG avadnTHOEIS yia «Gueony didbakTikr a€lotroinon Tng loTopiog Twv Mo-
BNHATIKWY, TIG TEAELTAIES OEKOETIEG TTAPATNPEITOI Pt S10PKWG avEavipevn Sieioduon
NG TEAELTAIOG OTIG £peLVES TNG AIGAKTIKAG Twv MaBnpaTikedv. H 10Topik yvdon a-
POLOIGLETON WG TTNYH EVEPAONS YIO TX TTOAVTIAOKO {NTHHOTO TTOL APOPOUV T dIadI-
Koot TNG HGBnong ko n Uon Twv SUOKOAIY TTOU AVTIHETWTTICOLY oI HoONTES. X’
QUTO TO TAGHCI0 PHTTOPOUE VO SIGKPIVOUPE N OPIOHEVES XOPOKTNPIOTIKEG TEOEIG VIO
TOV TPGTTO HE TOV OTTOIO O1 I0TOPIKESG AVOAVOEIG HTTOPOUV Vo GUHPBAGAAOLY OTIG £peuveg
NG AISaKTIKAG Kol TNV eTALOT TWV TTPOBANPGTWV TTOL AVTIHETWTTICEL.

YKOTTGG POIG OTNV EPYOOI OUTH eivail va eEETAOOVHE TIG TAOEIG TTOUL €XOLV SIapop-
PwOEl, KABWG Kal OPIoUEVD PEBOOOAOYIKG TTPOPAUOTA TTOL TTPOKUTITOLY. AUTG TO
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{NTHHOTO OLYKPOTOUV TOV TIPWTO GEOVA TwV SICAEEEWY TOU PETATTTUXIOKOU HOOR-
paTog «Alotroinon Tng loTopiog Twv MoBnpaTIK®Y 0T AIBOKTIKF TOUGY, TO OTTOI0
16doKel 0 LTTOYPGAPWY TA TEAELTAIR TETOEP XPOVIA 0TO TUAP MaBNUaTIKWOY TOu
E.K.M.A. oTo Aaioio Tou AlaTpnpaTIkoL MpoypGpHaTog MeTOTTTUXIOK®Y ZTTOLdGMV
«AISakTIKA Kol MeBodoloyia Twv MaBNUATIK®YY. ZTNV TTPWTN evOTNTO B0t ETTIXEI-
POOLE HIX YEVIKNA ETTIOKGTINON TOL {NTHHATOG £vd 0T 6e0TEPN Bax e TGOOLE €I
dikéTepa TN Xxprjon Tng loTopiog Twv MaBnpaTIKOV OTI§ £PEVVEG TTOU £XOULV
avTIKeipevo T d16aokoAia kot péenon Tng oxoAikrs AAyefpag.

1. Oe®PNTIKEG KOL EPEVVITIKEG SLHXOTATELG TOV
{ntijpotog
Mla Bewpior p&Onong, Tou efye ONPAVTIKNA ETTIOPOON OTIG €peuveg TNG AISAKTIKIAS
TWV MoONPOTIKWV KOl 0PIOBETNOE Eva CUYKEKPIPEVO TPOTTO Xpriong Tng loTopiag,
eivan ekeivn rov TYé&del amd To €pyo Tou Jean Piaget. ‘Omrwg eivan yvwoTd, o Piaget
dlaTOTTWOoE TN Bewpia TOL YIO TN VONTIKA aQvETITUEN AVTAWVTOS I6€EG O T Bewpia
NS PIoAOYIKAG TTPOCAPHOYIS Kail SIEEGYOVTAG EKTETAUEV TTEIPGHOTO pE TToIdIG. V-
Pwva pe TN Bewpia AUTH, N ATOKTNON TWV YVHOOEWV KAl 1 av&TrTuén TNG oKEYNS
eivar pia diadikaoio oTabepris aMnAeTTidpaong Twv Taididyv pe To epIBGAiov Toug,
n omoia e€eAicoeTan oe TEooEPQ HiadoxIkG OTAdI aTé TN PPe@Iki) ws TNV £@nPIkA
NAIKIQ, pg TIPOOBEVTIKA KATAOKELH VONTIKWV OXNPATWV Kol dopdv. H mrpooappoyr
0TO TEPIBEGANOV TTPOYPATOTIOIEITON PE TNV ETTTELEN HIOG £€l00pPBETINONG AVAHETT
OTQ ATTOTEAEGUATO TTOL TIOPGYOUV O HNXOVIGHO! TNG «OPOHOIWONG» (EVOWHATWON
NG VEOG yv@ong o’ £var UTTEPYOV VONTIKG OXIHG) KOI TNG «OUHHGPPWONG» (0AAOYES
OTn vonTIKA SO TTOU €Val ATTAPAITNTES YIG TO CUVTAIPIGOHO TNG VEAS YVWONS e
TIG TTONIEG). H peTdPBaon ammd éva oTéd10 0To GANO TIPOYHOTOTTOIEITOI PE TO HYXOVIOUO
TNG «OVOOTOXOOTIKAG GPAipETNS»* GTTOU 01 EVEPYEIEG KOl S1adIKaOTEG £vEg aTOdOL
HETAOXNHATICOVTOI 08 QVTIKEIHEVO OKEPNG OTO ETTOHEVO OTADIO OVATITUENS. AV KOl 1)
Bewpia Tou Piaget yiax Tr) vonTiki) avaTrTLEN Hev APOPG GPETT Tr) OXONIKN EKTTQIBELON,
OUTE OLYKEKPIHEVO YVWOTIKS TTEdI0, £V TOUTOIG XPNOTHOTIOIONKE WG OEWPNTIKG TIAK-
010 TTOAMWV £PeLV®V TNG AISOKTIKAG TwV MOBNPATIKWDVY, KABWS KOl HEYGAWY EKTTOI-
SeuTIKWV peTOppLOPITEWV (1IB1ITEPR TNV TTEPI060 TV «NEWV MOBNUOTIKADOWY).
Ekeivo TTou pag evdiagépel 1d1aiTepa edw eivar 611 o Piaget kai o1 ouvepydTeg ToL
emxeipnoav va amodei§ouv 0TI Baoikd oTorkeia TG Bewpiag, GTTWG T OTAdIA KO
Ol UNXAVIOROI TNG VONTIKAG QVATITUENG, HTTOPOVV ETTIONG VO XPNOIHOTIOINBoVY WS £p-
YoAeion eTTIOTNHOAOYIKI G OVEAUONG KOl VO EVTOTIIOTOUV OTNV IOTOPIO TNG ETTIOTAWNG.
1610 TEPA ATTOKOXAVTITIKG YIO TO GUYKEKPIPEVO CATNHO €IV TO ETTOPEVO ATTOOTTOOHO
até 1o PifAio Wuxoyéveon kai ioTopia TG emoTrung ou £ypae o Piaget pe To ov-
vepydTn Tou Rolando Garcia:

«... 01 TTPG0dOI TTOL £YIVAV OTNV TTOPEIT TN I0TOPIOG TNG ETTIOTNHOVIKAS
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OKEYPNG oo T HIX TTEPI0d0 0TV £TTEpEVN SV OKOAOLOOVY, EKTOG OTT6
OTTAVIEG TTEPITITAOEIS, N HIC TNV GAAN Pe TUXAIO TPGTTO, GAAG pTTOPOUV
va SlaTayBolv KaTd oeipd, OTTWS 0T YPUXOYEVEDT, UTIO TN HopPr ia-
SoxIK®V “oTadiwV”. O ETTIXEIPAOOVHE VO TTEPIYPEPOUHE, Yo KAOE
medio, T Mo oNPAVTIKG oTré VTG Tar oTAdIA. T TTaPGOEYP, 0TV
TEPITITWON €KEVNG TNG BepeAIdO0LS TTEPIGOOL OTNV eEENIEN TNG GAYe-
Bpag 1mou apxiCer pe Tig “opédes” Touv Galois, TTapaTNPOVHE HI OEIPG
KATOOKELWY TTOU Ogv eival KABGAoL TuXQIEG: KABE pia yiveTar duvarTr
OO TIG TIPOINYOUHEVES KOI KGOE HIX PE TN OEIPG TG TTPOETOIPGEE! EKEN-
VEG TTOU OKOAOLBOUV. X1 YewHETPIa, dev eivarl KABGAOL OUPTITWON OTI
o1 pn EukAeibeieg yewpeTpleg epgpavioTnkav oAU apydTepa oo Tig Eu-
KAEIOEIEG KAl OTI T&X OCUOTHHOTA CUVTETOYHEVV KOATOOKEVROTNKOV
TIOAD apYSTEPQ ATTO TNV AVAAUOT TV YEWHETPIKWY HOppV. Mia a1
TIG PaOIKEG OYPEIG AUTAS TNG EPELVAS POG EIVAI VO TIPOCTIABRCOVE VOt
OVOYVWPIoOUHE TETOIOLG VEpPOUG TTPoGdov. MNpETrel Spwg va yiver e§op-
XS pavePS pe 010 TPOTTO OpiCOVpE TO OKOTIG TTOL BEAOUHE VO TIETV-
XOUHE OLYKPIVOVTOG TETOIEG TTPOGOOUG HE EKEIVES TTOL TTOPATNPRONKOV
0TI YPUXOYEVEDT): O OKOTIOG QUTOG Oev ival va SNUIOVPYROOLHE AVTI-
OTOIX(EG OAVEPEOO O€ I0TOPIKEG KO PUXOYEVETIKEG OXKOAOLBIEG WG TTPOG
TO MEPIEYOPEVO, OAAG HEANOV var Gei§oupie GTI OF INXAVIOHOT TNG HETG-
Baong até pia 10TopIKN TEPiIOdo oTnv emdpevn eival avaloyor Tpog
EKEIVOUG TNG HETEPOONG ATTO EVO PUXOYEVETIKG OTASIO OTO ETTOHEVO.»
(Piaget & Garcia 1989: 28, n €pgpoon SikA Pog).

>V €peuvd Toug ol Piaget ko Garcia v108eToUV pia péBo6o avGALaNG TNG IOTOPIKAS
eEENIENG opIopEvy KAGOWY Twv MaBnpaTik®dy Kal Tng OUOIKIg, ) oTroia oTnpideTa
oTnVv eAeKTIKA PEAETN SevTepoyevous PifAIoypapiag Kal G I0TOPIKWV TIY@V. Me
TN HEBodO auTH dlammoT®voLy TNV VTTAPEN TPIWY OTAdIWY AVATITLENG TWV ETTIOTN-
HOVIK®V EVWOIMV, KOl INXAVIOPOUS HETGBooNG amré To éva 6To GAAO av&AoYoUs TTpog
€KEVOUG TTOL TTAPATNPHONKOV OTIG EPEVVEG YION TN VONTIKY avamTuén. OTrwg o
dolpe oTnVv emépevn evéTnTa, QLTH 1 peBodoloyia kal n 18€a Twv “oTadiwv” TNng
10TOPIKNAS £EENIENG LTTPEE IBIAITEPO TIPOCPIAIG OTOLG EPELVNTES TNG AIGOKTIKIG TV
Mo®npaTik@y Tou eTrnpedoTnkov o1rd TO €pyo Tou Piaget.

Mia 6AAn Bewpia yia Tn SidaokoAian kar p&dnon Twv MabnpaTIK®Y, TToL TEPIAGH-
Béver kou €vav 1B1aiTEPO TPSTTO Xpriong Tng loTopiag, evrdooeTal pEoa 0TO TAXICIO
NG Aeyopevng «PeaioTikiig MabnpaTikig Ekmraidevongy. ‘Eva Baoikd «adiwpor» Tng
Bewpiag, TTov CLVOEETON GpETO e TO BEPA POG, Eivail 1) «apXT| TNS €K VEOL ETTIVONONG»
Tov Hans Freudenthal. O Freudenthal mapouociaoe Tig féoeig auTtig Tng SidakTikig Oe-
wpiag ota PIfAia Tov Mathematics as an Educational Task (1973) ko Didactical Phe-
nomenology of Mathematical Structures (1983), oTo TAaioI0 pIOG TTOALdIGOTATNG
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avéAvoNG (HOBNPOTIKIG, I0TOPIKIG KOl TTAISOYwYIKAS) POCIKGV HOONHOTIKGWV EVVOIDV.
X710 5° ke@GAaIO Tou TPWTOL PifAiov, TTov TiITAogopeiTal «H ZwkpaTik HEBOOOGY,
YIVETOI pIC QVTITIOPGOECT) OVEPECD OTIG KYEVETIKEGY Kol «SOYHATIKEGY peBBGO0ULG dIdOr-
okoAiag. XTnv TpwTn Katnyopia o Freudenthal TotroBeTel Tn ponevTikr péBodo Tov
SwKpATn oL eKBETEI 0 MAGTWV 0TO S1GAOYO0 MEvwy (TnV oTroiot xapakTnpidel wg £va
o6 Ta Bepédiax TG SidbaokaAiag), evdd oTn SeUTepn TOTOBETEN TNV AEIWUATIKI TTO-
pouaoiton TV MoBNnHATIKGY 0T 0VYXpova diIdakTIKG BIfAia (Tnv otroio xapokTnpidel
WG «AVTISISAKTIKA AVTIOTPOP» KOl ATTOKOAET, EIPOVIKS, «TTPO—XWKPOATIKIAY). XTN OU-
VEXEID eTTIXEIPET PO TIPOBOAR TNG ZWKPOTIKAG HEBGEOL 0TN oNnepIv) eTTOXN:

«O XwkpA&TNg dev ToTEVE OTI N AANBIVI YVWOOT TIPAYHOATI ETTIVOEITOI.

... Hypuxr Adyw tng mpolmapérg Tng katéxel 6An Tnv aAndivi} yvaon:

0 HaBNTIG TO PGVO TTOL £XEI VO KAVEL EIVOI VO TNV OVOKOAEDEL, KOI TO

KaBrjkov Tou daak&Aou eivar va Tov Bondrioel. H didaokoAia ouvioTaTa

oTnVv KaBodrjynon Tou padnTr va BupnBei auTd Tou £xel {exdioel. ATro-

KTNON YVOOEWV £iVal 1) €K VEOL avakGALYPI GX1 EKEVWV TToL YvapI{av

ol &AXol TTpIv o1 pEva 0AAG pGAAOV ekeivar TTOL YvadpIoa o (610G OTav

N Yuxn Hou KaToikoVvoe oTo PaciAeio Twv 1Ge®v. Agv gival avaykn va

QvVTIYPAWPOLHE TA TTAVTA AT TOV XWKPATH, OUTE VO GUHHEPIOTOVHE

TNV ioTn Tov oTNV TPolTaAPEN. AUTS TToUL pével TOTE eival n P&dnon

HE TNV €K VEOU aVOKGALY, GTTOL TP TO “€K VEOU” Sev onpaiver Ty

TPOoicTOpia TOV AVOPWTOV TOU padaivelr aAAd TNV I0TOPIX TNG OV-

OpwméTnTag.» (Freudenthal 1973: 102, n éppaon dikr| pog)

ToviCovTag To Yeyovog 6T1 ) YeveTikr) HEBoSog bev eival 00TE AoyIKO—POONPOTIKY,
oUTe 10TOPIKN, 0UTE PuYoAoYIKI| Evvoia, o Freudenthal opioBeTef Tig Xprioeig Tng loTo-
piag otn SidaokoAia Twv MabnpaTikoy amodidovTag o’ auThv éva podo «deapeviign
a6 TV otroiar avTAOUVTOI SIGOKTIKEG 16€€G KO LAIKG:

«H rpoTpoTr| va didGokovTal o1 16€eG YeVETIKG dev onuaivel 6TI qUTEG
TIPETTEl VA TIAPOLOIGLOVTAI HE Th OEIP& IOV EPPAVIOTHKAY, OKGHN KO
6Tav ammokAeIoToUV GAa Tar adIE€0Sar kan TrapadeipBovy GAeg or AoSo-
dpoproeig. AUTS TTOL €TTIVONOE KOl AVOKGAUPE EVOg TUPAGS, pTTopEl
KG&TTOI0G TTOL BAETTEI VO TTEl APYOTEPO HE TTOI0 TPOTTO Bl ETTPETTE VA £iE
QVAKOAVQTET av LTTPXaAV SGOKOAOI TTOL YVWPILAV OUTO TTOL EPEIS YV®-
piCovpe TdpaLy» (0.1.:101)

To vénpa Tng TEAeLTAIOG PPAONG YIVETOI TTIO OUYKEKPIHEVO TTAPAKATW, GTOV CIOKEI-
TOll KPITIKF OTO GEIWPATIKG OTUA TTapovaiaong Twv MabnpaTikay (dnAadn To Tpi-
TITUXO «OPIOPOS — Be®pnpa — OmmodeIén»), TO OTOI0 TTAPOKGUTITEl GAEG TIG
TIPOOTIGOEIEG TTOL TTPONYHONKAV EVOG HOBNHPOTIKOD ATTOTEAETHATOS KOl OEV AVOYV®-
piel kapia avaykonéTnTa avaopds o’ auTés. O Freudenthal mpoTeiver, avtiBeTa,
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OTI QUTEG 01 TIPOOTIABEIEG TIPETTEN VA EIVal O 0ONYOS KATG Tr OLUYYPAPH SISOKTIKGOV
KEIPEVOV Yia Ta MoBnpoTIKG:

«... HepIKOT SISAKTIKG TTPOIKIOPEVOI OLYYPOPELG EKTIHOVY £va GANO €ibog
QVOYVAPIONG. ATTOKOAUTITOUV TG OO €YV ETTIVOOEI TX OTTOTEAE-
OPOTO AV | TAV TOOO £EUTTVOI TIPIV TA ETTIVO|TOLY GO0 EYIVAV KATOTTIV.
AuTol 01 GUYYPOPEIG KOKOUV EKEIVO TTOU OVOPOIOO VONTIKG TTEIPOIHOL.
®avralovrar éva katws e§utrvéTepo Alter Ego ko To f&louv vor TTivoel
TO OVTIKEIPEVO EK VEOL PIE PIC TTIO TTEIOTIKY, TTO XPHOIHN, KOI MO EVGPUA
p€B0GO a6 eKelv) TTOL XPNOIHOTIOMOE TO TTPAYHOTIKG Ego. AUTG TTOUL
TIPETTEl VO aKOAOLOOOLHE eV Eival T IGTOPIKG fXVN TOU EQEVPETN
OMG pior BeATiopévn kal KOAUTEPOr KaBodnyoLpEvn TTopeia TG 10To-
piog.» (0.1.: 103).

O1 rponyoUpeveg B€oeig Tou Freudenthal, xwpig va eTTekTeivOVTOI OF EPUNVEIES «TTO-
poMnAiopoly yia Ta {NTAPOTA TNG HEONoNS,* €xouv OHEPT EVOWHPOTWOET OTIG Oe-
WPNTIKEG APXES TNG AeYOHEVNS «avaTTTUEIOKIG £pELVOGH TTOL SieEyeTal OTO TTAGITOI0
NG «PeodioTikrg MabnparTikrg Ektraidevongy. O Gravemeijer, évag ek Twv Siadoxwv
Tou Freudenthal oTo opddvupo IvoTiTodTo Tng OuTpéXTNS, TTapovaiGlovTag Tig Ba-
O1KEG OPXES Kal TO EPYOAEIT EKTTAISEVTIKOD OXEDIOPOU TTOL XPNOIHOTIOIE I CUYKE-
KpIpEVN PEBOGOG Epeuvag, SiaTuTrvel TIg BEoEI§ aUTEG WS €EAG:

«H apxrj TG ex véou emvonong (Freudenthal 1973) pog apéxer Tnv Ko-
TELOBLVTAPIC YPOPHA: “XKEPOU TTWG B PTTOPOVOES VO TO EIYEG OIVOKO-
AOWel €00 0 1810G”. AUTO eivar Baoiké n ZoKkpaTikr péBodog, av Kal o
POAOG TOU OTTOLOROTH EVO TTIO EVEPYNTIKGS OTN PEXAIOTIKI] HOONHO-
TIKA exTaidevon. ‘Omwg vTTOdNA®VEI 0 6pog “ex véou emivénon”, n
MPWTETUTN S1adikacia TG eMVONONG PTTOPET va XPNOIHOTIONOET 0¢
povtédo. Miax av&Auon TNG I0TOPIOG TWV HABNPATIK®OV o Sdoel oTOV
oxedIoo T TTOANEG TTANPOPOPIES TTOL PTTOPOVY VO XPNOIHOTIOINB0VY OTO
oXedIOOPO piog oelpds podnpdTwv.» (Gravemeijer 1998: 284, n épgpoon
SIKN pag)

X710 mAaioio Tng «PeaAioTikig MabnpaTikiis Extraibevongy €xel emiong ekivrijoel
TOl TEAEUTOIO XPOVIO KOl €VOX GUOTNHOTIKG EPEVLVNTIKG TTPOYPOHHX YOt TO pSAo TNng
loTopiag 0T pOONPATIKA EKTTOIOELON, pE YEVIKG TITAO «MEAETEG OTNV €K VEOUL €TTI-
vonon» (Maanen 2002).

Mia 6AAn Bewpiar pédnong otn AISOKTIKI TV MaBnNpaTIKOV TTOL oploBeTel eTriong
éva ouykekpipévo TpATTO Xpriong Tng loTopiag, eivar n Ocwpia Tov AidokTiKdv Kator-
oT&oewv Tou Guy Brousseau, Kol 161QiTEPA €KEVO TO THAHA TNG TTOU OPOP& TNV
EPELVA TWV AEYOHEVWV ETTIOTNHOAOYIKWY ePTTOdiwVy. O Brousseau petépepe ot Al-
SOKTIKI TNV £VVOoIx TOU «EPTTOBIOLY TTOUL EiXE E10GYEI O BePENWTIS TNG ETTIOTNHOAOYIOG
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Gaston Bachelard oTig peAéteg Tou yia Ty €€€NIEN TNG £MIOTNPOVIKAS OKEWYNS Kot 101-
aitepa aTo PifAio Tov O oYNUATIONGS TOL £mMOTNOVIKOU TTveUdpaTog (1938). H évola
TOU «epTTOd/0LY OTNPICETON OTNV LTTGBEDN GTI N €EEAIEN QLTI dev eivarl cuvexr|g oUTe
0BpoIoTIKY, OAAG onpadeveTar o adiE§oda kan pR&elg TTov KaBIoOTOUV avoryKaio Tov
ETTOVATTPOCOIOPIOPS Twv Bepediwv Twv emoTnpwyv. O Bachelard (1938/1975, 0.13)
OVOUGCEl TIG QITIEG TNG OTACIPHGTNTOS, TNG OTTIOO0OPOHNONG KOl TNG GOPAVEING «ETTI-
OTNHOAOYIK& EPTTOOION, TNV EUPAVION Twv oTToiwv Bewpel Eva idog AeiToupyikig
avdyKng Trou gival €uuTo aTnv d1a TNV TIPGEN TNG ATTOKTNONG YVwoewv. Mpétel Bé-
Baia va avapepBel 6Ti GA T TTAPATTGvm apopolv TiG DUCIKEG ETTIOTIHES, ETTEION
katé Tov Bachelard n e€€MiEN Twv MabnpoaTikav dev Trapovoidlel epiddoug AaBwv.
H 6¢on auth diaturdveTar 010 BIfAI0 TOL HE KATNYOPNHOTIKG TPOTTO:

«H 10Topiat TwV MaBNUOTIKGOV atroTeAel €va BoUPO KOVOVIKOTNTOS.
[vdpioe TepI6doVG OTOOIPOTNTAS. Agv YV@PIOE GUWS TTEPIGOOUS
AcBwv. Kapid amé Tig 801§ rov vmooTtnpitovpe o’ avTd To BifAio
Sev agopd emopévwg TN padnpatikg yvwon. O TeAevTaieg Sev oup-
BiBa&lovrar rapd povo pe T Yv@Oon TOU OVTIKEIPHEVIKOD KOOHOUL.»
(Bachelard 1938/1975: 25, | épgpoon SikA pos)

Mopd QUTGV TOV KATNYOPNHOTIKG GITTOKAEIGHS TNG HOBNHPATIKAG YV®dONS OTré TNV
«ePPEAEIOn TNG EVVOIOG TOL «EUTTOOI0LY, 0 Brousseau TTPooTTGONCE Vo AvaTTTOEE! PICK
opBoloyik Béon yio T XpnolpéTNT& TNG 0TN AISOKTIKH TV MaOnpaTIK®V. XTIg
dvo Paoikég epyaaieg rou £ypape yia To (ATNHA auTé (Brousseau, 1983, 1989), ouv-
d0aoe TN Bewpia Tou Bachelard yia Tnv e§€MEN TG eToTNHOVIKAS OKEWYNS pE Tr Oe-
wpia Tou Piaget yia Tr vonTik avamTuén, ToviovTag 6Ti N pGONoN Pe TTPOCAPHOYH
oTo TePIBEANOV TTpOKOAEITal OTTO YVWOTIKESG prgelg. AGON Tou eTTavoAapBdvovtal
pE OLOTNHATIKG TPATTO Sev opeihovTar oe EMeIP Yvadong, cAAG oTnv OTropén piag
YV@ONG oL SUOAEITOVPYET KOl OUVIOTE ETTOPEVIG EVO YVWOTIKG eUTréd10. Av Kot )
onpooic TNG £VVoIOG TOL «EPTTO0I0LY OTN AISAKTIKY TTPOKGAETE dlaudES Kot 0drynoe
O OPKETOVG ETTOAVATIPOCSIOPIOHOVS, TO ETTOHEVO ATTOOTIACHO TIEPIYPAPE! IKAVOTTOI-
NTIKG (HE TO XAPOAKTNPIOTIKG UPOG TOL Brousseau) Ta oToIyeio TOL YapakTnpidovv
HIOt YVQOOT) — EPTTO8I0 OAAG Kail Tr) BepeAicddn diadikaoia uTTEépBoong evég eptrodiou:

«To epTrédI0 €XEI TNV DI PUON PE HIX YVAIOT, HE QVTIKEINEVD, OXETEIS,
peBGdoug kaTavonong, TPoPAEYerg, pe amodelkTIK duvaTdTnTa, E€-
XOOPEVO CUPTTEPGIOPOTO, ATTPOCOOKNTES DIGOLVOETEIS, K.0.K. O avTI-
oTaBel OTNV TPOOTIABEIR aTTOPPIPNG Kal, OTTwG eival uOIKS, Ba
ETTIXEIPOEI VO TIPOCOPHOCTE TOTTIKG, VO TPOTTOTIOINOEN pE TO EAGYIOTO
K6OTOG, VO BEATIOTOTTOINOE 07 Evar GLPPIKVWHEVO TTESIO, AKOAOUBWVTOG
pia TTOAD yvwoTi Siadikaoion cuppdppwong. MNa Toug Adyoug avTovg
TIPETTEN VO UTTAPEET PIX ETTOPKI|G POI| VEWV KATAOTAOEWY TIG OTTOfEG v
PTTOPET VO OPOUOIMUTEL, OI OTIOIEG B0 TO KITTOCTABEPOTTOINCOLY, Ba TO
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KA&VOLV OVATTOTEAEOHOTIKG, &XPNOTO, AXDEPEVO- OI OTTOIEG KOBIOTOVY
avaykaia Tnv avaBewpnan | amréppiyn Tou, TNV TePIBwpPIoTToiNor Tov,
v S1GALoT| Tou, péxpr TNV TeAKr Tou ekdrAwon. EmimAéoy, n vTép-
Baon evég eptrodiov amouTel epyaaia Tou diov eibouvg dTTwS 1 epap-
poyr TNnS yvaons, SnAadn: eravelAnppévn oAnAeTTiopaor, SIoAEKTIKN
QVAPECT OTO OTTOVBAOTI KOl TO QVTIKEIUEVO TNG YVWONG. AUTH 1) TTO-
patipnon eivon BepeAIddNg YIax Tov KABOPIoPS Tou Ti eival £var YVjo10
TPSPANHa: eival pIar KATAOTOOT TTOU ETTITPETTEN KO TIXPOKIVET QUTH TN
O10ekTIKN.» (Brousseau 1983/1997: 85)*

Avéhoya pe Tnv TpoéAevot] Toug o Brousseau Ta&IVOPEl T YVwOTIKG ePTIOSIa o€
OVTOYEVETIKG (TTOL OXeTICOVTQI Pe TNV TTPOCWTIKA VONTIKH avamTuén), S16aKTIKA
(Trov oXeTiCoVTal PE ETMAOYEG TOU EKTTIOEVTIKOU GUOTAHOTOS), ETMIOTHUOAOYIKG (TTOU
oxeTiCovTan pe TV 810 TN Yvon) Kail ToAImoTIKA (Trou OXeTICOVTO HE KOIVWVIKOUG
Kol TTOAITIOTIKOUG TTApAYovTES). Ekeivar TTou pog evdiagEépouy Gueca yia To JATNHO
o £€eTALOVHE EiVal TO ETTIOTNHOAOYIKG EUTTOSIR, TAX OTTOIC ATTOTEAOUV CUOTOTIKG
OTOIXElO TNG YVAONG Kai epavifovTal, KaTé Tov Brousseau, T660 0TO IGTOPIKG 600
Kol 0To OXOAIKG TrepIB&Alov:

«EpTIéSIa TIpAYHOTI £TTIOTNHOAOYIKHG TTPOEAEVONG Eivall EKEIVA OTTO T
oo 0UTe PTropoUpe oUTe TPETTEl va EepUyoupe, €€ aITiog TOUL £TTOI-
KOSOpNTIKOU pOAOL TOLG GTNV £TMICNTOVHEVH YVAOT). AUTE UTTOPOUY VO
BpeBovv otV IoTOpiar TWV S1wV TV YVwoewv. AVTS dev onpaiver 6T
TIPETTEI VO €VIOXUOOUPE TNV ETTIOPAOT TOUG f} VO QVATTAPAYOUHE OTO
0XOAIKG TrepIBAANOV TIG I0TOPIKEG GUVONKES KATW T TIG OTIOIES £YIVE
n vrépPaor] Tous.» (Brousseau 1983/1997: 87)

Ta mponyodpeva poodiopilovv pe OPKETH oaghveia To péAo TNng loTopiag Twv
MabnpoaTIKdV 0T Bewpiar TwV SIBOKTIKWY KATOOTAOEWY KOBWS KAl TO OVTIOTOIYO
£pyo Twv gpeuvnT@OV TNG AIBOKTIKAG. O TEAevTaIOI, KATG TOV Brousseau, ogpeilouv:

«a) va evtoTriCouv eTavadapBavépeva AGOn Kair va defxvouy 0TI auT&
opadoTtroiodvTal Yopw o1 avTiAfpes- B) va Bpiokouv eptrédia oTnv
I0TOPIX TWV HAONUATIKWOV- Y) VO GUYKPIVOLV TQ IGTOPIKG EPTTOOION pIE
EPTTOOI OTN pPGONON KAl VO aITIOAOYOUV TOV ETTIOTNHOAOYIKG XOpa-
KTApa Toug.» (Brousseau 1989/1997: 99)

H av&mTuén Tng Bewpiag Twv SISOKTIKOV KATAGTAOEWY oré Tov Brousseau Ko
TOUG OUVEPYATEG TOU TIPAYHOTOTTOINONKE pe PAon €va AeTrTopepEg axEdio yiox Tnv
€pevva Tng diIdaoKaAiag Kal padnong Twv SekadIkwy apiBuwy. H 1oTopiky eE€AIEn
TV OeKAOIKAOV HEAETHONKE EEOVUXIOTIKA YIO TOV EVTOTTIOHS ETTIOTNHOAOYIKGWY EUTTO-
diwv, T oToIx 0TI CLVEXEID XPNOIHOTTIOBNKAV WG LAIKG Aong yia To OXedIOOHS
TWV QVTIOTOIXWV OISOKTIKWOV KATAOTROEWV.



24 Emoujpes Aywys Oepatiké Tevyog 2014

2TIG epYaaieg TTOL TTpoavaPEpPOnKav, o Brousseau emrionpaivel TTOMES popég 6Ti
0 PNXQVIOPOS TNG OTOKTNONG YVWOEWV HEOW TNG LTTEPPOONG ETTIGTNHOAOYIKWOV €-
pTTOSIWV pTropel vor ePapHOOTEl He TOV (010 OKPIPWS TPATTO OTNV EMOTNHOAOYIO i
TNV 10TOpiat 600 KA 0T p&Onon rj Sidaokaia. e GAES TIG TIEPITITOOEIG, LTTOOTNPICEI,
N €évvoia TOU ETTIOTNHOAOYIKOU epTrodiou epavifeTar BepeAiiddng oTn PeAEéTN Tov
TPOPAHATOG TNG ETTIOTNHOVIKAG YVWONG.

Tig mponyoUpeves BEoeig Tou Brousseau 6ev ouppEPIOTNKAV GAOI OI EPELVNTESG TNG
AIBOKTIKAG TwV MOBNHATIK®Y TTOU GOXOABNKAV HE TNV £€VVOI TOL ETTIOTHHOAOYIKOU
gptrodiov. O KATTWS ACAPIG TTPOCSIOPICHOS AUTIG TNG EVVOIOG KOI O XAPAKTNPIOHGS
TNS WG «EYYEVOUS» CUOTATIKOU TNG YVAONG KOI WG KAVOTTOPEVKTNG», 0d{ynoav 0To
(e0TTELOPEVO KOTA TNV GTTOYH HOG) CUPTIEPATHA OTI I} BEWPIT TV ETTIOTNHOAOYIKGV
epTTrodiV 0N AIGAKTIKI) EVTGOCETOI HEOO OTO TTAPAOOCIOKG TTAXICIO TOU KIOTOPIKOV
TrapaAAnAiopo0» (Radford 1997, 00.29 k.€.). H kpITiki) 0T&ON otrévavTi oTig B€oeig
Tou Brousseau, eTToONPAVOVTOG IBIXITEPO TA EPTTOOIO SIGAKTIKIG KAl TIOMTIOPIKAS
TIPOEAEVONG, £PEPE OTO TIPOOKIVIO TNV AVAYKI V& ETTAVOKABOPIOTEN 1) pUOT TWV €-
prodicov Tou epgaviCovtar aTn dISaoKaAX Kol pabnon Twv MabnpaTikov (Artigue
1992, Sierpinska 1994, 16iaiTepa ke@. 4 ko 5). H Artigue ouykekpipéva, péoa amro T
HEAETN OUYKEKPIUEVWV TTAPOSEIYPIATWY, EPTACE OTO ONE0 va LTTOOTNPIEE! 6TI N B0
YV@ON-EPTTEOI0 TTOU EPPAVIOTNKE KATTOTE OTNV IOTOPIO! KOI ETTAVEHPAVICETON OTJHEPTH
oTn Si1daokolia, opedeTon OLVABWS O€ SIAPOPETIKEG XITIEG:

«... OUHPQIVEl CUXVE, EKEIVO TTOL €XOLV TTPOCOIOPIOTEN AITTG TOUG EPEL-
VINTES WG ETTIOTNHOAOYIKG EPTTOOIA ... va aTTOSEIKVOETAN GTI OXETICOVTA
oTevd, KaTé T Sladikaoia dSidaokoaAiog/padnons, pe eptrédia SI6aKTI-
KAS PUOEWS ... TTOL CUVOEOVTOI HE TIG ETIIAOYEG KOl T XOPOKTNPIOTIKG
TOU EKTTAISEVTIKOU OUOTAPOTOG.» (Artigue, 1992: 110)

O1 Owpaoidng (1995) kon Gagatsis & Thomaidis (1995) €xouv TTapovoIGOE!l ATTOTE-
AéOpOTO I0TOPIKWY KOI EPTTEIPIKWY EPEVVAOV TTOV EVICXUOULV TIG TTIPONYOUHEVES TTO-
POTNPAOCEIG OTNV TTEPITITWOT TWV EVVOIWV TOU &PVNTIKOV apIBpOV Kail TG amEALTNG
TIPAG. Ta ammoTeAéopaTa OUTE SefvouV OTI O HETAOXNHOTIONGS HIOG HOONPOTIKAS
YVQONG O€ QVTIKEIIEVO HIGOIOKOAIOG 0TO OX0AEI0, ETTNPEGCEl OLCIOOTIKG T AgITOLPYICK
TNS KOl TPOTTOTIOIEl TN pUON TWV gUTTOdIWV TTOL OXeTICovTan pe TNV £EENIER TNG:
10XUPG S1BOKTIKG eUTTOSIx TTapepPaivouy kol XAANAETIOPOUV HE eTTIOTNHOAOYIKG &-
PTTGOIO TTOL EPPAVIOTNKAV OTNV TTOPEia TNG 10TOPIKIG EEEAIENS.

"OAeg o1 TTpoNYOUHEVES BewPNTIKES TIPOCEYYIOEIG, oLUVOEOVTOS TNV I0TOPIKA EEENIEN
TWV EVVOIWV EITE HE T OTABIO KOI TOUG HXAVIOHOUS TNG VONTIKASG QVATITUENG €TE
PE TN HGONON p€ow TNG €K VEOL ETTIVONONG €ITE Pe TNV LTTEPPAOT ETTIOTNPOAOYIKWV
EPTTOOIV, PEPVOLY OTO TTPOCKIVIO OPICHEVA KPIOIPO {NTHHOTX YIo TN OXEON TNS
loTopiag Twv MoBNUATIKOV pe Tr poONPATIKA ekTaidevor). MNMap& To yeyovos Ot
avadlovTal pe SINMOPETIKG TPOTTO 08 KGOE TTPOTEYYIon, T& {NTHHOTA aUTA eiva
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OKGTTIHO VO TEBOUV PE EVIONO KA YEVIKG TPOTIO TTOL avTOVAKAG T Sioxpovikr eEEAIEN
auTAg TG oxéong.

‘Eva TéTo10 {TNHO OLVOEETAI HE TOV TTPOOVOPEPOEVTA «TTAPOAANAIOHUOY, 1} GTTWS
OAAIGOG OPICOVPE TNV ETTIXEIPOVHEVI CLUOXETION AVAPECT OTNHV ICTOPIKY YEVvnon Kal
€EENIEN P0G HOONUOTIKAS €VVOING, KOI TOV TPGTTO HE TOV OTTOI0 GUTH TTPOCAHBAVETO
o6 TOLG PHOONTES OF pI OVYXPOV OXOAIKH TEEN. AveEGpTNTA OTI6 TIG SIGPOPETIKES
OVTIAAPEIS IO TO VOO GUTOD TOL «TTAPAAANNIOHOUY, KGOE TTPOOEYYION OIPriVEl KATG
TNV GTOYr| HOG AVATIAVTITO TO ETTOHEVO OVOIMOES EPWTNHAL:

T1 akpifddg utroper va onpaiver “mapaiAnAioucs” avapueoa o’ Eva dnpi-
0UPYIKG (KO GLVHOWG KOPLPAID) LABNHATIKG TOL TTAPEABOVTOG, KOl VX
pabnTr mou mpooTabEl orjuEpa (OLVRBWG XWPIG ETITLXIOY Vo LGOE!
MobnuaTtikd;

To ouYKeKpIHEVO CATNHO €XEl ETTAVEABEI TOr TEAEUTAI XPOVIOk OTO TTPOCKAVIO, KOl
OTIG OXETIKEG SNHOOIEVTEIG PTTOPET KAVEIG VO OUVAVTAOEI BEOEIG KO EPEVVNTIKG TTO-
TEAEOPOTO TTOL EKTEVOVTAI T TNV KATYOPNHOTIKY amréppiyrn KGOe 1660G «Trapoai-
AnAiopoUy, péxpt TV avadeln véwv dPpewv auTAg TNG ToAvoLENTNHEVNS 16TG.
(Furinghetti & Radford 2002, Arcavi 2004, Schubring 2004, Thomaidis & Tzanakis 2007)

"Eva GAAo kpioipgo CATNHO TTou apopd& T ax€on loTopiag Twv MabnpaTiK®V Ko
HOONPOTIKAG EKTTAIOEVONG EiVOI O TPGTTOG HE TOV OTTOIO OI EPELVNTEG TNG AISOKTIKAS,
aveEGpTNTA OTT6 TN BEWPNTIKI TTPOTEYYIOT TTOL AKOAOLBOUVY, XPNOIHOTIOIOUV TI) M-
BoboAoyia Kol TOr ATTOTEAEOPOTA TNG I0TOPIKAG EPELVAG. TIG TEAEUTAIEG OEKAETIES,
ToPGAMNAa pe Tig e€eAielg oTn AISOKTIKT, £X0UV ONpEIwOel BeapaTIKEG OAAXYES TNV
IOTOPIKH TTPOCEYYION KOl EPPNVEIR TWV HABNPOTIKWY YVWOOEWVY TNG OPXAaG ETTOXAS,
0l OTTOEG QIPOPOUV KLPIWG BEUEAINOEIG HABNUATIKEG EVVOIEG KOl OXETICOVTOI GHECT
pe Ta {nTpoTa didaokaiiog kon pabnons. To yeyovdg auTo BETE akOpN €va oLOIW-
0eg EpATNO OTIG BEWPNTIKES TTPOOEYYIoEI§ Yo T Sidaokadia kan p&dnorn ou Xpn-
o1goTToI00V WG gpyaAeio TNV loTopia Twv MaBnUATIK@OV:

réoo €ykvpn ptropel va BewpnOei n yvdon mov avtAel orjuepa évag
gpeuvnTIG TNG AIGAKTIKIG TV MaBnUATIKWV ATTO I0TOPIKEG AVOAUOEIG
1} ETTIOKOTIOEIG YPOUMEVEG TIPIV OPKETEG SEKAETIES;

To €i60g TNG 10TOPIKAG YVAONSG TTOL XPNOIHOTIOIEITAI YI& TOUG OKOTTOUG TG HoOn-
HOTIKAG EKTTaiOELONG, KOl 1IBIXITEPO OTIS €pevveg TNG AIBAKTIKNG, eivon éva (ATNHO
ou €xel NON TeBEl K1 PGAIOTA He TPOTTO TTOL €I0QYEI OTN OXETIKI OLATNON TTPG-
opaTeg eEAiCeIg 0TO XWPO TNG I0TOpIoypa@iag Twv MadnuaTikdv. (Fried 2001,
Schubring 2004, Grattan-Guinness 2005)

>tnVv emépevn evéTnTo B TTPOOTTAORO0VHE V& O1EITOVTOVHE OTOV TTUPAVA AUTOV
TOL {NTAPOTOG EEETALOVTOG PIGt OUYKEKPIHEVI TTEPITITWOT).
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2. "Eva £181k6 nedio xprjong g Iotopiog tov
MoaOnpoatirodv otig €pevveg tng Ardoxktikic: H
nepimtworn) tnc Alyefpog
HEAETN Towv TPOPANPGTWY TTOU oLVOEovVTal He TN dIBaOKOAI Kol péenorn Twv
Baoik@dv oAyePpIKOV eVVOI®DV, ATTOTEAET PIr TTEPIOXT] EPEVLVAOV TNG AISOKTIKIG

Twv MaBnpaTIKOV oTnv otroia pIropoUe va Siokpivoupe eISIKEG Oelg GAwv aXedGV

Twv {NTNEATWYV TToL Bi§OpE TNV TTPONYOUHEVN EVOTNTO.

MaipvovTag vTTEYN TIG TACEIG KAl TX ATTOTEAETHATA TWV VEGTEPWV IGTOPIKWDV
EPELVAIV, B ETTIXEIPHOOVHE OTNV EVOTNTA QUTH v Seiovpe GTI 1 TAOT OPIOPEVWV
gpeLVNTAV TNG AIBOKTIKAS V& TTpooeyyiCouv Tnv 10Topikr eEENIEN TNG AXyePpag pe
KOVOVIOTIKOUG GpOLG «OTOOIV avaTITUENGY KOI «UNXAVICHAV HETEPROONG», 0dnyel
oTn Snpiovpyia LTTEPATTAOVOTEVPEVV HOVTEAWY KOI OTTOTEAET OOPH AVOXPOVIGHO.

Inpeio agpeTnpiog yio To {ATNHO TTou eeTGCoLpE aTTOTEAOVV 01 Epynioieg Tou Eon
Harper, o otrofog xpnoipotoinoe Tnv 10TopIKr| avéAvon wg BA&on HIoG EPTTEIPIKAS
£PELVOG TNV OTTOIX KATAYPEPNKAV Ol TPGTTOI TTOL XPNOIHOTIOI00V HoBNTES TNG OgL-
TepoPAOpIag ekTTaidELONS Y1 VO AVGOULV TO akGAovBo TTPSPANpa:

Av 0ag 606¢ef To GBpoioua kai n S10popd 600 OTToIWVENTTOTE APIBUWV
va beiete OT1 uTTOpEiTe TTAVTOTE VO BpeiTe Trolor eivar o1 apiBuor auTor.

To 42% Twv podnT®v £€dwoe Aboelg Trou Taivourienkav otd Tov Harper (1987)
OUHQOVA PE PIa TTAPOOOOIOKT I0TOPIKY eppnveia, Tou diaxwpiCel TNV eEEMIEN TNg
AXyeBpag og Tpiat OTAOIO: TO PNTOPIKS, TO CUYKEKOUUEVO Kail TO OUHBOAIKS. Tol TIp@TO
oT6010 KOAUTITE TNV TTEPIdO PEXPI TOV AIGavTo (Trep. 250 p.X.) Kal XapokTnpideTal
OTTO TOV TTPOGOIOPIOHS TWV {NTOVHEVWY £VOG TIPOPARHOTOS HE ATTOKAEIOTIKI XPriom
PUOIKIAS YADOOOG. To 6eUTEPO 0TABIO, TTOL KOAUTITEI TNV TTEPI00 XTI ToV AIGPAVTO
péXp! TO TEAOG TOL 16 ANAVK, XOPAKTNPICETOI ATTO TN XProTN YPOHPATWY YO TV
QVOTTAPAOTAON OYVAOTWV Kol T dnpiovpyia e§lodoewv. TEAog, To TpiTo 0T&SI0
Trou apxiCel e Tov Viete (1540-1603), €xel eMITIAEOV XOPOKTNPIOTIKG TN XPON YPOu-
HATWV KOl VIO TNV OGvOTTapEoTaoTn Twv 6e50pévmwy eveg TTpoARHATOS DOTE va eiva
duvatn n SiaToTTwon yevikwv Aboewv. AkohouvBwvTag auTh T diGkpion o Harper Ta-
Eivopel TIg AVoEIG TTOL €6waE TO 42% TWV HABNTWV TNG EPELVAS TOL Ot «PNTOPIKESY,
«AIOPOVTIKESH KOl «BIETIOVEGY. XTN CUVEXEIX SIATUTTWVEI — KAVOVTOG pIl TIAGYIO OVOi-
op& oTov Piaget — opiopéveg BETEIG TTOL TLUVIYOPOUV LTTEP TNG 160G TOL KTTAPOA-
AnAiIopoU» Kol Tou BETIKOD POAOL TNG ICTOPIKAS YV®OONS TWV MabnpaTIKOV oTnv
gppNVEI TwV SUOKOAIDY TTOL AVTIPETWTTIOVV 01 ONHEPIVOT HOONTES:

«ATT6 TNV GO AUTH 1 OEIP& TG ATTOKTNONG TWV EVWOIMV Seivel va
TopoAANAZETaI pE eKEVN TTOL B ATTOKOAUET PO HEAETN TNG I0TOPIOG
TV HOONUOTIK®OV. ES® N peAéTn vtrodeikviel 6Ti 0e OAeG TIG TTEPIOXES
TWV HOONHATIKOV LTTEPXEl VA TTAODCIO KOl EVOEXOHEVIS ATTOSOTIKG
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medio €pevvag Kol 6TI 0 00NYSS YIO TN OEIPA& TWV TTEPIEXOPEVV TOU
avaALTIKOU TIPOYPGHHATOSG Ba pTTopovoe va avalnTnOel o€ pia 10To-
pIkr) avéAvon Tng eEENIERS Tou. ...

AveEGpTNTO TG OTTOIOONTTOTE BeWpPNON Yo TN @Uon Tng akpifols oxéong TTou
UTTGPXEI OVEHETO OTN) (PUAOYEVETIKI| KOI TNV OVTOYEVETIKA OVATITLEN, N I0TOPIKY VG-
AVOT TV PHOONHATIKAV 106V PTTOPEl AOITIOV VO POG £POSIGOE! PE ONHAVTIKES £VO-
PAOEIS VIO TIG VONTIKEG SUOKOAIEG KOl GVOKOAVEIG TTOU £PTTOSICOLV 1] TTPOAYOULV TN
po®npoaTiKg Tpéodo. Agv Xpel&ZeTal TTOAA PAVTOOIX VIO VO OVOYVWPIOE! KAVEIG GTI
Ol HOONTEG B AVTIPETWTTICOLY TTAPSHOIEG SUOKOAEG KOl 6TI B KATAPEPOLV VO KGi-
VOUV TTOPOHOIEG TIPOGBOUG PE TOUG PHOONUATIKOUG TNG I0TOPIOG, TWV OTTOIWVY TO £V-
voloAoyiké oupTtrav diapoipdlovTaly (Harper 1987: 85-87)°

Mior 6AAn epyaoia oxeTikA pe To {ATNHO TTOL €€eTGLOVPE ONPOCIEVTNKE OIS THV
Anna Sfard To 1991. XtV epyacia auTh 1 10TopIkr £§EMIEN TOL apPIBPOL KOl TNG OL-
va&pTNONG XPNOIHOTIoIOnKe wg B&on yia T S1aTOTTwor eveg BewpnTIKOD HOVTEAOUL
TNS AVATITUENG TWV HOBNPOTIKWY EVWWOIMV KATG TN diadikaoia Tng pédnong. To po-
vTéAO TTPOPAETTEL TNV IEPAPXIKI EPPAVIOT TPIDV OTAOIWY, TTOL XAPAKTNPICOVTOI Ov-
TioTOIXO WG «PAON €0WTEPIKELONGY (GTAV EKTEAEITAI KATTOIX UTTOAOYIOTIKI
dladikaoiar pe oIkeior HOBNPOTIKG AVTIKEIPEVD), «pd&arn ovvongy (6Tav N diadikaoio
ouvoileTal o€ MO EVXPNOTEG EVETNTES) KAl WG «PAOTN AVTIKEIPEVOTTOMONG (GTOV
n S1adikaoia peTaOXNPOTICETAI OE £var VEO KOI GUTOVOHO OVTIKEIPEVO HEAETNG). Ol
o600 TTPWTEG PAOEIG, OTIG OTTOIEG KUPIGPXOUV SIadIKOTIEG KOl GAYSPIOHOI 08 LTTOKEI-
HEVES EVVOIEG, OVOPGRLOVTO KEPYOAEIOKES) EVE 1 TPITN, OTNV OTTOIX AVOSEIKVOOVTO
Ol OPNPNHEVES OPEIG TV EVVOIWDV, OVOPGLeTal «dopIK». MpodAovTag oTn ouvéxeia
ovT6 TO povTédo oTnVv 10TopIKA eEENIEN TNG Alyepag, n Sfard emmixeipel va evToTrioel
0’ AUTHY TO OTAOI pETAPOIONG OTTS TIG «EPYOAEIOKES) OTIG «OOHIKEGH TTPOOEYYITEIS
XPNOIHOTIOIVTOS TNV TIOPAdOCIOKN EPHNVEIR TwV TPIWV OTadIwV eEEAIENS (onTOPIKD,
OUYKEKOUUEVO, OULPBOAIKO):

«OTtwg TapaTnpovv or Davis kai Hersh (1983, 0.182), “Tor poOnporik&
NG Ary0TrTou, Tng BapuAdvag, kai Tng apyaiog AvatoAig ATav GAax ol-
YopiOpikoU TUTTOL... Mévo oTn oUyxpovn eToxr] BpioKoupe HOBNPOTIKG
pE aOPOVTO 1] KABGAOL OAYOPIBHIKS TTEPIEXGHEVO, TO OTTOIG B HTTOpPOU-
oOpE Vo ATTOKOAEOOLHE TIARPWS SIOAEKTIKG 1] UTTAPEIOKG”. TTpGypaTI N
ETTIOTARN TOL LTTOAOYIGHOU, TTOL £IVAI OTJHEPD YVWOTH PE TO OXETIKG VEO
OVopG TNG “GAyeBpa”, £xel dlatnprioel €vav eVOIGKPITO EPYOAEIOKS XO-
pakTAPa yio XINGOES Xpovia. H Aeydpevn “pnropikr)” GAyefpa, n otroia
TIPONYNONKE TNG OUYKEKOHHEVNS Kot TNG GUHPOAIKIG GAYepas () TeAeL-
Toior 6ev avaTTTOXONKE TIPIV A6 TO 16° cVO) oXOAONKE HE TIG LTTO-
AoyloTiKéG  Sladikaoieg KaBAUTEG, &vdd TO HOVO OTTOSEKTS  €i60g
OPNPNHEVWV OVTIKEIMEVWV ATOV 01 apiBpoi. AKGpN Kal Ol 0 OUVOETES
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oMnAouyieg apiBuNTIK@Y TpGéemwv TrapovaidlovTav pe T Por|Beia Ae-
KTIK@V EVTOADV, TTOU efav €vav eLSIGKPITO ETTAKGAOLOO XOPAKTHPO KOl
Sev TpokGAeTay GUVOYN KOI AVTIKEIPEVOTTOMOT). ...

Y& opIoPEVA OTAOIX TOL GXNHATIOHOU (1] TNS ATTOKTNONG) TWV YVWDOEWVY N ATTOVOIX
pI0G SOHIKAG avTIANYNG PTTOpEr var eptrodioel Ty Trapamépa avamTuén. Kabwg n mo-
OOTNTA TV TTANPOPOPIY AVEGVETAI, TO TTOAIG OXHO HTTOPET VO KOPEDTET KO VOX YiVEl
oTNV TPAGEN AVETTIOEKTO OTTOIOVSATIOTE EUTTAOUTIOHOV. AV ATAV OIOPOAAGDS TUXIO Ye-
Yovés 671 n) yeTéPoon atré Tn pnropik 0T cLHPOAIKH GAyepa — piax peT&Poon atrd
TNV €PYOAEIOKN 0T GOHIKA TIPOCEYYION OTA LTTOAOYIOTIKG HOONHOTIKG — EPPAVIOTNKE
Tov 16° atdva. OUTE TAV IGTOPIKI) COPTITWON 6T OXEGGV TAUTEYPOVA EPEVPEBNKOV
OPKETG OIPOPETIKE OVOTAPATA OUPPSAWY OTTE HABNPATIKOUS TToL epy&lovTav O
évag aveEGpTNTa TOL GAAOL. ATTG EKEIVN TNV ETTOXH, N TEPGOTIX TIOAVTTAOKOTNTA TWV
UTTOAOYIOTIKWV SIOOIKOOINV Epepe TN pnTOpIKA GAYEPpa o€ KaTGoTaoN 0dIEEGEOL KOt
TIPAKTIKG £BaAe €var TENOG 0TV avamTLER TNS. KOIT@VTOG 0KEpN M0 Trow, HTTopolpEe
va S10KIVOUVEDCTOUVHE TV EIKOOTO GTI I GTTOVOIX SOHIKWVY AVATTAPAOTAOEWV (Gpat Ho-
HIKGV avTIAPEY) ATV £VOG OTTé TOUG TTapdyovTeg TTou emiBpdduvav Tnv e§€NiEN
TNS LTTOAOYIOTIKIG ETIOTAWPNG OTNV ApXaiat EAAGda ko TrpokéAecav Ty voTépnaon
NG GAYEPPaG EVavTI TNG YEWHETPIOG yia aicdveg.» (Sfard 1991: 24, 29).

To TTponyoluevo aTTGOTTOOHA €ival EVOEIKTIKG yia Tr) peBodoAoyia xpnoipoTroinong
NG loTopiog Twv MaBnUATIK®OV 0g pia OAGKANPI OeIpd EPYOOIWY TTOL dlEPELVOVY TN
d16aoKoAiar ka1 HGBnon Twv oAYeBPIKAV EVvoIDV. AEUTEPOYEVEIG 1} GKGHN KOl TPITO-
YEVEIG TIYES 10TOPIKAG TTANPoPSpnons (6TTwg To TraoiyvwoTo PIfAio Twv Davis kai
Hersh The Mathematical Experience) XpnoIHOTTOI00VTOI TTOCTIOOPATIKS YI T OTH-
p1€n evég BewpnTIKOL PHOVTEAOL TNG PEONONS, TO OTIOI0 €V CLVEXEIX YIVETOI KO €p-
YoAgio SIaTOTTWONG 1I0TOPIKGWY eppnveiwv! H avtiBeon pog e6w Sev agpopa To povtédo
KBTS (ko 1I1aiTEPT TN SUVOPIKE TOU WG gpYOAeiov BIBOKTIKAG avaAvong), oAAG
TOV TPOTIO XPHONG TWV IOTOPIKWV TINYWV N OTTOIQ, EKTOG A6 OTOOTIACHATIKY, Eival
KOl ETTIAEKTIKI:

«OTI akoAoLBEl TP €ival piIa TTOAD GUVTOMN KOl HE KAvEVO TPOTTO
€€avTANTIKY TTOPOLCIOOT TNG HAKPIAS KOI TAPAXWMOOUS 10TOPIOG HEPI-
KWV OTT6 TIG TTI0 KEVTPIKEG HOONUATIKEG EVVOIEG. X' aUTH TNV epyaoia
60t a0X0ANOW POVO HE EKEVA TAX I0TOPIKG YEYOVOTO KO XTTOTEAEOPOT
T omoia PwTiCovv TNV dmoypn mov Ba fBeda va Toviow 8w ...»
(Sfard 1991: 11, n €ppoon ik pog)

To BewpnTIKG povTédo Tng Sfard yia TNV av&mTUEN TNG HOBNHATIKIG YVMONS YVO-
piog evpuiTaTn 81Gd00N OTO XWPO TNG AISOKTIKIG KO XPNOIHOTIOINONKE 08 I OEIp&
EPYOOIMV PE OVTIKEIIEVO PEAETNS TNV AhyeBpa kan TV odyeBpikn okéyn (Kieran 1994,
Sfard & Linchevski 1994, Sfard 1995). ZTig epy00ieg QUTES, TGOO Ol GUETEG AVAPOPES
600 kot 1 peBodoAoYia TNG €pELVOG HAPTLPOVY TNV I0XVPI ETTIOPACT) TOL TACETION
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voU 0xediov TAVTOTTOMONG TWV OTOSIWVY KA PNXOVIOP®MV TNG VONTIKASG avaTTTLUENS
oTnV I0TOpIKN eEENIEN TwV eTTIOTNHOVIKGY evvol®dv. Or Piaget ko Garcia (1989) rpoo-
diopiCouv atnv 10Topiaxr TNG AXYePpag Evar pNXavIOPS HETGPROONG ATré TO «evo-Ael-
TOUPYIKO» OTO «OIO-AEITOUPYIKO» Kol TEAOG OTO «UTTEP-AEITOUPYIKG» OTASIO
avamTLENS, pI opooyia Trou 1 Sfard oTevdel Vo LIOBETAOEI ETTIXEIPWVTAG TTAPOA-
ANAIGHOUG pig TO «EPYOAEIOKGY KOl «OOHIKG» OTGOI0 TOL S1KOU TNG BewpPNTIKOV HOVTE-
Aou (Sfard 1995: 20, 29, 33).

To BaoIKS CUPTTEPATHA TTOL AVOBUETAI OIS TIG TIPONYOUHEVES EPYATTES Eival OTI
N avamrTuén TG aAyePpIkris okEPNG aKOAOLBET i IEpapXIKn Sopr}, oTnv oTroiot VT
10U OLAOIHPBAVETON EpYOAEIOKE O Evar eTTITESO YiVETO OVTIANTITO SOpIKG 08 KGTTOI0
QVAOTEPO ETTITTEDO, YEYOVOS TTOL ATTOTUTIWVETAI HE €vav THvaka «oTadiwv eEEAIENG
NG GAyePpasy (Sfard & Linchevski 1994: 203). Xtov Tivaka auTo yiveTan apxiké S16-
KpIoN 0€ 800 «TUTTOUGH (YEVIKELHEVN PIOUNTIKA Kol agnpnpévn GAyeppa), KaBévag
aTré TOLG 0TTOI0VG OTTOTEAEITAN OIS SUO «OTAGION (EpYOAEINKS Ko SOpIKS). T KGBE
0TGO10, TEAOG, QVOYPAPOVTOI TO ONPEIT AIXHAS, TA HEOO AVOTTAPGOTAONS KO XOi-
POKTNPIOTIKOI eKTTPOoWTTOL. [0 TTap&OEypa, TO £pyo TOU AIGPAVTOL «KWOIKOTTOIEI-
Toy WG £8AG:

ToTrog: «levikevpévn ApIOUNTIKA»,

>16dI10: «EpYOAEIOKOY

Ynpeio arypns: «ApIBUNTIKOI LTTOAOYIGHOIY

Avarmrap&oTaor:  «MIKTH: AeKTIKA + GUPBOAIK (OUYKEKOPHEVN)».

AuTA 1 KWdIKOTTOIMON Kol €vTaEn oUVOdEVETOI ETTIONG OTTG OPIOPEVES IGTOPIKES EP-
pnvefeg Tig otroieg aiCel va TapabEoovpe aUTOVOIES:

«O AI6pavTog dev TTpoX®PNoE TEPA OTré TN XPrion Twv OAyeBpIKamV
EKPPGOEWY OTIG 0TTolEG Eva Yp&ppa SfAwve pia GyvwoTn oA& oTo-
Bepn TIYHA, Kal GTTOL 01 OVTIOTOIXEG EKPPAOEIS OVTITIPOOWTTELAV TOUG
apIBpovg oL AapfBdvovTav cuVOLALOVTOG TOV GyvwoTo He GAAOUS
apiBpoUs. Oa vTTooTNPIEOLHE 6TI AUVTS TTOL AVETTTLEE TAV N GAYEfpar
HIOG 0TAOEPAG TIUIG, O€ AvTIBEDN He TN ouvapTnolakr aAyefpa, 6TTou
TO YPSHPOTO GVTITIPOOWTTEDOLVY HETABOAASpEV PGAAOV TTaP& OTO-
Bepd pey€on. H 16éa evég ypdppatos wg peTafAnTAs — wg oupPéAou
oTn H€01 TOL OTToIoL PTTOPET VO AVTIKATOOTOOEN 0TTOI0001TTOTE OPIO-
HOG — TOOO avepr] 0” ePEg OrjHEPT, OVOETOTE EPPAVIOTNKE OTOV AIG-
@avto.» (Sfard & Linchevski 1994: 199, n éppaon Sikr pag)

«YTTépyxouvv Katoleg evoeilelg 0TI N GAyepa ptropel va e10ABe 0’ auTh
T SopikA @&on pe To €pyo Tou AlGpavTtou (3% aiwvag . X.). O Aié-
(POVTOG, TTOL XPNOIHOTTONMOE £var oLVOLAOHG OLPPGAWY Kol AéEewv Kal
£101 dnpIo0pyNnoe TN Aeydpevn “ouykekoppévn” GAyePpa, EAvae TToAoUG
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d10popeTIKOUG TUTTOUG £EI0DOEWV. ... AAAG auTH N TTepiodog pTTopel va
BewpnOel pévo éva TpwTO Prpa 0TV AvATITLEN TNG SOHIKNG GAYEBPaS,
eme1dr] 0 AI6@avTog dev aveémTuEe KaBOAoUL Yevikég pe@odoug: KGOE
éva amré Ta 189 mpoPAfpaTa Twv APIBPNTIKWY TOL TTIAVOVTAV HE dIa-
POopeTIKG TpdTTO.» (Kieran 1994: 159, n €pgpoaon Sk o)

Tnv eTOX1| TTOL YPGPOVTAV AUTEG OI YEVIKEG OIXTTIOTWOEIS, 1) IOTOPIOYPOPIC TWV
apyaiov MabnuaTikdv efye 0N TPOYPATOTIOINOE PIG BEAUATIKY) OTPOPI| 0TI pe-
BodoAoyia TG €peuvag. XapaKTNPIOTIKG YVMPIOHO TNG «VENS I0TOPIOYPOPIOGH eival
OTI TO apX it KEfPeEVar dev eppnvebovTal TTAEOV COHPWVA PE TNV avTiAnpn 0TI auT&
TIEPIEXOLV TIG TIPWIUES KAl OTEAEIG HOPPEG TWV TUYXPOVWY HOBNHATIKOV EVVOIMV.
AivovTag omréAUT TTPOTEPAISTNTA OTA IBIGITEPA XAPOKTNPIOTIKG KO TIG TIPOKTIKES
KGBe apXaiag HaONPATIKAG TTAPAGS00NG, N VEXK IGTOPIOYPOPIKN TIPOTEYYIOT OVETPEPE
yix TopGSerypa Ty (edpaiwpévn el SekaeTieg) eppnveiot 6TI TO HOONUATIKG TTEPI-
EXOHEVO TwV BaPUAWVIOK®V TNIVOKIBWY aTOTEAET TNV TTPWTN EUPAVION TNG OTOIXEI-
@Soug AAyePpag, AUTHG TTOL XAPOKTNPICETAI OHEPT WG YEVIKEVHEVI APIOPNTIK.
Mia pidikr eTTave&€Taon Tng TEXVIKAS OPOAOYIOG KOl TNG TIPOKTIKIG TWV YPAPEWY
£6e18g, avTIBETA, 0TI TO TTEPIEXOHEVO OVTO EIVOI OTEVG GUVUPACHEVO HE YEWHETPIKES
évvoieg kal dpaoTtnpidtnTeg (Hoyrup 1990, 2002). NedTepa £TTioNG amTOTEAéOHATO
yia v Aryutrmiokn, Tnv EMnvik, tnv loAopikr kot Tnv Kivelikr) HaBnpaTikr Toapa-
6001, ATTOKAAUTITOLY I0XUPES TTOANITIOTIKEG ETTIOPAOEIS KAl 1010HOPQIES Kal avade-
wpouLv koBiepwpéveg eppnveieg (Chemla 2003, Imhausen 2003, Oaks & Alkhateeb
2005, Thomaidis 2005, Thomaidis 2011). Na Tap&derypa, n obyxpovr IGTopIKA EpeLVa
TIPOOKOICEl TTOMG ETTIXEIPAHATO TTOL dEiYVOLV OTI 60X ETTIONPAIVOVTOI OTO TIPO-
NYOUHEVO OTTOOTIGOHATA OXETIKA HE TOV AIGPAVTO OTTOTEAOUV E0TTEVOHEVES KOl
QPOPIOTIKEG YEVIKEVOEIS.

AKOpN kal pia BIaoTIKA HaTIG ptropel va Sei€el Tnv TTOALTTAOKSTNTA TOL TTPOPARA-
HOTOG TTOU AVTIHETWTTICOLPE, dTaV BEAoLHE var EESIOADOVOUHE TON VIPOTO TNG 10TOPI-
kAs €€€EMNIENS TNG AdyePpag. O AidpavTog amoTeAel KeVTPIK HOp@R QUTAS TNS
e€ENIENG aMAG aryvoolpe Tn ox€an Tou, 6XI HOVO HE TIG TIPOEAANVIKEG HABNPOTIKES
TOPadS0EIg OAAG oSN Kol pe TNV EAANvIKA Tng KAaOIKig Trepiddou, atrd Tny oTroia
TO €PYO TOU EXEI EUPAVAIG ETTNPEATTEL ZTO APIOUNTIKG TOL AIBQPOVTOU CUVOVTOVHE
YIOt TTIPOTN POP& TOV OPIOHO HIGS EVVOIAS “OyvaOoTOL” apIBHOU, €var GUYKPOTNHEVO
o0oTNHO CUHPBOAIKAG AVOTTAPAOTAONG OXECEWY TTOL TTEPIEXOLV TOV “&yvwoTo” Kol
TIG SUVBEIG TOU, KO OPIOHEVOLG YEVIKOUG KavOveg eTTAvoNG e€lowaemwv. ‘OAa auTd
To oAYEPPIKG epYOAEin XpNOTHOTTOIO0VTAI YIO TV £TTIAVOT TTPOBANUAETWY BEWPNTIKAS
QPIOUNTIKAS OTO TTEdI0 TWV BETIKWY PNTWV APIBHAY, XWPIG YEWHETPIKEG EPUNVEIES 1
TIPOKTIKEG EPAPHOYES. AV 0 AIGPAVTOG e «TTPOETOIPGTE TO HpSHO Y TO Zuvo-
1TIKO BiffAio YrroAoyiopou ue Adyefpa kar AApouvkautdAa Tov al-Khwarizmi, Téte n
aTrOAUTWS «PNTOPIKIY, Kol pe EVkAeIdelov TOTTOU YewpETPIKEG eppnveies, GAyefpa
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Tou TeAeLTaOL B eiye dlaPOPETIKA popPr. AvTiBeTa, 0 al-Khwarizmi aiveTar 6T
EKTTPOCWTTOVCE OTO ECWTEPIKS TWV [OAApIKWY MaBnpaTIKOV pia Tapddoon pe voi-
KEG 1] BapuAwviakég pileg, TTPooavaToAIGHEVN TTPOG TOUS OPIOUNTIKOUS LTTOAOYI-
OpOUG KOl TIG TIPOKTIKEG EPAPHOYES (TO pHeYOAUTEPO pEPOG auToL Tou PifAiov
OPIEPWOVETOI G€ TTPOPAHATA EPTTOPIKWV CUVOANXYWV, HETPHOEWVY KOl KANPOVOHIGV).
H mapdaboon auTh avamTixBnke wg éva anpeio aveEGpTnTa atrd To KLPIGPXO TTPS-
TUTIO TNG ETTIOTNHOVIKAG YVWOING», TTOU EKTTPOOWTTOV0aV 0TO IoAGH Ta €pyat TwV
apxaiwv EAAfvwv po®npaTikedy Kal ol peTa@paoelg Toug otnv Apapixkf yAwooo. H
avamTuén TS AAyefpag otn Bépeia Appikrj Kai Tn AuTiki] EpdTn (6TTws ammoTu-
T@vVeTal T.X. p€oa oTo €pyo Tou Fibonacci | Tov Jordanus de Nemore 1o 130 aicdva)
ETTNPEGOTNKE ONPAVTIKG GO GUTH TNV TTAPGOO0T), HI ETTIOPACT TTOL PTGVEI HEXPI
Tnv Ars Magna (1545) Tou Cardano. To yeyovdg Gpws ou AeITolpynoe wg KIviTHpIog
HOYAGS yior TN Snpiovpyia ko KaBIEpwan TG vedTepnS, oUHPBOAIKHS GAyeBpas, ATav
N HETOPOPS& TwV ApiBUNTIKWY ToL AlGgavTou aTé To Bu{dvTio 0T Abon Kai 1) Koi-
BopioTikr eTTibpacn auTol TOL £pyou o€ HaBNUATIKOUG GTTwg 0 Bombelli, o Descartes
ko o Viete (Juschkewitsch 1963, Waerden 1985, Flegg 1987, Hoyrup 2002).

To TTponyoUpEVa® avadeIKVOOUY KOTG TNV GTTOWPN POG €va KpioIHo peBodoAoyIKS
AT, TToL aopd To pSAo Kal Tov TPETTO XPrions Tng loTopiag Twv MabnpaTIKWVY
oTIG €peVVES TNG AIBAKTIKIG KO TO OTTO{0 ETIIXEIPOVHE VO TIPOCEYYICOVHE OTNV ETTO-
pEVN evOTNTAL

3. Mepikég npooPoateg eEeAifelg Kol CUpPIIEPAOPATO
paydaior avamTuEn TwV EPELVWVY TNG AISAKTIKIG TWV MOBNPOTIKWV TIG TEAEL-
Toieg dekaeTieg opedeTan og peydho BaBpé oTnV LPNAL «XTTOPPOPNTIKOTHTON

EVVOIRV Kall HEBGSwV a6 «OLVOPIOKEN Kol KABIEPWHEVA ETTIOTNHOVIKG TTediar, 6TTwg

eivon n Woyxohoyia, n Moudorywyiky, n KovwvioAoyia, kar GAAa rou BpiokovTal Trio

KOVTQ 0TI «UNTPIKA» ETIOTAWN, 6TTwS 1 loTopict Twv MoBnpaTiKayv. XTI Trponyouv-

pEVEG evOTNTEG SIaTTIOTWOOPE TNV 0AoEva peyoAUTepn digioduon Tng loTopiag oTig

€peuveg TNG AISOKTIKIAG, GAAG TALTSXPOVA KOl TO YEYOVOS GTI TTOAAOL EPELVNTES TNG

TeAevTaIOG dev paiveTal va avTIAfPONKav £ykaipa Tnv TopdaAAnAn kai e€ioouv on-

HOvTIKH €EEAIEN TWV EPELVOV OTNV IOTOPIOYPOPI TwV MaABNUOTIKWVY. AUTH 1] KATG-

OTOON OeV TIEPAOE PUOIKG ATTAPATAPN T KO TO TEAELTAIO XPOVIO TTUKVAVOULV OTO

X0Ppo TNG AISAKTIKAG 01 avTIOPAOEIG KOl TO! KPITIKG EPWTHHATA, KABWDS KOI Ol OTTail-

THOEIG YI& VEOU €50VG I0TOPIOYPOPIKES TTPOOEYYIOEIS. Efval XapaKTnpIoTIKG 6TI O€

OULAAOYIKOUG TEHOUSG HE QVTIKEIHEVO TN didaoKOAiC: Kot pédbnaorn tng AlyeBpag €xouvv

OnpooieuTel Tar TEAELTAI XPOVIO IOTOPIKEG EPYOIOIEG TTOV KIVOOVTAI TTPOG GUTH TNV

katevBuvor. Oplopéveg atré aUTEG eEeTALOLV TIG OULVETTEIEG TTOL €XEI OTO XOPOAKTN-

PIoUS PaoIKWY OAYEPPIKAV IBEWV, GTTWG TOL AYVMOTOUL Kol TNG HETAPBANTAS, N pIdIKr

avaBe®pnon TG I0TOPIKIAS eppnveiag yia T BafuAwviokn éAyePpa (Radford 1996,
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2001). ANMeg eTTIXeIpoUV VO ETTAVATTPOGOIOPICOLY TN pUOT TwV TPOPANHGET®Y TTOU
TpokGAeoav TNV avatrTuén TnNg AAyefpag (Charbonneau 1996, Charbonneau & Lefevre
1996) 1} T €MOTNUOAOYIKG EPTTGBION TTOL AVAOUOVTOI KATG TN peTGPaon atd Tnv
opIOuNTIKA oTNV oAyePpikn emrfAvon mpoPAnpéTwv (Puig & Rojano 2004). Koivé yvo-
PICHO GAWY QUTWV TWV EPYATIAV Yo TO CTNHa TTou £€eTGLOLE, Eivan GTI ETTTYEIPOUV
va €106youv oTnV TTPOPANHOTIKA TWV EPELVAV TNG AISAKTIKAS TIG VEeG e€eAIEeIg Ka
EPHUNVEVTIKEG TIPOCEYYIOEIS TTOL AVOTTITUXBNKAV 0TV 10TOPIoYPOPpia Twv Mobnpa-
TIKOV TIG dU0 TEALUTATEG OEKOETIEG.

O1 rponyolpeveg eEeAiEelg LTTOONADVOLY pia TGon oAAYAS: ATTG TNV avadiTnon
oTNV loToPI UNXOVIOHWMV) KOI «OTASIVY TTOU HTTOPOUV VO «TTOPAAANAIOTOOVY pE
TN vonTIKA av&TTUEN, APKETOI EPELVNTES TNG AIBOKTIKAS TWV MABNPOTIKWY OTPE-
POVTal TWPQ OTN HEAETN TOU TrEPIEXOPEVOL TNG I0TOPIKAS €EEAIENS, To oTTol0 OUL-
YKpOTEiTOn OTré éva PETABOAAGHEVO OBOTNPA TIPOPANPGTWY, EVWOIMV KOI PeBESwV
0V TPOoodIopilovTal TTOMITIOTIKA KOI KOIVOVIKG. AUTO @aiveTal 6TI eival To €idog
TNS I0TOPIKO—KPITIKAG AVAALONG TTOU EVOIOPEPET TIPWTAPXIKG KO GHETO Tr) AIBOKTIKI
Twv MaBnpoTikayv (Sierpinska 1994: 121-22), aAAG dev £X0UV OKOHN SIEVKPIVIOTET O
peB0dOAOYIKEG BAOEIG KOI TO KPITAPIA EYKUPGTNTOG TNG AVTIOTOIXNG EPELVAG.

O1 e€eAi€elg aUTEG ETTAVOEPEPOVV OTO TIPOCKIVIO HICK ETTICTHOVOT TTOV EIYOHE KAVEI
TIPIV APKETG Xpovia: H loTopia dev prropei A€oV va XpnoIHOTIOIEITON OOV VOl OTO-
BeP6 CWOPA YVMDOEWY, OTO OTIOI0 01 EPELVNTEG TNG AISOKTIKIG KATAPEVYOLV VIO VO
avTAfjoovy 1I6€eG. AVTIBETQ, TO EPWTHHAT TTOL BETEN I AIBOKTIKA OTTAITOUV VEES 10TO-
PIKEG Epevuveg TOL PTAVOLY o€ aloonpeiwTo BAOOG Kal PEPVOLY TNV ETIPAVEIX {N-
TAPOTO Ta OTroior dev efYaV ATTAOXOANOEI HEXPI TOPA TNV ICTOPIOYPOAPIO TWV
MabnpaTikdv.” H épeuva pag, T.x., yio Tot ETTIOTNHOAOYIKG ePTTESIa TTOL CUVOEOVTOI
HE TNV €vvoia TNG amrOALTNG TIPAS, OTTAITNOE TN HEAETN Kal avGAvon peyGAou TAR-
B0UG IOTOPIKWV TIYWV TTOU KGAUTITOUV €Va XPOVIKG SIGOTNHO TPICV TTEPITIOL AIWVOV
(Owpaidng 1995). Mo va evTOTIIoOLHE TA KUPIO <YEVECTOLPYS» TTPOPAHOTA, TIG EV-
VOIOAOYIKEG OAAOIYES KOl TG HETO QVOTTAPGOTOONG TTOL CUVOEOVTAI HE TNV EVWWOIX TNG
omrOAVTNG TIPAG, e€eTGOOPE TNV 10TOPIKY EEENIEN HABNHATIKWVY TTEPIOYDV OTTWG Ol
apvnTIKOi kot pryadikoi apiBpof, n emmidvorn Twv e§1000ewV, 0 AOYIOPOSG OVITOTHTWY,
N oUYKAION TV OEIPWV KAl N apIBPNTIKOTTOMOoN TNG AvéAuong. ATré Tnv GAAnN pepid,
yio va TpoadiopioTel N akpifig pUoT Twv PTTOdIWY TTOL AVTIPETWTTICOVV O1 ONHE-
pIvoi OTTOLOROTES, ATTAITABNKE 1 HEAETT TTOAAWDV TIYGV TTOUL APOPOVV Th) «OIGOKTIKI
HETOTGMIONY TNG ATTGALTNG TIPAS, £val CTNHG TTOL CLVOEETON e TNV I0TOPIKT £EENIEN
NG SidaokaAiag (ko eivon SI0POPETIKIG PUOEWS TG TO TTPONYOUHEVO).

Eva UTTOSEIyHO I0TOPIKIG £pELVOG OTa MABNPOTIKG, TTOL XPNOIHOTTOIEN G BOOIKG
epYaeio avaAvong TN HEAETN SIaXpOoVIKAY {NTHHAT®Y TNG HOONHATIKAG EKTTaIOELONG
(m.x. TNV €€ENIEN Twv SidakTIkWV eyxeIpIdiwv), atroTeel To BiBAio Tov Gert Schubring
Conflicts between Generalization, Rigor, and Intuition. Number Concepts Underlying the
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Development of Analysis in 17-19% Century France and Germany (2005). To €pyo auTd,
KOPTTOG EIKOOAETOUS EPEVVNTIKIG TTPOOTIABEING, TTPOSIYPAPEI OPICPEVES TTOAD On-
HOVTIKEG OPel§ Twv OXEoewv loTopiag Kot AISOKTIKAG Twv MaBnpaTikdy, T600 atd
TAELPGS TTEPIEXOHEVOL 600 Kal peBodoloyiag, ol oTroieg B aTTOTEAOVV KATG TNV
GroPn HOG OTOBEPS ONPEID AVOIPOPAS TA ETTOPEVO XPOVIQL.

O e€eAieig otny 10TOpIoYPOPIa TWV MABNUATIKWV T TEAEUTATO XPOVIG KABIOTOUV
ohoéva kal o duaep TNV AVEANYN VEWV IGTOPIKWDY EPELVV AT TOUG EPEVVITES
NG AISaKTIKAS. XpeIGLeTAI ETTOPEVIS VO avoi§OLV SiaLAOI ETTIKOIVWVIOG HETAED £pev-
VTV TwV 500 KAGOWV, V& VTOTIIOTOUY QVOIKTS TIPOPARHOTA KOIVOU EVOIOPEPOVTOG
Kail va Yiver avToAAayr] evvoIoAOYIK@V epyaeinv Kol peBddwv £peuvag. AuTr n Trpo-
o€yyion aToTeAel, KAT& TNV oY HOG, ATTapaiTnTn TPOUTTE0E0N YIX TNV OLOI-
QOTIKN avaBaOpIon Twv oxEoewv AIBOKTIKNAS Kol loTopiag Twv MoBnuaTik®y oTo
TIPOOEXEG HEAAOV.

Znuerdoers

1. Apkef va avagpepBoiv Ta ovépaTa Twv Felix Klein, Henri Poincaré, George Pélya kai René Thom.

2. To €TMOETO «AVAOTOXAOTIKI» XPNOIHOTIOIEITAI €06 T€ AVTISIGOTOAN TTPOG TO KEUTTEIPIKI.

3. ... n 1oTOpiOa pTTOpEl VO €iva I KATELOLVTAPIA YPOUHI TTOL SeV TTPETTEN VO TTEPIPPOVET KAVEIG,
HOAOVGTI TrEPIEXEI OTPIPOYUPIOHATA TTOL HeV XPEIGLETON VO GIKOAOUBIOOUVE, AV KO OTO TIPEABGY
KATTOI01 TOTEVAV GTI TO GTOHO ETTAVOAXHBGVE! TNV I0TOPIC THG AVOPWTTETNTAG — OTNV TIPAYHO-
TIKGTNTA ] EKTTAIOELOT) Kail 1 SIdaoKohia TTpETTel va €xovy LTTOYN 6T VTS 0O TE oLpPaivel oUTE
Xpeiaeton va ovpPei. (Freudenthal 1983, 0.516)

4. H madeTiavi) opoloyia Tou xpnoipoTroiel o Brousseau 0To TporyoUHEVO ATTOOTIOOHN EVOEXETOI
va dnpIoLPYAOEN TTAPAVOKOEIS WG TIPOG TO PEAO TTOL ATTOGIOEI GTHV EVVOIO TOU EUTTOBIOLY VIO
To {TNnHa péonons. H urépPoaon Twv epmodicnv dev Ba eival To ATOTEAEOPA «PUTIKHGY VONTIKAS
avaTuEng oAAG Ba TTpaypaToTroIndel oe €va avoTnPd dopnpévo dIGakTIKG TTepIB&Alov, oTo
0T10/0 0 HGOKOAOG-EPELVNTAS EXEI KABOPIOTIKG PGAO VIO TNV 0OPYGVWOT) SIBOKTIKDV KATAOTEOEWY
oL KGvouv duvath TNV GAANAETTIOPAOT OVEPEST OTO PHOONTH KAl TNV EMOIWKGPEVH YVAON.

5. AuTr 1 epmOTOOUVN OTIG SUVATATNTES TAEIVEPNONG TTOL TTAPEXE! N 10TOPIKN avaAvor Sev pog
eprodiCel PEPaIa var OETOVE TO ETTOHEVO KPITIKG Ep@TNHA: 010 €605 avGALONG TWV PAONHATI-
KOV I8e®V B0t pTTOPoUoE var PHOG £QOSIGOE! pg EVOPOOT) VIO TIS ATAEIVOPNTES (;) ATTAVTAOEIS TTOU
£€6woe TO LTTGAOITTO 58% TwWV PABNTWY TNG €pevvag Tou Harper;

6. O Xp0g Sev HOG EMTPETEN VO ETTEKTAOOVHE OTA AVTIOTOIXX TIPOBAIHATA TTOL AVAKOTITOLY GTAV
e€eTaeTON KPITIKG N Xprion TG loTopiag Twv MabnpaTikay oTig €peuveg Tng AISAKTIKAS YIo Ta
EMOTNPOAOYIKG EPTIEOIC KOl TIG YVWOTIKES 1} SISOKTIKEG PAEEIG OTN HAONON TwV aAYEBPIKGY ev-
VOIGV.

7. BAétre yia To {fjTnpa auto oto (Thomaidis 1993, 0.71).
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Abstract

he purpose of the present paper is two-fold: 1) to explore how university (teacher)

students of mathematics, through history (and philosophy) of mathematics, can
develop informed conception about the epistemology of mathematics, of how
mathematicians produce mathematical knowledge, what kind of questions that drive
mathematical research and how mathematical research is validated, while experiencing
an inquiry learning environment that gives them insight into authentic mathematical
practice in mathematics as a science; and 2) to illustrate how such students are capable
of teaching in upper secondary school with and about the nature of mathematics
within an explicit-reflective framework in the sense of the American educator Fouad
Abd-El-Khalick (2013) by endorsing learning environments that to some extent and
in some sense bear resemblance to authentic mathematical practices, that is, by
establishing inquiry learning environments in mathematics as a science.
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ITepiAnyn

OKOI6G Tov Tapévtog dpbpov eivar Sumhdég: 1) Na e&etdoet ) ovpnepipopd pot-
OU]TG)V padnpotikey (peAdovukdv kadnynev) mov epydoviat oe €va neptpdAlov
Siepevvrikijs pddnorng, to omoio Tovg mapéyet tv Suvatdtta eniyvHong Twv avbev-
TIKGV IPOKTIKGV IOV Xprjolponotovvtal ot podnpotikiy emotijpr. Eibikétepa Si-
EPELVATAL TO WG PIOPOVY POt TEG oV SovAevouv oe €va TéTolo neptPdiiov, péow
)6 wtopiag (Kat g Praoco@iag) Twv PadnRaTIKGY, Vo SIHOPPOCOLY TEKILPLOEVT)
avtiAnyn 6oov agopd oty emotnpoloyia v pabnpatikey, oto nog ot padnpatikot
HopPAayouy padnpotikij yvaor), oto idog twv epwtijoewy mov odnyel v padnpotiky
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€peuva KOt 0To GG 1) padnpotiky €pevva emrvpaverat kot agtodoyeitat. 2) Na kata-
Sei€er g tétotot portnTég efvat ikavol va §i6dEovv oto Avketo pe kat mepi g puong
TOV padnpatikéy evidg evég prrd avaotoyaotikot mhaioiov, vié v évvota tov Fouad
Abd-El-Khalick (2013), evioytovtag padnoiaxd nepipdllovia ta onofa og KGmolo
Babpé vnootnpiCovv opodtntes pe avbevukes pabnpatikég npakukes, Snlady, on-
ovpydvtag neptdddovia StepevvnTikig pabnong 6oov agopd oty padnpatiki emt-
OUH)-

Aééerc xderdra

loTopia Twv pabnuarikdv, emaornuoloyia Twv padnuarikdv, diepevvnTikr) Sidooka-
Aia ko paénon, oxédio epyaoiag mpooavaroAiopévo oty emeéepyaoia TpofANUA-
TWV, OXEGI0 EPYQOING POITNTWV OTA HABNUATIKA.

Introduction

he Rocard (2007) report ascribed the decline of interest in science and mathematics
among young people in Europe to the way in which these subjects are taught in
schools. In accordance with this, the first finding listed in the report is that:
A reversal of school’s science teaching pedagogy from mainly deductive
to inquiry-based methods provides the means to increase interest in
science.! (Rocard 2007, p. 12)

The underlying assumption is that by engaging students in scientific inquiry learning
activities i.e., activities that in some sense mimic or bear resemblance to how scientists
work, they will get a deeper integrated understanding of science and scientific
knowledge; which in turn will foster motivation and interest.

The recommendation for inquiry based pedagogy has created a host of EU funded
projects with the aims of promoting inquiry based teaching in science— and in several of
these mathematics is included as a science subject (see the website www.scientix.eu).
With these projects, inquiry based teaching and learning has migrated into mathematics
education. In the Rocard report they use Linn, Davis, and Bell’s (2004) definition of
inquiry:

inquiry is the intentional process of diagnosing problems, critiquing
experiments, and distinguishing alternatives, planning investigations,
researching conjectures, searching for information, constructing models,
debating with peers, and forming coherent arguments. (Rocard 2007, p. 9)

Which indeed is a description of a process that bears resemblance to how scientists
work when they create scientific knowledge. The connection to mathematics education
is created by reference to problem solving:
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In mathematics teaching, the education community often refers to
“Problem-BasedLearning” (PBL) rather than to IBSE [inquiry based science
education]. (Rocard 2007, p. 9)

And, indeed, problem solving and mathematical modeling play a major role in inquiry-
based mathematics education [see e.g. the survey paper by Artigue and Blomh j (2013)].

Inquiry-based teaching aims at inviting students into the workplace of scientists and
mathematicians. The idea is that if students are engaged in activities and learning
processes similar to the way scientists and mathematicians produce knowledge and
work with science and mathematics, the students will develop a deep understanding of
science and mathematics, as well as of the epistemology and more broadly the nature
of these subjects. However, the emphasis on mathematical modeling and real life
problem solving may provide students with a limited picture of mathematics and of what
mathematicians do when they create new mathematics, how they do it, why they do it,
where they got their ideas from, if these ideas are ‘good’ ideas, whether the produced
mathematics is ‘good’ or ‘bad’, how the mathematicians distinguish ‘good’ from ‘bad’
and what characterizes fruitful mathematics. In other words: it is not clear how students,
through these kinds of activities, will experience and develop informed conceptions
about the epistemology of mathematics, of how mathematicians produce mathematical
knowledge, what kind of questions that drive mathematical research and how
mathematical research is validated.

The didactician of mathematics, Mogens Niss (1994, p. 367) distinguishes between
five faces of mathematics that constitute mathematics as a discipline: Mathematics as
1) a pure science, 2) an applied science, 3) a system of instruments, 4) a field of
aesthetics and 5) a teaching subject. Characteristics for the first two faces are that within
these, the aim of mathematics is to produce knowledge about and insights into objects,
relations and theory-buildings within mathematics. While problem solving activities can
relate to mathematics as a pure science, mathematical modeling activities mainly relates
to mathematics as a system of instruments for decisions and actions i.e., the third face.

In the present paper we will discuss how university (teacher)® students can be taught
aboutthe nature of mathematics through history of mathematics in an inquiry learning
environment that to some extent simulate authentic research practices in mathematics
as a science, i.e., within face 1 and face 2 above, where the aim is to produce knowledge
in mathematics. We will also present an example from upper secondary school of how
(teacher) students that have integrated knowledge of NOM (nature of mathematics) can
use their NOM-understandings to teach mathematics in a learning environment that
mimic mathematicians’ production and validating of mathematical knowledge, i.e., are
able to teach with (and actually also about) the nature of mathematics.

In other words: the purpose of the present paper is two-fold: 1) to explore how
university (teacher) students of mathematics through history (and philosophy) of
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mathematics can develop informed conception about the epistemology of mathematics,
of how mathematicians produce mathematical knowledge, what kind of questions drive
mathematical research and how mathematical research is validated, while experiencing
an inquiry learning environment that gives them insight into authentic mathematical
practice in mathematics as a science (face 1 and 2 above); and 2) to illustrate how such
students are capable of teaching in upper secondary school with and about the nature of
mathematics within an explicit-reflective framework in the sense of the American educator
Fouad Abd-El-Khalick (2013) by endorsing learning environments that to some extent and
in some sense bear resemblance to authentic mathematical practices, that is, by
establishing inquiry learning environments in mathematics as a science.

1. Teaching with and about the nature of mathematics
within an explicit-reflective framework

Loosely speaking, inquiry-based teaching means to invite students to work in ways
that are analogous or similar to how scientists and mathematicians work. In this
paper, we are concerned with mathematics as a science, and in this ball game the aim
of mathematicians’ work is to generate knowledge about and insights into objects, rela-
tions and theories within mathematics — in short, to produce mathematical knowledge.
In this setting, inquiry-based teaching means to establish a learning environment that
function as a surrogate for authentic mathematical research practices. It goes without
saying that teachers in order to be able to enact such learning environments must them-
selves have informed conception about the nature of mathematics and (processes of)
mathematical research. Mathematics teaching in higher education traditionally follows
the recipe: a professor gives a lecture where he/she presents some definitions and state
and prove some theorems on the black board. Problems within mathematics are stated
and worked out in order to illustrate the use and power of the theorems. The students’
homework is focused on working out further mathematical theoretical problems and
proofs. It is implicitly assumed that by being immersed in such problem solving activities
into the subject matter of mathematics, its concepts, definitions, theorems, techniques
and theories, students will somehow automatically absorb and develop informed con-
ceptions about the nature of mathematics. However, in order for this to happen, issues
related to the nature of mathematics needs to be addressed directly, they need to be
made explicit objects of students’ reflection. Inquiry experiences in themselves are not
enough.? In order for students to develop understandings about the epistemology of
mathematics, of how mathematicians produce mathematical knowledge, what kind of
questions that drive mathematical research and how mathematical research is validated,
they need to reflect explicitly on such experiences.

That students do not necessarily develop informed NOM (nature of mathematics)
conception about mathematics as a knowledge generating scientific enterprise by being
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immersed in inquiry activities does not mean that inquiry cannot be used in that respect.
But, as Abd-El-Khalick and Lederman (2000) have argued for the development of NOS
(nature of science), an explicit-reflective framework it required in order to achieve such
understandings. By ‘explicit’ they mean that some specific learning objectives related to
students’ understanding of NOS must be included in the curriculum; by ‘reflective’ they
refer to instructions aimed at helping students to reflect upon their experiences with
learning science from within an epistemological framework.

Abd-El-Khalickdistinguishes between teaching with and teaching about NOS:

Teaching about NOS refers to instruction aimed at enabling students to
achieve learning objectives focused on informed epistemological
understandings about the generation and validation of scientific knowledge
and the nature of the resultant knowledge. [...] Teaching with NOS entails
designing and implementing science learning environments that take into
consideration these robust epistemological understandings about the
generation and validation of scientific knowledge. (Abd-El-Khalick, 2013,
p. 2090).

If we adopt this framework to mathematics, teaching about the nature of mathematics
means to teach towards learnings objectives of the following kind: To make students
able to investigate and analyze the methods mathematicians use to generate knowledge,
to discuss, criticize and asses the epistemological status of this knowledge, to investigate
and analyze the role of proofs in mathematics, to investigate and discuss mathematical
objects’ ontological status, to investigate and discuss the relationship between
mathematics and other sciences, to discuss and critically assess the distinct nature of
mathematics, as well as its development historically and in interaction with culture,
society and other sciences.

In order to couple the development of students’ informed conceptions about the
nature of mathematics with inquiry teaching in mathematics in a meaningful way,
mathematics teachers must 1) have knowledge and informed conceptions of and about
the nature of mathematics themselves, 2) come to understand how inquiry is in fact
conducted in mathematical research, 3) be able to design inquiry based learning
environments in mathematics teaching, and 4) be able to teach with the nature of
mathematics in the sense explained above for nature of science.

2. Inquiry teaching in mathematics through history of
mathematics

l l ow can (teacher) students in higher mathematics educations get firsthand
experiencesin a meaningful way with research practices in a field that is so specialized
and operates with such abstract notions as mathematics, where students usually are not
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invited into a research environment until they become Ph.D. students? There is not much
help to gain from their textbooks. Mathematics textbooks very rarely discuss or indicate
where the mathematical objects they are dealing with come from, why they look the way
they do and why they are interesting. On the contrary, mathematical objects are usually
introduced as timeless entities that appear in textbooks seemingly out of nowhere and for
no particular reason. Most of the mathematics that students are introduced to at bachelor
level and in the first year of master programs has not been developed recently. For most
students, observing how mathematicians work when they do research will not be a feasible
way to gain insights into inquiry processes in mathematical research.

However, such inquiry processes can be made visible and accessible for students to
experience by studying the history of the subject matter of mathematics. In such
investigations students can examine processes of how mathematicians have generated
the ideas, constructed the concepts and produced the mathematics they read about in
their textbooks. But, again, we have to keep in mind that the mere exposure to historical
development processes of mathematics is not enough for students to develop informed
conceptions about the nature of mathematics — for this to happen, students must be
challenged to reflect explicitly and critically upon concrete aspects of the nature of
mathematics like the ones listed above.

3. PPL - an explicit-reflective framework for teaching
about the nature of mathematics in an inquiry
learning environment

PPL stands for Problem-oriented Project Learning and is short for the pivotal
pedagogical principle underlying the organization of the all study programs at
Roskilde University (RUC), Denmark. It refers to the principle of problem-oriented
participant-directed project work as it has been developed and is practiced at RUC.*
Common for all programs is that in each semester the students use half of their time on
regular course work. The other half of their study time they work in groups of two to
eight students on a project which objective is to solve (or analyze or formulate or make
solvable) a problem of the group’s own choice under supervision of a professor. The
students work on the two strands (courses and project work) of study activities
simultaneously — however, there is a so-called ‘project-intensive’ period of 172-3 weeks
each semester, depending on the specific study program.

The project work is documented throughout the semester through outlines, work- and
discussion-papers written by the students. These are discussed and planned for at weekly
meetings with the supervisor. At the end, the group writes a coherent report of 50-100
pages, in which the students state and argue for their problem and its relevance, their
methodology and its validity, their choice of theories, experiments, data-collections,
analyses, results and conclusions. They make a critical evaluation of their solution. The
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students consult textbooks, research literature and experts in their field(s) of
investigation. During the project work, they often divide the jobs between them in
various ways, but in the end every student in a group is responsible for the entire project
and its report. The project work is evaluated at an oral group-examination with an
external examiner. The students are responsible for every aspect of the project work:
the formulation of their problem, the argumentation for its relevance, formulation and
justification of hypotheses, the choice of methodology and discussions of its strengths
and weaknesses. They are supposed to be able to reflect explicitly and concretely about
how their solution/analysis depends on their methodology. They are held accountable
for the design and performing of experiments and/or analyses based on theories and the
construction of models. The students are in charge of the project work from beginning
to end, supported by various milestones throughout the semester.

One of the projects the students work on at the master level in mathematics is
constrained by the theme: ‘mathematics as a scientific discipline’. In the study regulation,
this type of project is described in the following way:

The project should deal with the nature of mathematics and its
“architecture” as a scientific subject such as its concepts, methods,
theories, foundation etc., in such a way that the nature of mathematics,
its epistemological status, its historical development and/or its place in
society gets illuminated.

Every mathematics student at RUC at the master level will work on a project that fulfills
these requirements. They will do so in a group with other students. Each group will work
on their own problem as described above, but common for all the problems is that the
students, through their work within a group, gain experiences with mathematics as a
scientific subject as described in the quote above from the study regulation. Hence, there
are explicit references to the nature of mathematics learning objectives for the students
within the curriculum of the master’s program in mathematics.

The problem orientation of the project work together with the study regulation of the
‘mathematics as a scientific subject’ guaranties that the students work with a specific
problem that address (aspects of) the nature of mathematics, in such a way that it is
anchored in the subject matter of mathematics (its concepts, methods, theories,
foundation etc.). Through this anchoring, the students’ reflections become contextualized
and concretized. That is, the problem orientation together with the curriculum
description of the ‘mathematics as a scientific subject’-project provides structured
opportunities for the students to “examine their science [mathematics] learning
experiences from within an epistemological framework” as required by Abd-El-Khalick
(2013, 2091) in order to have a reflective framework. The students gain their
mathematics as a science learning experience from the concrete attachment of their
problem within the subject matter of mathematics. The aspects of the nature of
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mathematics that their problem is addressing provide the epistemological context in
which the students examine their mathematics-as-a-science learning.

So argued, the problem-oriented project work under the theme ‘mathematics as a
scientific subject” as it is carried out in the PPL-model at Roskilde University, provides
an explicit-reflective framework for teaching about the nature of mathematics in the
inquiry pedagogy defined by the principles and the organization of the project work at
RUC. Be aware, that inquiry pedagogy refers to the study and learning environment
created by the organization of the problem-oriented project work most notably with the
students’ autonomy throughout the whole process of the project work.

The problem-orientation together with the description of the ‘mathematics as a science
subject’-project also establishes a history, philosophy and/or sociological inquiry learning
environment depending on the students’ choice of problem and methodology.

In the next section we will we see how students within PPL under the theme
‘mathematics as a scientific subject’ in the master’s program in mathematics have
opportunities

1) to also work ‘mathematical inquiry’, that is, to work in a way that resemblances how
mathematical research is done,

2) to develop informed conception of the generation and validation of mathematical
knowledge.

4. Students’ Development of Informed Conception of
Mathematical Knowledge Production

n this section two examples of PPL-projects of the ‘mathematics as a scientific subject’
Itype will be presented and discussed to illustrate how the students in the respective
project-groups, through history, developed informed conception about the epistemology
of mathematics, about how mathematicians produce mathematical knowledge, what
kind of questions that drive mathematical research and how mathematical research is
validated, while experiencing a mathematical inquiry learning environment that gave
them insight into authentic mathematical practices.

The first project report® has the title Generalizations in the Theory of Integration: An
Investigation of the Lebesgue Integral, the Radon Integral and the Perron Integral. It is a
75 page report written by two students who were curious about the “need” in
mathematics for further integrals than the Riemann integral. In the textbook of their first
analysis course they had stumbled over a footnote in which it was pointed out that there
are other types of integrals e.g., the Lebesgue integral. The students soon discovered
that there are many other integrals e.g., the Denjoy, the Perron, the Henstock, the Radon,
the Stieltjes and the Burkill integral, as they wrote in their report®:
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All these integrals are most often described in the literature as
generalizations, and sometimes as extensions, of either the Riemann or the
Lebegues integral. This gave rise to questions such as: What do these
integrals do? Why have so many types of integrals been developed? Why
is it always the Lebesgue integral we hear about? What is meant by
generalizations in this respect? In what sense are the various integrals
generalizations of former definitions of integrals? Are the generalizations
of the same character? (Timmermann and Uhre, 2001, p. 1, italic in the
original)

And they continue in the next paragraph with their own motivation:

the above mentioned questions are related to an overall wondering of ours
about how mathematics develops and what it is that drives this
development, i.e., why mathematics develops as it does. (Timmermann
and Uhre, 2001, p. 1, italic in the original)

The students chose to investigate this by looking into the history of mathematics, as
they explained in their report:

The development of mathematics depends on the people who create the
new mathematics and the importance of the mathematics that is being
developed. In order for new mathematics to be created within an area of
mathematics, there have to be some mathematicians who are actually
interested in investigating and uncovering this area. By studying the
motivation of the people who have helped to develop the integral
concepts, we can get an insight into why a mathematical area is being
studied. (Timmermann and Uhre, 2001, p. 2)

Supported by literature from historians of mathematics, the students traced and read
mathematical papers and books of Lebesgue, Perron and Radon in which these
mathematicians developed — or worked with mathematical ideas that motivated them
to develop — the integrals that bear their names.” The students analyzed and compared
the sources with respect to the motivation of the mathematicians, why they created
these generalized integral concepts, the differences and similarities between the
characteristics and scope of the generalizations, guided by the following research
questions that the students had formulated for their project work:

What motivated Lebesgue, Perron and Radon in their pursuit of their
generalizations of the integral?

What are the characteristics and scope of the generalizations by Lebesgue,
Perron and Radon, and what are the differences among them?
(Timmermann and Uhre 2001, p. 3)
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On the one hand, by focusing on understanding the mathematicians’ motivation for
generalizing the integral concept when reading the historical sources, the students became
engaged with mathematical inquiry analogue to some research processes in mathematics
as they are carried out by working mathematicians. The students work was guided by
historical and philosophical questions, but they answered these questions through analyses
of the mathematical content, definitions, theorems, proofs and techniques that were stated,
treated and worked out in the sources. Through their analyses of the sources, the students
gained first-hand experiences with research processes in the production of mathematical
knowledge by studying the masters, so to speak.

On the other hand, by focusing on analyzing and identifying the characteristics of the
various generalizations of the integral concept, the students came to reflect upon their
inquiry investigations from within an epistemological framework. This last question
structured the students’ critical reflections about the function, assessment and
significance of the various generalizations of the integral concept.

The second project report has the title: The Real Numbers — Constructions in the 1870s.
The project was carried out by a group of six students. They wrote a report of 56 pages
in which they answered the following question:

Why did a need for a construction of the real numbers emerge around the
1870s?

These students were puzzled when they realized that mathematicians had worked
with the real numbers on an intuitive foundation for years and years before it (the
foundation of the real numbers) ‘all of a sudden’ became a problem that needed to be
solved. The students explained their own motivation in their report as follows:

.. it [the mathematics teaching we were exposed to in primary, and in
lower and upper secondary school] does not provide any kind of
understanding of where mathematics comes from, which people were
involved, who defined or constructed the concepts and tools we use today.
Well, of course, most of us will become acquainted with some key persons
from the history of mathematics, for example Newton and Euclid, but the
fewest will obtain a proper overview. Who knows, for example, how the
real numbers emerged or were constructed? And especially: who knows
that the real numbers had foundational problems and only then were
constructed?

Basically we had the idea that one mathematician saw that it was a
problem that a construction of the real numbers was lacking, solved it and
then presented it [the construction of the real numbers] as a solved
problem. However, we quickly discovered that this was not the case.
There was not just one mathematician who believed that there was a
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problem, but several. This indicated that the lack of a construction of the
real numbers had become a problem in connection with developments of
mathematics up to then. (Wandahl et. al., 2004, p. 1-2)®

The students’” motivation and their research question (the problem that guided their
project work) are concerned with a fundamental aspect of the nature of mathematics as
a scientific subject, namely what do mathematicians wonder about? How do the
problems that mathematicians struggle to solve emerge? Where do these problems come
from? How are they connected with ongoing research in mathematics? When, why and
by whom are they deemed so important, that they become essential problems of the
field in need of a solution? These questions structured the students’ analyses of the
mathematical sources and their reflections of how mathematical knowledge was
generated in this particular episode in the history of mathematics.

To place the discussion in the historical context, the students studied the paper
RienanalytischerBeweis des Lehrsatzes, dasszwischen je zweyWerthen, die einentge-
gensetztesResultatgewdren, wenigstgenseinereelleWurzel der Gleicheung liege by Bernard
Bolzano (1817) in which he proved the mean value theorem, and discussed
methodological and epistemological issues in mathematics. The students considered
Blozano’s work as an indication that such concerns were present in mathematical
research during the nineteenth century. In order to answer their own research questions
for the project work, the students chose to investigate the work of Dedekind and Cantor.
They realized that these two mathematicians had different reasons for constructing the
real numbers with Dedekind’s motivation growing out of a concern for teaching, whereas
Cantor ran into the problem of the construction of the real numbers in his work with
trigonometric series. Based on the work of historians of mathematics, the students
discussed the various conceptions of the arithmetization of analysis in the 1870s, in
order to place their analyses of the historical sources in a broader historical context. The
students became aware that mathematicians do not always agree. They quoted Frege’s
critic of the constructions of the real numbers:

How could one be sure, in all these constructions, that the new concepts
or rules introduced did not lead to contradictions, violating the minimal
criterion accepted by all parties for the possibility of a mathematical
concept. (Wandahl et. al., 2004, p. 42 [quoted from Epple (2003), p. 302)]

As was the case with the project on generalizations of the integral concept, the
students were invited into the mathematical ‘workbench’ of Bolzano, Dedekind and
Cantor among others. Through their work with the historical sources, the students
became engaged with mathematical inquiry. The requirement for the “mathematics as
a scientific subject”-project and their specific problem-orientation provided the students
with an explicit-reflective framework that gave opportunities for them to reflect upon
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their inquiry investigations of the mathematical content of the sources from within an
epistemological framework of how this particular mathematical knowledge was
generated, validated and discussed among mathematicians at the time.

The two project reports illustrated how the students acquired informed conceptions
about the nature of mathematics coming from different perspectives: In the first project,
the students obtained concrete experiences with processes of forming new objects in
mathematics with reference to already existent objects’, through generalizations — and
how different processes of generalization can be distinguished with respect to whether
the new object is an abstraction of the already existent one or whether the new object
is an extension in the sense, that is contains the object it is a generalization of. In the
second project, the students experienced how problems of foundational and
epistemological nature arose with respect to the foundation of the real numbers, how
this generated new research in mathematics and gave rise to discussions and debates
among mathematicians — aspects which are important parts of mathematical inquiry,
but rarely occur in traditional mathematics teaching. However, such aspects can be
brought forward and made explicit objects of students’ reflection through history of
mathematics.

Characteristics for both projects are that the students work was embedded in rich and
mathematically thick episodes from the history of mathematics about motivations and
driving forces behind the development of mathematics, that the students became
immersedin mathematical inquiry analogue to how mathematicians do research in ‘pure’
mathematics, and that they became engaged with structured and critical reflections about
these aspects within an epistemological framework.

5. Teaching withthe nature of mathematics through
history in an inquiry learning environment

he nature of mathematics (NOM) is explicit in the mathematics curriculum for

upper-secondary school in Denmark. One of the learning goals for mathematics is
that the students should be able to demonstrate knowledge of how mathematics has
developed in interaction with the historical, scientific and cultural development. Another
learning goal is that students should demonstrate knowledge of the identity and methods
of mathematics.

In this section we shall see an example of how a mathematics (teacher) student from
Roskilde University used her knowledge about the nature of mathematics that was formed
within the explicit-reflective framework which was unfolded and illustrated above, to
teach with and about the nature of mathematics in a Danish high school. She used her
knowledge and experiences from her own mathematics education to enact an inquiry
learning environment that invited her 17 year old high school students (11" graders) into
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inquiry processes that bore some resemblance with authentic mathematical practices.
She created the learning environment by having the students read excerpt from original
historical sources from the development of the function concept i.e., by having the
students studying the masters. By setting up explicit learning goals for the students that
addressed historical and mathematical questions related to the development of the
function concept, and by having the students analyze the original sources to answer these
questions, the teacher designed a learning environment in which she taught both with
and aboutthe nature of mathematics. Altogether she spent 13 lessons of 50 minutes each
with the students in the classroom — and the students were expected to spend an equal
amount or more of time working on the various tasks at home.

The intentions for the students’ learning outcome reflect the explicit-reflective
framework (Petersen, 2011):

® The students will acquire an understanding of what is involved in the modern definition
of a function

® The students will come to reflect upon the concept of a function — what is a function?

® The students will acquire an understanding of our modern function concept as a result
of a historical developmental process

® The students will gain insights into the role played by the human actors [former math-
ematicians] in the development of the function concept.

The teaching module was designed in two steps: In step 1 the students were divided
into four so-called basic-groups that had specific but different tasks. Group 1 worked
with various historical definitions of a function, group 2 worked with the debate of the
motion of a vibrating string primarily between the Swiss mathematician Leonhard Euler
(1707-1783) and the French mathematician Jean le Rond D’Alembert (1717-1783), group
3 situated the main actors (Euler and the German mathematician Peter G. L. Dirichlet
(1805-1859)) in their respective societies and the time in which they lived, and group 4
worked on the modern concept of a function. Each group received a working sheet from
the teacher with explicit requirements for their work. Group 1, e.g.,was given Danish
translations of an extract from Eulers’ (1748) book Introductio in Analysininfinitorumwith
the definition of a function, and an explanation of how Euler later in 1748 extended his
original function concept, and an extract from Dirichlet's paper (1837) Uber die
DarstellungganzwilkiirlicherFunctionendurch Sinus- und Cosinusreihen. Based on these
three texts the students received the following task:

Explain what a function is according to Euler’s original definition of a
function in Introductio in AnalysinInfinitorum, Euler’s extended definition
of a function and Dirichlet’s definition of a function. Describe how these
three definitions of a function are different from each other and in what
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ways they are similar. Explain what the principle of the generality of the
variable is all about and the relationship between this principle and the
principle of the generality of the validity of analysis. (Petersen 2011,
Appendix B)

The task was followed by eight questions which were meant both as a help for the
students to ‘de-code’ the task and to make the requirements and the expectations of the
teacher for the students’ work more explicit, and to qualify the students’ reflections and
structure their work:

(1) What are the central concepts in Euler’s definition of a concept? (2)
Which principle characterizes a variable according to Euler, and what is
this principle called? (3) What is the principle of the generality of the
variable all about? (4) What are the similarities between the principle of
the generality of the variable and the principle of the generality of the
validity of analysis? Consider why both principles have been given names
that contain the word “general”.’ (5) How does Euler’s extended concept
of a function differ from his original concept, and what are the similarities?
(6) Find three ways in which Dirichlet’s concept of a function differs from
Euler’s definition. (7) Explain from text 3, what Dirichlet must have thought
about the generality of the variable. (8) On page 10 there are four pictures.
Which of these pictures are graphs of functions according to Euler’s
definition in Introductio in Analysininfinitorum, Euler’s extended definition
and Dirichlet’s definition respectively? (Petersen 2011, Appendix B)

In step 2 new groups were formed in such a way that each group had at least one
participant from each of the four basic-groups. This meant, in least in principle, that all
the knowledge that had been developed in the basic groups was present in each of the
new groups. In contrast to the basic-groups, the new groups, also called the expert-
groups, all worked on the same assignment. They were asked to write an essay about a
fictional debate between mathematicians, where one part is claiming that mathematical
concepts are static, timeless entities that exist independent of humans and society. In
opposition to this, the other part reinforce that mathematical concepts develop over
time, that they are the results of research processes. The students received a made-up
invitation from the journal NORMAT to contribute to this debate by submitting a paper
for the journal on this issue. The students should argue for their own opinions based on
the collected work that had been done in the basis-groups. The teacher had formulated
four issues that the students had to address and discuss in their paper: Euler’s,
Dirichlet’sand our current concept of a function; the two meta-rules i.e., the generality
of the variable and the general validity of analysis, the raison d’etre behind domain, range
of image and proofs; sociological factors that had influenced the development of the
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function concept; and human factors.

The analysis of data that was collected during the teaching shows that the high school
students realized that the concept of a function, they read about in their textbook, was
the result of a historical development, and they also gained more specific knowledge
about some of the key elements of this development. The students became immersed
in mathematical inquiry processes by tracing (parts of) the path of the masters, as is
illustrated by the following quotes from one of the essays written in the expert-groups.
The quotes show that these students became aware of at least one source for
mathematical research questions as well as of discussions among mathematicians that
relate to the validation of mathematical knowledge:

The reason why Euler began to work with discontinuous functions was
because of a debate between contemporary mathematicians. The debate
concerned the fact that the functions the mathematicians worked with
could not describe a vibrating string.

[...] the development of the concept of a function was among other things
due to human attitudes and interpretations, which were important factors.
For example, some of Euler’s contemporary mathematics colleagues were
of the opinion that Euler’s extended function concept should not be used
because it went against the principle of mathematics. They thought it was
cheating. This meant that Euler’s extended function concept never came
to be used as intended, and a new function concept was developed by
Dirichlet.

We will not go further into the results regarding the learning of the high school
students, for this we refer to Kjeldsen and Petersen(2014). Here we will restrict ourselves
to pointing out that the teacher’s knowledge about the nature of mathematics and her
informed epistemological conception about the production and validation of
mathematical knowledge (which she had obtained within the explicit-reflective
framework of the ‘mathematics as a scientific discipline’-project during her mathematics
studies at Roskilde University), enabled her to design and implement the course
described above in high school. A course where she taught both with and about the
nature of mathematics through the history of mathematics; i.e., she taught in a way that
immersed the high school students in mathematical inquiry processes and made them
capable of forming epistemological understandings of how mathematical knowledge is
generated and validated.
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6. Conclusion

he problem-oriented project work in the master’s program in mathematics at

Roskilde University provides and explicit-reflective framework in the sense ofAbd-
El-Khalick (2013). The analyses of the two student projects on generalizations in the theory
of integration and the construction of the real numbers respectively, demonstrate how
the students in this program through working with rich and mathematically thick episodes
from the history of mathematics, can develop informed conception about the epistemol-
ogy of mathematics, of how mathematicians produce mathematical knowledge, what
kind of questions that drive mathematical research, and how mathematical research is
validated, while experiencing an inquiry learning environment that gives them insight into
authentic mathematical practice. In the course of their problem-oriented project work
they came to reflect upon and criticize the way mathematicians generate and validate
mathematical knowledge, i.e., inquiry processes in mathematical research were made
explicit objects for the students’ reflections within an epistemological framework.

The analysis of the design and implementation of the teaching in high school of the
historical development of the function concept exemplifies how the RUC master program
in mathematics enables its graduates to use their integrated understanding of history
and philosophy of mathematics to teach both with and about the nature of mathematics
in the sense of Abd-El-Khalick (2013) by endorsing learning environments that, to the
extent explored and in the sense described above, bear resemblance to authentic
mathematical practices, that is, to establish mathematical inquiry learning environments
through history.

Notes

1. In the Rocard report, the term science also includes mathematics.

2. In Denmark, upper secondary mathematics teachers have a university degree in mathematics. They
become high school teachers in mathematics by applying for a teaching job at a school after they
graduated from the university. During the first year or two as a teacher, they go through a pedagogical
and mathematics didactics education.

3. Research from science education has documented that “while inquiry might serve as an ideal context
for helping students and teachers develop informed NOS [nature of science] views, it does not follow
that engagement with inquiry would necessarily result in improved understandings.” (Abd-El-Khalick
2013, p. 2089). For further references with documentation see Abd-El-Khalick (2013).

4. For a thorough description of the pedagogical foundation of PPL at Roskilde University and the various
student-centered learning concepts that are combined in the Roskilde Model of problem-oriented
learning and project work see Andersen and Heilesen (2015).

2]

. The students’ project report can be downloaded at the following address:
http://milne.ruc.dk/ImfufaTekster/pdf/403.pdf
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6. The translations into English have been done by the author.

7. For example, with respect to Lebesgue, the students read hisnote Sur unegénéralisation de I'intégra-
ledéfiniewhich was published in ComptesRendus de I’Académie des Sciences de Paris in 1901 and his
thesis Intégrale, Longueur, Airefrom 1902.

8. The translations into English have been done by the author.

9. See Kjeldsen and Carter (2012) for a philosophical discussion of the growth of mathematical knowl-
edge with a special focus on the question of how mathematical objects are introduced to mathematical
practice.

10. These questions address the issue of what Sfard (2008) calls meta-discursive rules in mathematics.
For a discussion of these, see Kjeldsen and Blomh j (2012) and Kjeldsen and Petersen (2014).
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Abstract

In this paper the author shares with the readers the running of some local HPM ac-
tivities of a study group in history of mathematics formed by mainly school teachers
and curriculum officers of the Mathematics Section of the Education Bureau in Hong
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1. Introduction

hirty-five or forty years ago the topic of HPM (History and Pedagogy of

Mathematics)' was a relatively new venture. With the hard work of many researchers
and teachers in the intervening years this is no longer the case. For many years now
various authors in different parts of the world have written on the important role played
by the history of mathematics in mathematics education. The 10" ICMI Study conducted
in 1998 focused on the role of the history of mathematics in the teaching and learning
of mathematics, with its work reported in History in Mathematics Education: The ICMI
Study (Fauvel & van Maanen, 2000). In this paper the author shares with the readers the
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running of some local HPM activities of a study group in history of mathematics formed
by mainly school teachers and curriculum officers of the Mathematics Section of the
Education Bureau in Hong Kong.

2. General Framework

n a chapter of the book The First Sourcebook on Asian Research in Mathematics
IEducation: China, Korea, Singapore, Japan, Malaysia and India a general framework of
what the author has in mind concerning HPM activities is given. Generally speaking,
teaching is to tell a story, a good story which arouses curiosity and excites imagination,
a story about the long quest by the human mind for an understanding of the world
around us. In this respect the history of mathematics is a particularly pertinent
component in the task. The author continues to elaborate on this point (Siu, 2014):

“The history of mathematics is an academic discipline just like any other academic
discipline, with its own scope of study, body of research, and literature. Although | do
dabble in this area now and then, | consider myself an amateur in this academic
discipline. I am not qualified as a historian of mathematics; at the most I am a friend of
the history of mathematics. I am more interested in integrating the history of
mathematics with the teaching and learning of mathematics. This is not the same as
advocating the teaching of the history of mathematics in schools and universities. | do
not think it proper to teach the history of mathematics per se in school. At the university
this may constitute a course as an elective, but not a staple diet for mathematics students.
However, | do advocate the integration, at all levels of mathematical study, of suitable
material taken from the history of mathematics to enhance and enrich our teaching and
to convey a sense of history.

The rationale behind my position is twofold. First of all, the basic tenet I hold is that
mathematics is part of culture, not just a tool, no matter how useful this tool might prove
to be. As such, the history of its development and its many relationships to other human
endeavours from ancient to modern times should be part of the subject. Secondly,
through my own experience in teaching and learning I have found that knowledge of the
history of mathematics has helped me to gain a deeper understanding and to improve
my teaching. Now, integrating the history of mathematics with teaching is only one of
many ways to do this. Anything which makes students understand mathematics better
and makes students get interested in mathematics may be a good way. The history of
mathematics may not be the most effective choice, but | believe that, wielded
appropriately, it can be an effective means. Moreover, knowledge of the history of
mathematics may make a teacher “more patient, less dogmatic, more humane, less
pedantic” and encourage a teacher to become “more reflective, more eager to learn and
to teach with an intellectual commitment” (Siu, 1997/2000).
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In coordinating a Topic Study Group (TSG17) on HPM activities at ICME-10 in 2004
at Copenhagen, Denmark together with Costas Tzanakis of the University of Crete, we
pointed out that “despite its importance, history of mathematics is not to be regarded
as a panacea to all pedagogical issues in mathematics education, just as mathematics,
though important, is not the only subject worth studying,” and further that “it is the
harmony of mathematics with other intellectual and cultural pursuits that makes the
subject even more worth studying” (Siu & Tzanakis, 2004). In this wider context, the
history of mathematics has a yet more important role to play in providing a fuller
education of a person, which is particularly pertinent in this age of mass education with
the theme of “mathematics for all” (Siu, 1994).

I have likened the use of the history of mathematics in the classroom to an appetizer,
a main course or a dessert, which caters respectively to motivation, content, or
enrichment. Unlike the gastronomic analogue, a more fitting way is not to regard the
use of the history of mathematics in the classroom in compartmentalized categories. In
fact, it is even debatable whether the phrase “using the history of mathematics” should
be employed at all. The word integrating, and better yet permeating, may be more
appropriate.

Three aspects of the study of the history of mathematics are closely related and yet
are separate issues: (1) doing research in the history of mathematics, (2) teaching the
history of mathematics, and (3) integrating the history of mathematics with the teaching
and learning of mathematics. HPM activities deal mainly with the third aspect, which
can further be refined into three interrelated aspects: (3a) learning and teaching a certain
subject area in mathematics, (3b) providing general motivation and enjoyment in
studying mathematics, (3c) nurturing a deeper awareness of mathematics and its social
and cultural context.

In terms of implementation there are four areas to note: (1) to consider epistemological
issues relevant to the relations between mathematics, history, mathematics education
and other disciplines; (2) to enrich teachers’ education at all levels, both by introducing
courses relating the history of mathematics to other disciplines and by letting teachers
become acquainted with historically inspired material that can be or has been used in
the classroom; (3) to construct and develop appropriate relevant didactical material,
which can either be used directly in the classroom or constitute resource material for
mathematics teachers; and (4) to present specific examples and the underlying rationale
as an illustration of how history may contribute to the improvement of mathematics
teaching by exciting the students’ interest, enhancing their understanding of
mathematical results or theories, or deepening their awareness of what mathematics
really is (Siu & Tzanakis, 2004).”
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3. Working with School Teachers

As a teacher of mathematics, the author wishes that students can be brought up in a
classroom culture and environment that enables them to acquire active and effective
learning habits so that they are able to access and read references; be able to write and
speak clearly so as to communicate with others; be able to make sense out of
mathematics and to explain what they comprehend; be willing to think, to query, to
challenge, and to probe; have first-hand mathematical experiences so that they realize
the dual natures of mathematics as an exact science as well as an imaginative endeavour,
and as an abstract intellectual pursuit as well as a concrete subject with real-life
applications; and appreciate the beauty, the import, the power, and the limitations of
mathematics (Siu, 2014).

With school mathematics in mind the author tries to work with school teachers and
to encourage them to participate in HPM activities. The author also offered a course
titled “Development of Mathematical Ideas” at the University of Hong Kong from 1976
to 2005 when he retired (Siu, 1997/2000), at the same time collaborating with colleagues
in the Mathematics Section of the Education Department of the Hong Kong
Government?, who can reach a wider network of school teachers in an official capacity,
in conducting occasional seminars and workshops.

As an ineffective promoter working in an examination-oriented education environment
the author had not done too well until rather recently. With the enthusiasm and able
organization of a colleague in the EDB, Christine M. Y. Tang, and the dedicated effort of
a very experienced school teacher, Jack C. K. Leung, a study group on the history of
mathematics was formed in the summer of 2007 that meets about five times a year.
From the summer of 2014 onward, owing to the posting of Christine Tang to another
Section of the EDB, the Study Group continues to enjoy the able leadership of another
young curriculum officer, Stanley C. Y. Lee. Members of the Study Group relish every
single meeting in which they freely share ideas and experiences even though the Study
Group is small with only a dozen stalwarts, whose dedication to their teaching profession
the author much admires, knowing the very heavy workload and work pressure that
local school teachers are placed under. Compared to school teachers elsewhere that the
author has met in HPM conferences, this fledgling local group is just taking a small initial
step and has a far way to go, but they are trying to move forward (Siu, 2014).

An exchange of emails between members of the Study Group after the first meeting
in May of 2007 illustrates what the Study Group sets out to do. Two such emails from
the initiator and the author are extracted below.
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Dear All,

Thank you very much in participating in the first meeting of the Study Group on
History of Math. I enjoy very much the sharing we had last Friday though we did
not have enough time for an in-depth sharing. I do hope that we can build up this
sharing culture, posing questions on the theme and trying to search for solutions
of the problems posed in forthcoming meetings of the Study Group. Attached
please find the powerpoint file that | presented last Friday, which | guess may be
useful for those who could not attend our first meeting.

Below are the points that I can recall on the action forward of the Study Group
(please do feel free to add what | miss out):

i) We agree that reading references/books/articles,... is very important to our
development and we plan to have sharing of our teaching and learning experience
on the theme and our reading experience in the meetings of the Study Group. The
meeting will be arranged regularly, hopefully once every two months except very
busy school months. (Attached please find the tentative plan of the Study Group)

ii) In between meetings, we can share experiences or pose questions on the
theme through e-mails.

i) The EMB will purchase reference books/CD-ROMs to facilitate the sharing.
Attached please find the reference list. Please do add the references that you want
us to purchase or you want to share with others.

iv) Mr Leung Chi-kit has produced some learning activities related to history of
mathematics. EMB colleagues will reproduce these activities in CD-ROMs and will
send to members for their references. Nevertheless, | would be grateful if you
could keep these materials for your own uses and not for commercial purposes as
we still need some time to polish the materials. If you have already designed some
learning activities in the classrooms, please do share with us.

v) The second meeting of the Study Group is tentatively arranged to be held at
9:30 a.m. to 12:30 p.m. on 16 July (Mon). Each member is invited to prepare their
sharing on their experiences in the theme (either reading experiences or
experiences in incorporating history of math in the classroom).

vi) Feel free to invite other mathematics teachers interested in studying history
of mathematics or incorporating history of mathematics in the classroom to join
the Study Group. Just send me their names, the schools they work in and their
contacts (for easy contacts, please send both phone numbers and e-mails) and tell
them the date of our second meeting.

Thank you very much for your participation and looking forward to seeing you
on 16 July.

Christine

28 May 2007

Dear Christine (and all friends in the Study Group),

Thank you for calling the meeting and sending us the material after the meeting.
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I wish this Study Group all success. More importantly, | hope all will find their
time and effort well-spent and all will enjoy the experience, particularly a kind of
‘esprit de corps’.

Man Keung

29 May 2007

The main programme taken on by the Study Group in the initial stage is to study
collectively two famous treatises, namely, Euclid’s Elements and the ancient Chinese
mathematical classics Jiu Zhang Suan Shu (J1. # & fli The Nine Chapters on the
Mathematical Art). Members of the Study Group volunteer to present at regular meetings
what they have studied from these two treatises, at times mixing with related topics
from other sources in line with the objectives of HPM activities. These two primary
source treatises are readily accessible. For instance, an English translation of Elements
with copious commentaries is in the book by Sir Thomas L. Heath (Heath, 1925). An
ancient edition of Jiu Zhang Suan Shu is in Volume 1 of the collection edited by GUO
Shuchun (Guo, 1993), and is well supplemented by a translation into modern Chinese
with commentaries by the same author (Guo, 2009). For English readers they can consult
an English translation of Jiu Zhang Suan Shu together with the commentaries in the book
by SHEN Kangshen, John Crossley and Anthony W. C. Lun (Shen & Crossley & Lun,
1999). Interested readers may also like to consult two more books on Elements by Robin
Hartshorne (Hartshorne, 2000) and C. K. Leung (Leung, 2005). School teachers and even
their pupils will enjoy and benefit from the second book if they are serious in studying
mathematics and if they can read Chinese. The first book is written for a readership at a
more advanced level, but the rich content is worth the effort.

The two famous treaties are chosen for study not only because of their significant roles
in the history of mathematics as well as their rich content in mathematics, but also
because a detailed study of these two treatises will enable readers to see the different
approaches to mathematics that went on in the ancient world in the West and in the
East. Broadly speaking it is commonly described as the “dialectic” approach and the
“algorithmic” approach respectively, but this is perhaps an over-simplification, although
the two approaches and the accompanying development indeed exhibited different
features. Tradition holds that Western mathematics, developed by the ancient Greeks,
is dialectic, while Eastern mathematics, developed by the ancient Egyptians, Babylonians,
Chinese and Indians, is algorithmic. Even if it holds an element of truth as a broad
statement, under more refined examination this thesis is an over-simplification.
Borrowing the words adopted by Peter Henrici (Henrici, 1974) we can say that dialectic
mathematics is a rigorously logical science, in which “statements are either true or false
and objects with specified properties either do or do not exist”. On the other hand,
algorithmic mathematics is a tool for solving problems, in which “we are concerned not
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only with the existence of a mathematical object but also with the credentials of its
existence”. In a plenary lecture given in Crete in July of 2002 the author attempted to
synthesize the two aspects from a pedagogical viewpoint with examples from historical
mathematical developments in Western and Eastern cultures (Siu, 2002). In the 19t
ICMI Study Conference held in Taipei in May of 2009 the author reiterated this theme,
focusing on proof, and discussed how the two aspects complement and supplement
each other in proof activity. A procedural (algorithmic) approach helps to prepare more
solid ground on which to build up conceptual understanding; conversely, better
conceptual (dialectical) understanding enables one to handle algorithms with more
facility, or even to devise improved or new algorithms. Like Yin and Yang in Chinese
philosophy, these two aspects complement and supplement each other, each containing
some part of the other (Siu, 2012).

4. Enrichment Seminars for School Teachers

n March of 2010 and in March of 2011 the hard work of members of the Study Group

led to two seminars. The first seminar on “Symphony in trigonometry, Opus 360:
Chords in harmony,” and the second seminar on “Development of number systems,”
were both closely related to the local school curriculum, hence more than a hundred
school teachers came each time. Finding that such kind of seminars received good
reception by school teachers this activity gradually becomes an annual event for the
Study Group. Since 2012 three more annual seminars had been held. The third one held
in 2012 is on area and volume, the fourth one held in 2013 is on probability and the
fifth one held in 2014 is on statistics. The sixth one to be held in May of 2015 will be on
the topic of infinity. In working on these seminars, the Study Group becomes more
strongly aware of how one should examine a topic from three perspectives: a historical
perspective, a mathematical perspective, and a pedagogical perspective. Although the
three are related, they are not the same; what happened in history may not be the most
suitable way to go about teaching it, and what is best from a mathematical standpoint
may not be so in the classroom and is almost always not the same as what happened in
history. However, the three perspectives complement and supplement each other. For
a teacher, it is good to know something about the historical perspective, to have a solid
idea of the mathematical perspective, and to focus on the pedagogical perspective. To
illustrate this point, let us say a bit more of the first three seminars.

The topic of the first seminar is a good example of a case where the teaching sequence
cannot follow the path of historical development. Trigonometry arose from studying
astronomy and calendar reckoning, which would be too complicated for school
mathematics, as it involves spherical trigonometry. However, there are many
intersections which make an integration of historical material in the teaching and learning
of the subject possible. Trigonometry is also a topic which appears in different areas
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(geometry, algebra, and calculus) and at different levels so that teachers may wish to
know why and how the trigonometric functions seem to look so different in elementary
mathematics and in advanced mathematics. Several intricately interwoven themes
developed like those in a symphony, sometimes with variations. The seminar was given
a playful title, not without a pun in mind! (The word “[half] chord” has an old meaning
as the equivalent of the sine function. The word “harmony” has a meaning when
trigonometric functions appear in a Fourier series.)

The seminar began with an account of the history of trigonometry from ancient to
medieval times, not so much as a comprehensive and technical historical account, but
as a sampling of the difficulties ancient peoples struggled with in solving trigonometric
problems. Two useful references for this topic are: The Mathematics of the Heavens and
the Farth: The Early History of Trigonometry (2009) by Glen van Brummelen and
Trigonometric Delights (1989) by Eli Maor. This was followed by a discussion of the
history of trigonometry in China (mostly of the transmission from European mathematics
in the 17" and 18™ centuries). To integrate these topics with classroom teaching, there
was a workshop in making use of historical material in the teaching and learning of
trigonometry. This workshop was conducted by several school teachers who shared
their own classroom teaching experiences and their own worksheets.

The second seminar was motivated by a picture of the so-called number tree that
commonly appears in a textbook, which offers a clear, but yet too clear, picture of the
number system (besides, strictly speaking it is not a tree because the relationship
involved is not entirely hierarchical). In the short introductory remarks to the seminar,
the author tried to stress the complicated and intricate features of the development of
number systems rather than the clear-cut and systematic impression one gathers from
a standard number tree. This echoes our own learning experiences from kindergarten
to university, in which the notions of different kinds of numbers proceed from vagueness
to precision, just as was the case in history. This point was borne out by the remaining
part of the seminar, which covered specific topics (integers, rational and irrational
numbers, algebraic and transcendental numbers, and complex numbers) that were
explained by several school teachers in the context of their classroom experience. The
book Numbers and Infinity: A Historical Account of Mathematical Concepts (1981) by
Ernst Sondheimer and Alan Rogerson is a useful reference, with a more advanced
companion Numbers (1991, translated from the German original Zahlen, 2" edition,
1988) by Hans-Dieter Ebbinghaus et al. In the concluding remarks of the seminar the
author explained and illustrated the three aspects—historical, mathematical, and
pedagogical —through three examples taken from the content of the seminar. One was
“minus times minus is plus;” the second was “non-unique factorization and
prime/irreducible element and ideal numbers;” and the third was “0.9999... equal to
Tor not?”
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The topic of the third seminar, which comes up in both junior and senior secondary
school level or even in primary school level, serves to explain why a teacher would do
well to know something about the two treatises Elements and Jiu Zhang Suan Shu. The
seminar began with a talk on the treatment of calculation of area of rectilinear figures in
ancient China, followed by the calculation of the area of a circle by the ancient Greeks,
followed by the calculation of the volume of certain solids in ancient China. The second
part of the seminar compared the calculation of the volume of a sphere in ancient China
( la LIU Hui in the 3" century and ZHU Geng in the 6" century) with that in ancient
Greece ( la Archimedes in the 3 century B.E.C.). In the introductory and concluding
remarks the author took the opportunity of discussing the topic of area and volume to
explain the point put forth at the end of the preceding Section, namely, in what way the
“dialectic” approach and the “algorithmic” approach complement and supplement each
other. The seminar ended with an allusion to the modern concept of area and volume
developed by Henri Lebesgue and Constantin Carathéodory in the early 1900s and the
notion of dimension that was developed by a number of noted mathematicians of the
early 20" century, with a brief mentioning of the fascinating topic of fractals, thereby
indicating a continuation of the evolution of ideas from ancient to modern times.

5. Nothing Ventured, Nothing Gained

In a local workshop on HPM activities held for school teachers in 2005 the author gave
a talk with the title “Zhi y x ng n n (knowing is easy and doing is difficult) or vice
versa?” The original dictum summarizes a piece of Chinese wisdom that dates back to
the ancient classics before our common era. More than two millennia later, Dr. Sun Yat-
Sen, founder of the Chinese Republic in 1911, stressed the importance of a positive
attitude towards action and deed over a passive attitude of wait-and-see by reversing
the word order to zhin n x ngy (knowing is difficult and doing is easy). The dictum was
later extended by some eminent scholars to zhi n n x ng n n (both knowing and doing
are difficult). No matter which of these one agrees with, nobody would be audacious
enough to guarantee zhi y x ngy ; as the Western saying goes, “nothing ventured,
nothing gained”, or “there is no such thing as a free lunch”! To engage in HPM activities
one has to invest time and effort to equip oneself for the task. There is no substitute for
assiduous study on one’s own. The author’s experience is that knowledge is accumulated
by bits and pieces over months and years and is never ending. It is no easy task, but it
is meaningful and enjoyable. If we do not get involved or get started, then nothing will
be accomplished (Siu, 2014). In an email written to members of the Study Group in April
of 2008 the author elaborated on this point:

Dear members of the Study Group,

Thanks to Christine for arranging a good meeting yesterday. Even though the
number of participants was not as large as expected, we did have a fruitful
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discussion. Chi Kit, in his usual frankness which I respect and like, put his finger
on the crucial question on participation and suggested that frequent absence of a
member should be taken to mean a loss of interest in the study group or heavy
commitment elsewhere (or both) so that in any case he or she can be left out in
the mailing list. | take a more ‘lenient’ stand and see ‘interest’ in a wider context.

There are various levels of interest. Some have a really deep interest, like that of
Chi Kit (or of my humble self), so much so that they are willing to put in the time
and effort to study relevant material, including primary sources (still not to the
extent of a real professional historian of mathematics, of course). Some are building
up this kind of interest. Some are interested in building up this kind of interest but
do not know how to start. We should welcome everybody with that intent. We
are all learning along the way. Anyone who expresses such intent, either in coming
to meetings or in exchanging emails, is welcome to be an active member of the
group. If a member loses interest in the study group or has heavy commitment
elsewhere, then he or she would not mind being left out from the mailing list
anyway.

Let me quote from an email | wrote to a colleague in the EDB on December 20, 2007:

“Do not regard me as an expert. | am merely a mathematics teacher who
happens to work along that line earlier than most. To a large extent | must admit
that I have been very fortunate in that I could enjoy that kind of ‘luxury” in spending
my time and effort on this kind of endeavour when I joined the University of Hong
Kong in the mid-1970s. Had I joined the tertiary community two decades later, |
would have to spend my time on keeping my head above water (and to keep my
job) by concentrating on some (small) part of technical mathematics. Experience
in this kind of endeavour comes in bits and pieces, and knowledge is accumulated
in months and years, and never ending. It is no easy task, but it is meaningful and
enjoyable. All I know is that if we do not get involved or get started, then nothing
would be accomplished. Hence, | would not be able to answer all queries; nobody
can. But | am always ready to contribute whatever | am capable of doing. I look
forward to the study group meeting on Friday.”

As long as we feel happy (and at ease) with such meetings, I think it is worthwhile to
keep it up. As | have always suggested, we can supplement with email exchanges in
between. Time (and priority) is definitely a crucial factor. The HPM (History and
Pedagogy of Mathematics) group in Taiwan, led by my friend Wann-Sheng (HORNG),
has done very fruitful work. However, there is one factor our study group can hardly be
matched up to them. Besides the dedication of members of that group, the group is built
up and is formed by PhD and MA students who write their thesis on those topics. In
this sense, they pursue their interest along with their daily research and study. For
members of our group, the time and effort spent is “extra”, so to speak. Perhaps I also
quote from another email | wrote you on January 7, 2008 and on January 22, 2008:

“Actually, I am thinking that perhaps the study group can contemplate building

up some sort of website to accommodate material which members may find
useful. We already have a batch of such material gathered so far, such as lists of
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references, powerpoint files, work sheets, capsules (like those developed by Chi
Kit), annotated syllabus prepared by Christine, etc. We can also edit the exchange
of emails between some of us on the planning and the objectives of the study
group. New material will be added as time goes on. When a new member joins
the group, he or she will be given a link to that website. This would be one way to
generate ‘solidarity’ of the group and to encourage discussion among members

|r/

via emai

“The enthusiasm of the study group in the December meeting was not as high
as before, probably because everybody is too much occupied with other things.
Maybe the establishment of a ‘chat room’ can help to boost the mutual morale
from time to time. This is what | suggested in my email dated January 7. Face-to-
face meeting certainly has its merit. But when everybody is busy with what each
has to take up in respective positions, assigning “homework” for the meeting can
easily turn into a ‘burden’, which would further diminish the enthusiasm. I guess
that is what Chi Kit means in maintaining that we should just go forward without
assigning any goalpost but let things develop as we go forward. Hence, upkeeping
the morale and affinity would be important. Christine has already provided strong
support in building up a good library, collecting relevant material and distributing
it to all, and in forming such a group. The question is how to maintain the
enthusiasm and to convey the experience to a larger community. Keep going
cheerfully! (Years ago there was no such group at all.)”

Hope to meet again in May or June. | will be out of town from April 13 to April
30, spending the two-and-half-week in Greece. Have a nice weekend.

Man Keung
April 4, 2008

Notes

1. The term HPM has become a shortened acronym for ISGRHPM (International Study Group on the
Relations between the History and Pedagogy of Mathematics), which was established in 1976 as an
affiliation of ICMI (International Commission on Mathematical Instruction). In this paper HPM is used
in a broader sense to describe activities pertaining to the objectives and interests of the group, but
not necessarily directly sponsored by the group. (For more detailed information about the group and
its activities readers are referred to the official HPM website http://www.clab.edc.uoc.gr/hpm/.)

2. The Education Department was renamed as the Education and Manpower Bureau (EMB) in July of
1997 when the sovereignty of Hong Kong returned to China. It was renamed again in July of 2007 as

the Education Bureau (EDB) after the protocol of manpower was moved to another Bureau.
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IZOIIEPIMETPIKA XXHMATA XTO AHMOTIKO
XXOAEIO: AIAAXKAAIA ME THN AEIOIIOIHEH
IXTOPIKQN ITHI'QN

Matbaiog Avaotaotddng Kwvotavtivog NikoAavtwvAakng
Kdroxog Metamtuxiakou AmAwuarog, M.T.AE.  AvarmAnpwtic Kabnyntig, M.T.A.E.
Maveruotiuto Autikric Makedoviag Maveruotriuto Autikric Makedoviag
Abstract

n this research, we used one historical note and two primary sources, from Pappus’

Collection and from Polybius’ Histories, in the context of an instructional interven-
tion focused on isoperimetric figures and area-perimeter relationships. The participants
were 22 students from a sixth grade class. The material presented here is based on class-
room observations, worksheets and interviews with the students. During the interven-
tion, the students solved problems, which were based on the sources. Twenty-one of
the 22 students considered the problem which was based on Pappus’ text to be more
interesting compared to the usual mathematical problems. Additionally, based on stu-
dents’ ratings of the texts, Pappus’ text was the one that they liked most. Students’
difficulties and the different ways through which the sources affected the development
of students’ Geometrical Work Spaces are also examined.

Keywords

History of Mathematics, primary sources, isoperimetric figures, area, Geometrical Work
Spaces.

IMTepidnyn

v €pevva avty Yprotponoujdnkav €va 10topiké onpeiopa kot §U0 mpwtoyevels
Zm}yéq, and ) Lvvaywyy tov Idnnov kot tig Iotopieg tov IToAvBov, oto miaioo
g Sibaxtikig nmapépfaong yia T ICOHEPIPETPIKE OYIHOTA KOl TG OYEOELS
neptpérpov-epfadod. Zvppetéxovieg fftav 22 pabntég and éva tpijpa mg XT 16éng.
Ta evprjpata mov napovotdloviol €8¢ mpoépyovial and napat)pioelg and
Sidaokadia, and @UAla epyaoiag kol amd ouvvevietgelg pe tovg padnrés. Xta
podijpata, ot pabntég édvoav npoPArjpata factopéva otig myéc. Ot 21 and tovg 22
pabntég éxkpvav to mpéPAnpa mov Paocilétav oto kefpevo tov Ildnmov wg mo
evOlapépov oe oxéor) pe ta ouvvijOn padnpatikd npofArjpata. Emmléov, fdoet g
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a&loAéynong TV TPLHV KEWWEVOVY and Toug padntég, to keipevo tov Ildnmov fjrav
ekefvo mov ot pabntég dpeocav mepioodtepo. Xto dpbpo egetdlovtal, emiong, ot
Svokodieg Twv pabntay kot ot Stapopetikol Tpémot pe Tovg onofovg ennpéacav ot
mny€g v avdamtuén tev Feopetpirdv Xadpov Epyaoiag tov padntdy.

AE€eig-kAe1b1a
loTopia Twv MabnuaTIKWV, TPWTOYEVEIS TINYES, I00TTEPIUETPIKA OXHUATA, EUPBAGOV,
lewpeTpikoi Xpor Epyaoiag.

0. Ewooaywyr

H €pELVa QUTH ATTOTEAET HEPOG PIOG EVPUTEPNSG EPEVVAG, TTOL CUVOEET Tr) SIGAKTIKNA
a&l10TToiNoN I0TOPIK®V TIMYWV HE TN Bewpia Twv MewpeTpIKOY Xdpwv Epyooiog
(Kuzniak, 2006), oTo TAQiC10 pIOG SIGAKTIKAS TTAPEPPAONS pPe BEPA TOX ICOTTEPIPETPIKG
oxfpoTa. H mapodoa eTpEPOUS EPELVA ETTIKEVTPWVETOI OTOV TPOTTO PE TOV OTTOI0
aglomoir{nkav o TNYES ko eEeTALOVTAI 01 SBUTKOATEG TWV PHOONTWV KOl 01 ATTOPEIG
TOUG TGOO YIOX TN HGONOT| TOoug, 600 Ko Yio T di1dakTIKA afloTToinoN TWV CLYKEKPI-
HEVWV I0TOPIKWV TINYWV.

>NV e€ETAOT TV ICOTTEPIPETPIKAV OXNUATWY, SNACDH YEWHETPIKDV OXNPETWV
E 0€G TTEPIPETPOUVS, EPTTAEKOVTAI OI EVVOIEG TNG TIEPIHETPOU KT TOL eHPaGOV Kail Ol
HETAED TOUG OXEOEIG. ZXETIKA PE QUTEG TIG EVVOIEG, OPKETEG £pevveg €8e1§av OTI o1
pOBNTEG OLXVG XPNOIHOTIOIOUY TOUG TUTTOUS £1G B&POog GAAWY OTPATIYIKWDV, KGVOULV
AGON 0TV £QPOPHOYH TOLG KOl SEV KATAVOOUV TO OTTOTEAEOHQ, GUYXEOLV TNV TrEPI-
HETPO HE TO ePPadSV, TIOTEVOLV APEVES GTI ioN) TrEPIPETPOG OLVETTGYETAN (00 epfar-
SOV KOl AVTIOTPOPWS KOl GPETEPOL OTI 1 TTEPIPETPOG Kal TO eUPadOV eExpT@dVTOI
Gpeoa To éva atré To GAAO — SnAadn 6TI pIkPSTEPN 1] HEYOADTEPT TTEPIHETPOG GUVE-
TIGYETON TO QVTIOTOIXO KOl YIa TO eHPAdOOV Kal avTIOTPOPWS — eVAd £XeEl avapepOel
OTI O TIOPAVONOEIG IO TIG OXETEIG TIEPIHETPOL-EPPOBOL GUXVE ETTOVEPYOVTOI HETG
TN dibaokaAia (Douady & Perrin-Glorian, 1989, Moreira-Baltar & Comiti, 1994, Vighi,
2010, Zacharos, 2006). AuTEg o1 SUOKOAIEG, HGNIOTA, WG TIPOG TIG OXEOEIG TTEPIHETPOL-
epPadoL TTaPATNPOLVTOI AKGUO KOl O€ HEYOADTEPOUS HaBNTES Kai ot eviAikeg (Kel-
logg, 2010, Woodward & Byrd, 1983).

1. Iotopia twv Moadnpoatikov kot MaOnpotikg
Exnaidsvorn

FIG TN 61dakTik aflooinon Tng loTopiag Twv MabnuaTikdy LTT&PYOLY, OTé TN
pia TIAELPE, BewPNTIKEG AVTIPPHOEIS KOl TIPOKTIKEG SUOKOAIEG: TT.X. LTTOOTNPICE-

T 6TI o1 poBNTEG dev aryatrovv Tnv loTopia i 671 N loTopiat Twv MaBnpaTIKOY Ba
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ptropovoe vor ptrepdéel Toug padnTég (Jankvist, 2009, Tzanakis et al., 2000). MNpo-
KTIKEG SUOKOAIEG givail ) EMepn SISAKTIKOOD XpAvou Kal LAIKOU Kot 1) EAAEIP YVDOEWV
atré TAELPES TWV EKTTAISEVTIKWYV. ETITAfoy, pia TéToia aflotroinon eivan SbokoAo
va alodoynBel, oréTe de Bt KEPOIZe TNV TTPOCOXT| TWV HOONTWV.

A6 TV &AAn, TpoBaiAeTan 61 i loTopic Twv MOBNPOTIKWOV PTTOPET VO KIVI TOTTOI-
AO€I TOUG PABNTES, CUVTEAWVTOG TAUTEXPOVA 0TI HIGACKOAIG CUYKEKPIPEVWY POON-
poTik@dv Tepiexopévav (Jankvist, 2009, Tzanakis et al., 2000). EmimrAéov, TAnpogo-
POUHEVO! VIO SUOKOATES, OPEAPOTA KO TIXPAVOIOEIG TOL TIAPEABGVTOG, OI PEV HOONTES
HTTOPOUV Vot £X0UV 0EAN O€ ETTITESO CUVAICONUGTWY KOl CTROEWY, £V Of EKTTAISEV-
TIKO{ TTOPOUV VoI KAVOLV EKTIUAOEIG YIO TMIOOVEG SUOKOAIEG TV HOBNTWV KOl VO €Y
TveLOTOUV TPOPARHaTA Kol GAAO LAIKG TTou Ba pTropovoe va oupBdAel oTnV
vTépPaon auTwV Twv duakoAi®y. MapdAAnAa, n loTopia Twv MaBnpaTIkOY Bondd
oTnv oAayr) Twv TeToIBfoewv yia Tat MoBnNpoTIKG, ToviCel TO POAO TWV avOPWDTTWV
Kol TV TTOMNITIOHAV oTnVv £EEMIEH TOUG Kot DIBGOKE! GTI 01 HOBNHATIKEG €Vvvoleg avar-
TTOXONKOV WG EPYOAEinl i THV opY&vwon Tou k6opov. Téhog, péow Tng loTopiog
TwV MoBNPATIKOV oLVOEoVTON Ta MOBNUATIKG Pe GAAG YVWOTIKG QVTIKEIHEVOL

AvOQOpIKG pE TN 0XE0N TV SUOKOAI®Y TWV HOONTAV PE TIG SUGKOAIEG TTOU EHPO-
viCovtai oTnv loTopiot Twv Mo®npaTIk®y, LTTEAPXOLV SICPOPETIKES TTpooeYyioels. O
Brousseau (2002), pe Tnv £vvoia TOU €TTIOTNPOAOYIKOU eUTTOdi0V, TEVIOE TO pAAo HIOG
dedopévng yvadong, Tou pe T XOPOKTNPIOTIKG TNG OUVETTAYETOI CUYKEKPIPEVD TTAE-
OVEKTHHOTA, OAAG 0ONYEl €K WV TTPOYHATWV KOI 08 OUYKEKPIPEVO OPEAHATO. AVTi-
Betar, o1 Furinghetti kou Radford (2008) Tévicav To péAo Tou TOMITIOHOU Ko
LTTOOTHPIEAV OTI HETW TOL OXOAEIOL TTPOETOIPGCETO TO «EETTOAKETAPITHON HIGG OU-
TTUKVWOPEVNG TTOPGE00NG aiwvwv. TEAOG, 0TO TTAQIOIO TNG £VVOIOAOYIKIS CAAOYIG, Be-
WPEITAI GT1 01 1I6EEG TWV POBNTWV PTTOPET VO TIPOEPYOVTAI OTTO TNV OAANAETTIOpaoT)
TOUG HE TO PLOIKS TEPIBEANOV ko Tax epyadeiar Tou TTOAITIOPOU (Vosniadou & Vam-
vakoussi, 2006). ZUVETT®G, TUXOV OHOIOTNTEG BA PHTTOPOVGAV VO GUVSEOVTAI TT.X. HE
TNV AVTIANPN TTOL TTAPEXOLY Ol GONTEIS 1 PE TN XPION TTAPOHOIWY EPYOAEIWV.

YXeTIKG pe TOug TPTTOLG aéloTroinong Tng loTopiag Twv MadnpaATIKDY, 0 GuVN-
B€0TEPOG £ival 1) XPrioT I0TOPIKGOV ONHEIMPETWY, SNAGOH KEIPEVWV TTOL KATOOKELG-
CovTai yia S160KTIKOUG OKOTTOUG KOl PTTOPET v TrEPIACBGVOUY OVOHOTO, XPOVOAOYIES,
Bioypogies, avékdoTa | kar agpnyrioelg (Jankvist, 2009, Tzanakis et al., 2000). AAXoi
TPOTOI €ival T PUANX EPYOIOIOG, TO IOTOPIKG TTPOPAHOTA KOl Ol TIPWTOYEVEIG KOl
devuTepoyeveig TMYES. O1 TOPATTGV®D TPOTIOI HTTOPOUV VO GUVOLAIGTOVV YIO TO OXE-
O100UG DIOAKTIKWV-HAONOIOKWDV OEIPOV (TTAKETWV) KOl projects, GOVTOHWV I EKTEVE-
OTEPWV KOl HE HIKPOTEPN 1] HEYOAVTEPT CUVAPEIX PE TO I0XVOV TIPGYPOHHO OTTOVOGV.

H xprion TpwToyevdy TNY®V €ival 0 o aTAITNTIKES Kal XpovoBépog TpaTrog,
€V OLXVG eival BUOKOAN Kail ) alloAGynon Twv amoTeAeopdrwv (Jahnke et al., 2000).
O eKTTOIOEVTIKGG EVOEXETAN VO TIPETTEI VO HETOPPGOEL I} VOX TPOTTOTIOINOEI TO KEIHEVO,
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OAAG OUOTHVETAI VO PNV OITOHOKPOVETOI TTOAD OTT6 TO aUBEVTIKS Kefpievo. H eloo-
YWY TS TINYAS PTTOPET vat Yivel GUECO, XwpIG TTpoNyOUHEVN TTPOETOIHAOIO, | EPpETC,
T.X. HETG o176 emmidvon TTpoPAnuaTwv. MevikdTepa, Yo Ty adloTroinon Twv TpwTo-
YEVQV TIY®V dev UTTAPYEI POVO picx SISOKTIKI] OTPATNYIKI] OLVETTIS, B TIPETTEl VXX
ETTIAEYETOI 1 KATOAANAGTEPN.

2. O Zxéoseig Ieprpérpouv-Epfados ota Apyoia

EAAnvika MaOnpotira

PKETEG papTLPIES defyvouv OT1 o1 oxEoelg TrePIPETPOL-PPadol Trpokadovoay du-

OKOAIEG Kol KOTG TO TTaPeAOGV. o rapdderypa;, o MoALPiog atrd Tn MeyoAGTToAn
(2% ar. m.X.), aTo 9° BifAio Twv loTopiddv Tou, LTTOOTHPIEE GTI OI OTPATNYOT B TTPETTE
v £X0LV Kal BOOIKES YVWOEIG ACTPOVOHITG Kol FEWPETPIOG KOl YIO VOl TO TEKUNPIWOEL
avépepe kai Ta €1g: «O1 TrepIcadTEPOI GvOpw Ol LTTOAOYICOLY Ta PEYEDN TWV TTPO-
avaPEPOPEVWV [TTGAEwV Kal OTPATOTTESWV] p6vo oTré TNV TepPipeTpo. (....) O Adyog
yia auT6 eivar 6T1 b BupobpaoTE Tor paBipaTa lewpeTpiag Tou efyape didayTel oTO
TTaudIK& pog xpoviar (Hist. 9.26a.1-4, Blttner-Wobst ed.)." M&AioTa, £€dwaoe 6o Ta-
POdEYPOTA: TO TIPWTO CIPoP& TN OUYKPION PeTOED ZTTAPTNG Kol MEYOAGTTOANG, £Vad
TO 6e0TEPO APOPG pIa LTTOOETIKA TTOAN 1 OTPATATTEDO, TTOL eV £Xel TrEPIHETPO 40
otadiwv, eivan dImAdola atrd pio GAAn pe mepipeTpo 100 oTodiwy.

YOppova pe Tov Walbank (1967), «ta pey€bny eivai To epfadov Tng kGBe EANG.
EmiAéov, To TTp@dTO TTOPGSEIyHa €XEl 1IBIAITEPO 10TOPIKS EVIOPEPOY, KABWS N OV-
YKPION QOIVETOI V& pnv emRePaIdVETAl VIO TO EPBAdSV, TOVAGXIOTOV pE TO UTTEP-
XOVTO aPXOXI0AOYIKG EVPHHOTA. AVTIBETO, TO SEUTEPO TTAPGOEIYHO AVOIPEPETAI OF
OIKPOIES TIEPITITMOEIS KAl £XEI TIEPICTOTEPO HOBNPATIKG EVOIOPEPOV.

H avagopd Tou MoAvPiov oTa «podpaTa FewpeTpiogy deixvel 6Ti o1 oxEoelg Tre-
pipéTpov-gpPadou efyav rdn amacyoAfjoel Toug pabnuaTikovs. ‘Hon, o EukAeidng
oTa ZTolyeia eiye amodei&el 0TI To TApaAANAGYpappa TTou BpiokovTal oTny idia féon
f o€ ioeg Péoeig Kar peTagd TV idiwv TapaMiAwy, gival ioa To €va pe To GAAO Kal,
oaKoAoUBws, amédeiée To idBIo kal yia Tax Tpiywva (1.35-38). Ta BewprjpoTa qUTG oL-
VETTGYOVTQI OTI 1] ETTIPAVEIC TOU TTAPOAANAOYPGHHOU KOl TOU TPIywvou dev e€apTa-
TAl TG TNV TTEPIPETPO.

Me Tnv 100TTEpIPETPIO oXOANBNKE KOl 0 ZNv6dwpog (Bavdy 2 ai. m.X.). H mpory-
HOTEION TOL VIO TOL ITOTTEPIHETPIKG OXAPOTA de 0WleTaN OpwS, fGOEI 60wV TTOPEBETE
apyoTEPa 0 Owv, 0 Znvédwpog arédeiée wg TPog Ta eTITEd OXAHATA 6TI ATTO
OO TO KAVOVIK& TTOAUYWVO HE (0N TTEPIHETPO, TO PHEYOADTEPO Eival OUTO pE TIG TTE-
PICOGTEPES YWVIES KOl OTI v €vaG KUKAOG €Xel (0T TIEPIUETPO HE VO KAVOVIKG TTOAD-
Ywvo, TOTe 0 KUKAOG givan peyadoTepog (Cooke, 2005, Heath, 1921). EmimrAéov, €de1&e
OTI A6 OAQ TO! I00TTEPIHETPIKG TTOAVYWVA PE (00 OpIBPS YOVI®DV, TO HEYOAUTEPO
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ival To 106TTAEVPO KAl I00YWDVIO, OAAK yia TNV a1rédeI€n POoiOTNKE PHEPIKWG OF Evar
Afppa TToL Oev efxe amrodeiel pe yeviké TpoTIO.

H 1cotrepipeTpia atroTedel kai To faciké B€pa Tou E’ BifAiov Tng Zuvaywyrig i Ma-
onuarikig XuAdoyrig Tou MdmTou (4% au. p.X.). To A" pépog Tou BifAiov apopd Ta
ETTIITTEDO OYAPOTA KOl EEKIVE PE HIX EI0XYWYT, TTOL XXPOKTNPIZeTal a1 LPNAL Ao-
yotexvikn a&ia (Cooke, 2005, Heath, 1921) kan kevtpilel To eviiagépov. To Oépa Tng
gival To e§aywVIKG oXApa TwV KEAIWOV amré TIG Knprdpes. H TeAeoAoyikr| Bewpnon
eivan €56 eLBIGKPITN, KOBWG ATTOSIGETAI OKOTIIIGTNTA OTNV ETMAOYH TOL G HATOS
o1ré TIS pENIcOES. Me auTé wg agoppr, 0 METTTTOg SIXTLTTWVEI OTO KAEIOIHO TN &I
ooywyns éva poBnpaTiké pdéBAnpa:

(....) O1 péNiooeg, Aoimrév, yvwpifouv pévo auTo TTov eivar XPAOIPO o€
oUTEG. AnAadr), 0TI To e€dywvo eivan peYOADTEPO TG TO TETPAYWVO
KQI TO TPIYWwVO KOl PTTOPEl VO XWPETEl TEPICTOTEPO PENI, PE TV iOIaK
dorGvn LAIKGV yIa TNV KaTaokevr KaBevds. Epeig, woTtéoo, 1oxupilo-
pevol GTI KATEXOUHE PHEYOAUTEPO HEPIDIO TOPiag aTTd TI PEANITOES, B
€PELVIOOLHE KATI EVPVUTEPO. AnAadr, 6TI aTTé GGl Ta IOGTTAELPA KOl
I00YQOVIO ETTITTEOC OXIHATO TTOL €XOULV {01 TIEPIUETPO, HEYOADTEPO £iva
TIGVTOTE AUTO TTOL €XEl TO HEYOADTEPO APIOUS Ywvidy. Ko To peyoAv-
TEPO a1 6Aa ival 0 KUKAOG, AoV €Xel (01 TEPIUETPO pe QUTE. (Zu-
vaywyrj E'.3, Hultsch ed.)

Kar& tnv Cuomo (2000), To E’ BifAio evraoodTav mlavéTaTa 08 £va TIAGO10 avTO-
YWOVIOHGV YIO TNV OIKEIOTTOMON TNG TTapGdoong, TNV oTOKTNON QRKNG KAl TNV TTPo-
O€AKLOT HOBNTWV. XTI HEAIOOEG QVAPEPOVTAV CUXVA K1 Ol PIAGCOQOI YO TOV
Ma&rro, n diogopd peTald peAIoowmY Kot avBpdTT®V eivan 611 o1 péNIcoES diaBETovv
YVGOOT) TIEPIOPITHEVT, XPHOIHN KOl EVOTIKTWON, EVG 01 GVOPWTTOl £XOLV TNV IKAVETNTO
Kl TO eVOIOQEPOV YIa TV aTT66€1EN. Méoa aTré TNV e100ywYr, AOITTV, avadeIKVOETO
N avaykn Yio TNV o1médeI€n Twv I00TTEPIPETPIKWY OeWPNUATWV OTa eTTITTEdO OXN-
pata, otnv otroiax rpofaivel o METTog akoAoUBwg 0To TAGICIO TNG EVKAEDEIOG Tra-
pGdooNG. ZTNV aTToSEIKTIKN TTOPEID, OV KOl ATTOVOIALEI OTTOIAOITTOTE AVAPOPA OTOV
Znvédwpo, aivetar 6T 0 MNATTTog aKoAoUBNoE To £pYo ekeivou, 16iwg oTa eTriTreda
OXAHOTO, TTPOOBETOVTOG GHWS KOl SIKEG TOL TTPOTAOEIS Kol arodeitelg (Heath, 1921).

H eicoywyn Tou Mémmou yia Tig péNicoeg oXeTiCeTan Kol Pe TO TPOPANHQ Tou
EPEIVE APYOTEPO YVWOTO WG LTTOBECN TNG KNPHROPOS. Baoel Tng eikaoiog, TTov aTro-
oeiyBnke AnpéoTepa amd Tov Hales (2001), n kGALYPN TOL XWDPOL pe KAVOVIKG £EG-
yova, 6TTwg ovppaivel oTig KNPROPES, eival AUTH TTOL ETTITUYXAVE TNV EAGXIOTN
TIEPIUETPO, VI OTTOI0BATTOTE SIPEPIOHPS TOUL ETTITTESOL O€ TTEPIOXES IONG ETTIPAVEINS.
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3. Oemwpnuikoé ITAaiowo yra to Xxedraopd tng
Aldaoxaliog
/Ooov apopd& To epPadov, éxel TovioTEl N avéyKn o1 HaONTEG var KATOVOOUV OTI
OTTOTEAEN IBIGTNTA KOl TIPOTEVOVTAI O HETPHOEIG TOL ePPadOL e diodiGoTaTeg
HOVGOES, 01 GUYKPIOEIG OXNUATWVY, 1) TOTTOBETNON VGG OXIHATOG TTAV®W OTO GAAO KOl
N aTTOKOTIA-ETTIKGAANCT TWV TTEPIOTIV THNHATWV Kail, TEAOG, N e€€Taon Twv oxE-
oewv TePIPETPov-epPadol (Douady & Perrin-Glorian, 1989, Nunes et al., 1993, Van
de Walle & Lovin, 2006). M&GAIOTa, 0€ OpEPIKAVIKG TTPOYPGHHATO TNG TTPWTORGOHIOG
ekmaidevong, 6mwg auTd Tou North Carolina Department of Public Instruction (2012)
ko Tou Georgia Department of Education (2014), o1 oxéoeig TrepIpéTpou-gpadou oi-
€PELVAVTAI TS TNV 31 KIGAGG TAEN.

YNV Tapoloa £PELVA 01 EWOIEG TNG TTEPIPETPOL Kal Tou eUPadol eEeTGoTnKOV
o1ré TN oKOTI& TNG FEWPETPIOG, YIa AUTO KAl XPNOIPOTroIRONKe N Bewpia Twv Mew-
peTpikwv Xwpwv Epyaciog (Kuzniak, 2006, 2012). lewpeTpikég Xawpog Epyaoiag (TXE)
€fvain 0 XWPOog TTov €XEl opYOVWOET He TPOTTO TTOL VO KABIGTOTAI EQIKTH YIO TO XPOTN
TOU XWPOL — HOONHOTIKS, POITNTA 1] HOONTH — ) £TTAVOTN EVOG YEWHETPIKOV TTPOBAR-
POTOG. ZUVETT®G, T TPoPAfpaTa amoTeAoby To Adyo UTrapéng Twv TXE. Alakpi-
vovTai Tpia emriredat: o IXE avaopds, Tou kaBopileTal amré I KOIVOTNTO HOONHO-
TIK@V ] OTNV EKTTAIOELOTN ATTO TO TTPSYPAHHPA OTTOLOWV, 0 KATGAANAoG I'XE, TTov o)e-
d1aeTan o Tov SiIdGokovTa yia piar 6edopévn TGEN, kan o TpoowikGg IXE, Tou
avaTrTOO0ETON 0TV TTPGEN TG TOV TEAIKS XPIOTN, £V TIPOKEIPEVW ToV KGOE paOnTh.
AlokpivovTai, £TTiong, SIXPOPETIKG £TTIOTNHOAOYIKG TTapadeiypaTa. Ed®, pog evdia-
pépel n Fewpetpia 1 (Gl) — 61OV KLPIAPXET O TTEIPAPATIOPOS KOl ETTITPETOVTA Ol
TIPOAKTIKEG OITOOEIEEIG, O HETPHOEIS, N XPON OPIBHGV KOl 01 KATE TTPOCEYYION OTTaV-
Troelg — Ko n Fewpetpio 2 (Gll), pe apxéTuto Tnv kKAaoikf EvkAeideia lewpeTpion.

O IXE mrepidapBdver Tpian CUOTOTIKA: O) TO XWPO pE Ta OXAHATA, B) Tor TEXVOUpP-
YAHOTO-gpYOAEiDr KOl Y) TO BEWPNTIKG GUOTHHX OVAPOPAS, HE TOUG OPICHOUS KA TIG
1016TNTES. Ze éva HeUTEPO, YVWOTIKG €TTITIEGO evTaoOOVTON TPITX £i0N dIAOIKAGIAOV: N
OTITIKOTIOMOT), N KATAOKELH KO N AmrGO€I€. XTNV OTITIKOTIONOT TEPIAAHPBAVETAI KOl
N GVOOUVOEDT) TWV OXNHATWV PE VAIKG TPGTIO 1} HE QVO-OPYOVWTIKESG YPOAHHES 1) OVO
pe To BAéppa (Duval, 2005).

‘Ooov agopd Tig e0PoApEVeS avTIAREIS TV HaBn TV, 0 Brousseau (2002) €xel utro-
otnpi&el 611 n vTTépPaon eveg EPTTOSIOL ATTANTEN TNV EPTTAOKN TWV HOONTWOV TNV ETTi-
Avon emAeYpévaV TTPOPANUGTWV, HEGW TWV OTIOIWY 01 HOBNTES Bo DIKTIOTOOOLY TNV
OVOTTOTEAEOHOTIKOTNTA HIOG YV@ong f avTiAnpng. Znpeiwoe, Spws, 6T T TpoBAr-
HOTO TTPETTEN VO ETTIAEYOVTO PE TPGTTO TTOUL O HOBNTES VO KIVTOTTOIOUVTAI KOll, OKO-
AovBwG, va dpouvv, va LLNTOVY KAl VO OKEPTOVTOI, TIPOKEIHEVOL VO TX ETTIAVCOULV.

EmimmAéov, Ta AeySpeva etroikodopnTiké povréAa didaokaiag £xouv Tovioer Tnv
avéykn n didaokohior var KAEIVEL PE PIO HETOYVWOTIKI AT, 0TIV OTTo{ar «0 SGOKAA0G
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{nT& a1ré TOUG HABNTESG VO TOL TrEPIYPAYPOLV TNV TTOAIK KO TN VEX TOUG YVAOT) KOl
va avTIANgBoLV TIg Siagopés Tng» (KapiwdToyAov, 2006: 36). Mia TTpOKTIKI TTOL PTTO-
pei va Bonbrioer oTnv ANy TwV 1I8edV TV poBNTAOV eival Kal ) Xprion KEIPEVWY
avTITapaBeong (refutation texts) (Tippett, 2010). Xe avTiBeon pe Ta TTAPAOOTIOKK Kei-
HEVQ, TTOL ATTAWG EKOETOLY Kl TTEENYOUV TNV I0XUOVOX ETTIOTNHOVIKY &TToYr), TX
KEHEVO QVTITIOPGOEDNG TTOPAOETOLY ETTITTAEOV KOl KATTOIX S106€60pEVn EVOAAKTIKY
16€ar, avagépovTag 6T eival ea@aipévn. MNa Tnv afloTroinon auTOV TwV KEIPEVwY
TIPOTEIVETAI O CUVOLOIOHGS TOUG pE OLLNTHOEIS KAl GAAEG BPAOTNPIGTNTES, KOBWS
oMoy ToV aTTOPeV eival SOOKOAN LTTGOEDT KOl KAVEVO KEPEVO OTTG PGVO TOL Oev
ETTOPKET YIO VO £TTITELXOEN AUTS e GAOUG TOUG HOBNTES.

Avo@épBnke Topatrévm n a&ia TNG KIVTOTToiNoNg Twv HodNnT®V oTnv emiAvon
TPOPANPGTWV KOl ETICNPAVONKE OTI N KIvTOTrOiMON aToTeAEl €évar ouVHOn 0T6XO
katé TV adlotroinon Tng lotopiag Twv MadnpaTikodv. EEGAov, atrd T okomid Tng
puxoAoyiag Twv KIVTpwv, of Schunk et al. (2010) cvoTnoav peTadd GAAwV va Xpn-
OIHOTIOIEITON LAIKG OTT6 TIPWTOTUTTEG TIMYES. ‘O00V aPOpd Ta XAPOKTNPIOTIKG TV
KEIHEVWV TTOL TTPOKOAOUV TO evdiapépoy, ol Schraw et al. (1995) emreoripavav To péAo
TNG €VKOAIOG KaTAVONONG Kol TNG LOVTAVIOG KOl TTAPAOTATIKOTNTAG TOU KEIHEVOU.
EmmA£ov, €xel Ppedel Twg poONTES Kot EKTTAISELTIKOT EKPIVAV OTI 1 HEYOASPWVN avE-
YVWOT) £VEG KEIHEVOL QTG TOV EKTTAISEVTIKG TO KGVEI TTIO EVOIGPEPOV KOl EVIOXVEI TV
kaTavonon (Ariail & Albright, 2006, Ivey & Broaddus, 2001). AAMor TrapéryovTeg TToU
€xel eTIoNPavOEl GTI HTTOPOUY VO TIPOKAAECOLY TO EVOIOEPOV EIVOI O VEWTEPIGHOL,
N OpHOaSIKNA EPYOTIT, Ol TIPOKTIKESG OPAOTNPIOTNTES, OPIOHEVA BEPATA TTOL OXETICOVTAI
pe TN U, N aréd00r VORPOTOG 0T SpaoTNPISTNTA KAl 1] I00PPOTION AVAPETT OTO
BaBpé TPOKANONG KO OTO ETTTTESO TWV YVWOEWV KAl IKAVOTATWY £VEG ATOHOL
(Bergin, 1999, Mitchell, 1993, Schunk et al., 2010).

4. Me0odoloyia “Epsvvag
Z UHHETEXOVTEG OTNV £pevva ATAV Eva TPAPO TNG XT’ T&ENG pe 22 podnTég oo ep-
yatikf epioyr] Tng Oecoadovikng. Ta dedopéva rov TrapovoidovTal TTpoépxo-
VTl 16 PUANG £pYQOTnG, AT TTAPATNPAOEIG OTTE Th SISOOKOAIC KOl OTTG ATOIKES
ouvevTeLEelg pe Toug PaBNTES. Or SIGAOKOAIEG TTPAYHOTOTIOINONKAV OTT6 TOV £vav
€PELVNTH OTNV KOVOVIKA TAEN TV HoBNTAY, £V N EKTTAISEVLTIKGS TNG TGENG ATOV
Tapoloa wg TapatnpATpla. E€aipeoan amoTeAel n) emrfAuon Touv KUpIoL HOONHATIKOV
TIPOPAHOTOS, GTTOL TIPOTIHABNKE VO IV EPYOOTOUV Ol OHAOEG OLYXPOVWS, OANG Sia-
doxIKG, yio piar SI6aKTIKY Wpa n KaBep&, o€ GAAN aiBovoa Tou oxoAeiov. AuTO €yive
YIO VO KATOOTEN EQPIKTH N TIOPATIPNOT TOU TPGTIOU EPYAOTOG KOl TwV SUOKOAIDY TG
KGO opGdag ko Twv peAdv Tng. H didpkeia Tng mopépPaong fArav €€ SISOKTIKES
WPEG aTNV KAVOVIKA TEEN Kail piot SISOKTIKA dpa Y KGBe opGda oe GAAN aiBovoa.
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4.1. Zyetraopoc rov kardAylov I'XE

H mrapépBaon mpoTipénke va vAotroindei rpoToL o1 podnTES didarxdovv TNV Evo-
TnTo Tou PBiIfAiov TTOL aPopd TN MewpETpia, WOTE va pnv €xouvv didaxBel Tov TOTTO
epPadol Tou YeVIKOU TPIYWVOL Kl TOU TPATeSiOL KOl YIO VX PNV ETTNPEACTOUV Ol
pabnTES 16 TNV €ppaan rou divel To PifAio oToLg THTTOUS.

IXeTIKG pe TNV loTopia Twv MaBnpaTIk@y, emMAEXTNKAV HV0 TTPWTOYEVEIG TINYES:
N TPWTN ATAV N eloaywyr oTo A’ pépog Tou E’ BifAiov Tng Zuvaywyrig Tou MN&mou
(E’.1-3) ko n &e0Tepn fTav o1ré Tig loTopieg Tou MoAVPIov (9.26a.1-6). EmirAfoy, eI
Aéxtnke amrd To PifAio TNG XT T&ENG Evar I0TOPIKS ONpEIWHA pE TOV TITAO «ewPETPION
(Kaoowtn K.6., 2006: 136), DOTE Vo GUVOETOLV Ol HAONTEG TO TTEPIEXOHPEVO TNG TIO-
pépPaong pe 6,T SiddokeTar otn oxeTIkr EvéTnTa Tou BiffAiov.

Agdopévou 6T1 o1 paBNTEG 0TO ANPOTIKG S YvwpiCouv apyaiar EMANVIKG, ETTIAEXTNKE
VOl TTOPOVOIOIOTOVY O1 TINYEG HETOPPAOTHEVES. KOTG Th HETGPPOOT, XPNOIHOTTOIR6N-
Kav AEEEIG KOl PPAOEI§ KATG TO SUVOTOV KOVTG OTO TIPWTOTUTIO KEIMEVD, VA OF
GAAeG TTEPITTITWOOEIG TIPOTIUAONKAV TTEPI0S0I AGYOUL AIYOTEPO PHOKPOOKEAE(G, MDOTE V&
VAl TOL HETAPPAOHEVA KEPEVA KATGAANAG IO TOUG HABNTES, XWPIG VO ATTOHOKPU-
vovToi amé Ta avBevTikd (Jahnke et al., 2000). Akpn, Bdoel Twv OTEXWV TNG TTOPEN-
Baong, 6¢ ouptrepieAfpdnoav omé To Keipevo Tou [lGmmmov N TPOTPOVNON
«kpGTIoTE Meyediovy (Zuvaywyrj E'.1), n avagpopd aTov KOKAo (E'.3) kai n AeTrTopepnis
QITIOAGYNOT TNG B€0NG 6T1, TG TAX KAVOVIKG OXHOTA, UTTGPXOLV HOVO TPIO TTOL KO-
AOTITOUY EVTEADG IO ETTIPAVEID XWPIG ETIKOAUWPEIG Kal Kevd (E'.2). (Ta peTagppa-
Opéva KelPEVA TTOL TTAPOLOIGOONKAV 0TOUS HaBNTES BpiokovTal o MapapTnpa oTo
TéAog ToL GpBpov.)

To kefpevo Tou M&TTTOU, WG 10TOPIKA TNYH, dev €10XON dpeoa, a@oy TTporyov-
VTOV G EI00YwYT| N &&I0TToIMNOoTN TOU I0TOPIKOU GNHEIDPATOG. AVOAUTIKOTEPX, O OXE-
S100PGG TTPOEPAETTE VO AVOYVWOTEN TO I0TOPIKG ONHEIWPQ, vor OXOMOOTEl GUVTOHO
Kail va eTTeKTaBEl pe Baoikég TAnpo@opies yiax Tov Matrmo kai Ty £mmoxn Tov. MNa To
Kefpevo Tov TM&TrTTou, TPOTIPABNKE HIG SIGPOPETIKY TTPOCEYYIon: dIaTOTTWoN Epw-
THOEWV OTTO TOV EKTTAIOEVTIKG, HEYOAGPWVI] AVEYVWOT) TOU KEIPEVOL QTS TOV K-
TTAIOEVTIKG XWPIG 01 HAONTEG VO £XOULV TO KEIPEVO PTTPOOTA TOUG KOl ATTAVTNOT TWV
epwTHoEWV-0LLATNOT. AKOAOVOBWS, LTIAPXE N TTPOPAEYN o1 POBNTES VO TTAPOLY TO
KEIHEVO O€ PWTOTUTIION KOI VO UTTOYPOHHITOLV AEEEIG KO PPAOEIG OXETIKES pe Tar Mar-
BnpaTiké. O 0TEX0G TAV VO vEPYOTIOINBOVY £TOI Ol YEWHUETPIKES IBIGTNTES TTOV XPEI-
G&lovtav yia Tn diopdppwaon Touv IXE: TI eival To TOAUYWVO KO TI KAVOVIKG
TTOADYWVO, TIOIX EIVAI TOX KAVOVIKG OXHATO TTOU KOAUTITOUV TIARPWS TNV ETTIPAEVEI
XWPIG ETTIKOAOPEIG ] KEVE, TI VAl TO IOGTTAELPO TPIYWVO, TO TETPEYWVO KOl TO KO-
voviKé e€Grywvo, Ti gival TepipeTpog kan eUPaddy, Toia oxAHOATA AEyovTal 1I00TTEPI-
HETPIKG KOl TTOG OXETICETOI pe T& MOONPOTIKG 1 otrooeI€n.
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AkoAoUBwS, oxedIGoTnke va TeBe Eva TPSPANpa, BAoel Tov oTToiov o1 HoONTES
ETTPETTE VO GUYKPIVOLV Ta EPPAOG ICOTTEPIPETPIKAV OXNHATWY, OOTE V& SIXTTIOT®-
00UV OV GVTWG I0XVEI 0 I0XLPICHEGS TOL M&TTTTOL GTI TO KA o€ O)IHa KavovikoD e€ar-
YAOVOU Xwpdiel TrEPIOTETEPO PEN O€ OXE0N Pe GAAX OXAHOTA TTOL KOADTITOUV EVTEAWS
TO XWPO.

21N @d&on melpapaTiopol TPoPAeTéTay n emiAvon Tou TPOBARPATOS ATTd TOUS
HOONTES KT OHGOES, e SIaPOPETIKEG HEBBSOOLG:

1n: Apeon o0OYKpION PE TOTTOBETNON TOL VG OXAPOTOG TGV 0TO GAAO Kol GiTo-
KOTTA-ETTIKGAANCT TV TTEPITOIWV THNHATWV.

2n: "EppeoT O0YKPIOT pE TTAAKOOTPWON [0WV ETTIPAVEIDV (AVTICTPOEPN avoAoyia: pe-
YOAUTEPO TO O M TTOL ETTAVOAXHBGVETON ArYOTEPES (POPES).

3n: METpnon pe NUISIGQAVEG TETPOYWVIKG TIAEYHOL.
4n: YToAoyIop6G pe TOTTOUS.

To YEWPETPIKG OXAHOTA HTAV KAVOVIKG TTOAUYWVQ pE TPEIG, TEOOEPIS KAl £&1 YWVIES,
OAAG KOl HIN KAVOVIKG (HOKPGOTEVO 0pBOYWVIO TTAPOAANASYpappo). Ta oxpOTa QU TS
KpIBnKe OKOTTIHO V& 50000V KOPPEVO OE XOPTAVI, MO TE VO SIEUKOAUVOOUV Ol AVAIGULV-
Béaelg, evad Sev uTpXaV OPIBUNTIKES evOelCelg yia Ta prikn Twv TAeLpAV. ‘ETal, o1
HOONTES ETTPETTE VO HETPHOOLV TIG TIAEUPEG KOl VO UTTOAOYIOOULV TNV TTEPIMETPO TOU
K&Oe OXIHOTOG KOl ETTEITA VO EPAPHOTOLY TNV TTPOTEIVEpEVH PEBOSO Yo TIG OLYKPI-
oelg Twv epPadav (Gl). Ta epyodeiar Tou KPIBNKE OKGTTIHO, KATG TEPITTTWOT AvEAOYX
pe Tn péBodo, va Ppiokovtar diabéoipa ATav: BabpHovounpévog yvapovas, YoAidl,
KOAAQ, KOAANTIKI] TAIVIOK, SIGPAVEIX HE PWTOTUTTNHEVO TETPOYWVIKO TIAEYHO, HOPKOL-
86pog, poALPI, offoTpa kai apiBpopnxavy. EmimAéov, oxedidoTnke yia K&Be opdda
€val UANO £PYOTIOG, He OTOXO VO TTOPEXET HEOW EPWTACEWV KATTOIN BAHOTA VI TNV
emfAuon Tou TTPoPAHaTOS Kol var fonBdel Toug paBNTEG XPYSTEPT TNV TTAPOLOITOT
TWV OTTOTEAEOPGTWV OTNV TEEN.

MeT& TV emonpoTtoinon Twv véwv 1810TATWY, akoAovBovoe n afloTtroinarn Tou
Keipévou Tou MoAvPiov. Edw, vtp&e n TpéPAeyn va yivel oxeTik) oLLATNOT, EVQD
oxedidoTnkav kai Svo dpactnpidTnTeS. H TPdTN {nTovoe va Ppebel TI oxfpa Kai
diooTdoelg Ba prropovoav va €xouv 00 TTEAEIG, TTou N pia var €xel repipgeTpo 40 oTa-
Siwv, oAAG epPaddv SiTAdioio amré Tnv GAAN pe epipeTpo 100 oTadiwv. H delTepn
ATav n dpaoTnpiIdTnTa «eIToVIEG TG OcooaAovikngs. Mo AUTHY, ETAEXTNKAV OKTG
ICOTTEPIPETPIKG OXAHATA, TTOU GUPPBSAI{OV YEITOVIEG.
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Eikéva 1: T OKT® I0OTTEPIPETPIKG OXAPOTA TNG SpaoTnpIdTNTAS
«Fe1ToviEg TnG OeaoaAovikney

EidikéTepa, utmp&e n TPSPAeYn va eival To OXAHOTA ATTOTUTTWHEVO O XOPTH, Vo
AVOYPAPETOI TO PKOG KGOE TTAELPAES O€ PETPA Kl vor 50000V 600 OXHaTa 08 KGOE
dudda pabnTwV (eTaupikf epyaoia). ATré Toug padnTég nToUvTavV va LTTOAOYIOOULV
TIG TEPIPETPOVS KOl VO CUHTTEPGVOLY, XWPIG LTTOAOYIOHS, vV 1) I TrepIoXn €ivai pi-
KpOTEPN, foN 1} pEYOAVTEPN ATrO TNV GAAN Kot ylaTT.

2TO TIPWTO EPWTNHA, Ol HOONTEG B ETTPETTE ATTANDG VO TIPOCHECOLY TO! KN KO
VO DIATTIOTWOOLY 6Tl TX OXAHOTA TOV ICOTTEPIPETPIKA. XTO HEVTEPO EPWOTNHA, XPEI-
aldéTav va epyaoToby BewpnTiké (Gll), epapu6lovTag TO ETTIONHOTIOINUEVO CUMTTE-
pdopoTa o1ré To TPSPANp e TIG KNpriOpes. AkoAoUBws, LTp&e 0 oXedIOUGS KAOE
SLGSA HABN TV VO AVOKOIVOET TNV XTTAVTNOT Kol var eAEYEel TNV opBSTNTS TNG HE
nAekTpovikég peTproeis (Gl), péow OXETIKAS EPappoyns kal YnegiakoL Tpooiéa. H
eqappoyn oxedidotnke pe To Geogebra ko T OKT® OXAHATO EiXAV WG PEVTO TO
X&pTn TN Oecoatovikng Kai KAfHaka idia pe avTév. TEAoG, uTrpEe N TPSPAEYN va
TOTTODETIOOLV Ol HABNTES GACt T OXHATA OTOV TIVOKY, A6 TO HIKPOTEPO OTO E-
YOAUTEPO, DIATTIOTAVOVTAG OTNV TTPGEN 6Tl OKTW SI0POPETIKG OXHOTO EfYav ion
TePIPETPO, OAAG S10POPETIKG epPadE, 6TI TO PEYOAUTEPO TAV TO KAVOVIKG OXHO
HE TIG TIEPICOGTEPES YWVIEG KO OTI TO HIKPGTEPO HTAV TO IO HAKPOOTEVO OXHHO.

5. Amotedéopata

5.1. H vdonoiyoy tov kevaAMylov I'XE kar o1 dvokolies twv pabnroy

A6 Tny emeepynoia Tou kelpévou Tou IMatmmou Svo aAnAévbeTa oTorkela eival
a&loonpeimTa. Kartapxds, 6Tav or padnTEg KARONKAV V& EVTOTTIGOUY OTO KEIHEVO A€-
eI Kol PPGOEIG OXETIKEG He TO MABNPOTIKG, Kavelg dev avEépepe Tn AEEN «atrédei&ny.
EmmAgov, peT& Tnv emeepyaoion TOU KEIPEVOL, ApKeTOl €0eI§0v TTETTEIOEVOI OTI O
Ma&rrog eixe dikio Kar oupga@vnoay a priori Twg To e§Gywvo Ba eivar peyoAvTEPO.

>1o TPOPANpa pe TIG KNPRBpeS, GAeg o1 OpGdeg kKaTETAEaV OWOTG Ta OXAHATA
Béoer epPadov. MapakdTw, avagépovtal o KUpIEG SUOKOAIES TTOL TTAPATNPAONKAV
kat& T diadikacia emidvong.
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® ATTOKOTIH-€TTIKGAANGT): 1] OXETIKG SUOKOASTEPN GUYKPION ATV PETOED eEaryddvou-
TETPaywVoU levIKE, Spws, auTh N HEBOdOG TAV 1 EVKOASTEPN.

Eikova 2: ATTokoTrA-eTIKGAANON. ZUYKPIOT £60rY(VOU-TETPOAYWVOU

® [MAAKGOTPWON: XPEIGOTNKE VO ETTIOTPATEVOET TO LTTOBETIKG TTAPASEIYHO HVO id1OV
dwpaTiwv pe SIPOPETIKG TTAAKAKIX, WOTE VA YiVEI KATAVONTO TO OKETITIKG TNG
pEBBGOL. ZTNV KATAPETPNOT TWV OXNHATWY, HEYOAVTEP SUOKOAI TTAPATNPIONKE
oTa e§Gywva, KABWG ATTITOOVTAV I CUVOEDT PE TO PAEUHO ETTIHEPOLS THNHATWV
SI0POPETIKWVY OTT6 TO pICG.

Eikéva 3: MAakéoTpwaorn pe Kavoviko eEdymvo

® KaTapETpnon TeTporywvidiov: or HaBnTEéG apxIké de BupgoUvTav 6TI O€ HIKPOTEPES
TGEeIS yia va Bpouv To egBadv peTpoVoaV TETPOYWVAKIA, TTOL £(TE LTTPXOV OTO
oxfpa eite Ta oxedialav ol idiol. EmTAgoy, XpeldoTnke va Bpouv éva AeIToupyIKG
TPOTTO XPONG TOU NUISIAPAVOUS TIAEYPOTOG, TTOL HTAV VEO YIO OIUTOUG EPYOAEID.
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To duOKOAGTEPO ONpEio HTOV N KATAPETPNOT TWV ETTIHEPOVS TETPOYWVISIWV TOU
e€oryadvou.

Eikova 4: Karapétpnon TeTpaywvidionv Kavovikob e§orydvou

Mio 0 e€eArypévn Adorn 866nke apydTepa Pe TNV avaioOvOeoT) OAGKANPOL Tou e
YWVOU O€ 0pBoYWVIAL.
® YToAOYIOpGG: XpelalSTaV va avaouVTEBOUV KETTOIO OXAHOTS, (OTE VO TIPOKOYPOULV
oxApaTa pe didaypévo TOTTO.

EikGva 5: AvaoUOvOeon I0GTTAEUPOL TPIYWVOU O€
opBoywvio TTaPaAANASYpappo (4n pEB0SOS)
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AvokoAieg vTrip&av oTNV £TAOY ToL KATGAANAOL TOTTOU, OTNV AVAOUVOEDT TOU
e€oydvou Kol 0TOV LTTOAOYIGHS TTOU ETTPETTE VA Yivel GTav éva OO avaAudTav
pEow SITTAWONG, XWPI§ V& KOTTEN.

Mépav ToOTWY, KATToI01 HOBNTES AT SI0POPETIKEG OpGOES £de1Eav aUyLOT peTOED
TrEPIHETPOL-EPPadOV. EpTrédio yior TIg opéideg ATav ka To 0bvnOeg HIGAKTIKG GUHBS-
Aaito, KaBWS OTIG HEYOAUTEPES TAEEIG TOU ANPOTIKOV O TIPAKTIKESG OPAOTNPIGTNTES HE
oXAHATa VAIKAG pUoews péAov amrouaidouy otny paén. ‘ETol, opiopévor évimbav
TNV avéykn va ¢nrtodyv Godeiax yiax Tn xprjon Tou Pohidiov, T SITAwoN Kal TNV KOTT
TWV OXNUATWV, TTAPOTI EIXE ETTIONPOVOET TTWG PTTOPOVTAY VO EPYROTOVV pE TO OX1-
poTa 6TTwS ABEAQV, XPNOIHOTTOIOVTAG OTToI0 £PYOAE0 aTré Tar SIaB€oIpa OEAQV.

‘Ooov agopd To keipevo Tou MoAvPIov, aTn oulTnon Tov aKoAovONoE SIATLTTR-
BNKOV TX CUPTTEPAOHATO «TTWG PTTOPET KATTOIO PEPOG VX €XEI HEYOADTEP TTEPIPETPO,
OAAG pIKPOTEPO EPPASSY A PIKPOTEPN TTEPIPETPO, OAAG pHEYOADTEPO EPPAOSVY (OOT-
TpIx ©) Ko OTI «av Eva p€Pog eival peyoAUTeEPO, dev €xel ox€on N TePIPETPOS, OAAG
éxel oxéon To epPadovy (abRTpia Z). XN dpaoTtnpidtTnTa «leitoviég Tng Oegcoaho-
vikng», eVOEIKTIKA €ival N ardvTnon Twv HodnT®v ou avédafav va cuykpivouv To
opBoywVIo TTOPOAANAGYPOPHO KOl TO TETPAywvVO: «MeYOAOTEPO ival TO TETPAYWVO
yIoTi £X0oUv {o1 TEPIPETPO KOl HEYOADTEPR ival QUTEG TTOL €ival Kavovikéy. Mapo-
poi®wg, 0T OUYKPIOT KOVOVIKOD TTEVTOYWVOU-IGGTTAEUPOL TPIYADVOU 66ONKE 1 amd-
vtnon: «Eivar kavoviké kal 1I60TTePIHETPIKG peTa&V Tous. MapdAo ouv £xouv Ty 1
TIEPIHETPO, ETTEION TO TTEVTAYWVO €XEI TTEPIOOOTEPES YWVIEG OTIG TO TPIYWVO, LTTO-
B€oape 0TI TO TEVTAYWVO eival HEYOAUTEPO.» ATTO TNV GAAN, vTp&e paBNTHS TTOUL
UTTOAGYI0€ AGO0G TIG TIEPIPETPOUS, EVA Evag HOONTHS eiye apXIK& Tn diGBeon va ep-
yaotel otn Gl, avoAbovTag Ta OXAHATO Kal UTTOAOYICOVTOG e TOTTOUS, KATI TTOU
fiTav 80OKOAO, GOV T OXAPOTA TAV LTTG OPIKPUVOT).

5.2. Avroavayopéc twv pabyray yia ) padnoeirj rove

310 TEAEUTOHO PUANO EPYROIOG LTTHPXAV GPKETEG EPWTIOEIG AVAOTOXOOHOV. X
auTEG Sev aTTAVTNOOV GA0I, EVE KATTOI01 ATTdvThoav Yevik6Aoya. Ot uréAorTror avar-
PEPONKav:

® > T1iG OX£0¢Ig TTePIPETPoL-ePPadOU. EVOEIKTIKG, N HABATPI Y avEpepe wg I6€0 TTOL
GMaEe OT1 «TTAVTA GTTOIX OXIHOTA £XOLV (B1a TTEPIHETPO €X0ULV Kail (610 POy,
eV G VEX TNG IGE0 6T «TO ePPadO pe TNV TTepipeTpo dev £xouvv oxéony. Eriong, o
poONnTAG A €ypope TTwg KATI TTOU TOV eEETTANEE €ivan «OTI PIKPG Kl peYGAa oXi-
paTta £xouv TnV B0 TEPIPETPON.

® ¢ 16€eg i} DiadIKaOieg TTOL CLVEEOVTAN PE TOV TIEIPOPATIONS. EVOEIKTIKG, n poOr-
TpIa | éypape Twg pia 16€ax Tov GAAaEe ATOV OTI «YIX Vo Bpw TN TTePIPETPO TTi-
OTELO TTWG KAVW TIALLPE - TTAELPGY, OAAG «AvaKGALYPa GTI KGvoupe TTAELPG +
TAELP& + TAELPG + TAgLPA...». ETTiTTA€oy, o pabnTrg H €ypoe Twg K&TI TTOU
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£poBE eivar «OTI HTTOP@ v Bpw TTI0 [sic] oxHa €xel TO peYOAOTEPO EPPadSV xwpig
va TOo LTTOAOYIoWY, TToL Oefyvel TNV KUPIGPXIG TOL LTTOAOYIOHOU He TUTTOUG OTIG
HEXPI TOTE ePTTEIPIEG TWV HOONTWV. Opoiws, 0 podNTHS X avEPEPe TTWG KATI TTOU
Tov eEETTANEE eival «8TI LTTAPYOULY TOOEG OIAPOPETIKEG PEBODOI VIO VO HETPAOEIG
010 OXHQ £Vl HEYOADTEPOD.

® Y TIG HENIOOEG KOl OTO OXIHO TWV KEAIWV, WG KATI TTOL Toug eEETTANEE.

® >1n oTéon Toug Yia TN FewpeTtpia. H pobRTpio Z avépepe 0TI Tpiv dev oyarovoe
TN lewpETPIa, EVW e AUTE T HOOAHATO TNG APECE KATTWS TTEPIOTOTEPO, YIOTI TOL
KaTéAafe. Mapopoiws, n podATpIa Y £ypae TTwg KETI TTOL TNV eE€TTANEE ivan 6T
«TrioTELA GTI N YEWPETPIO HTaV SOOKOAN, PTTEPSEVTIKNA KOl AKATAVONTN OAAG Siox-
TOTOOX [sic] HETG TS QUTG TO HOOAPATA OTI €IV TTI0 EOKOAN.

EmmA€ov, ol paBnTEG KARBNKaV va yp&youv KG&TI TTou Toug SuoKGAee. Edw, 6o
pOONTES avEpepav To TTPOPANHA pe TiG KNPRBPES, €vag Tn p€Bodo Tng TAAKSOTPw-
ong kai GAAoi Vo TN péBodo KATaPETPNONG TETPAYWVISIWY, TEGOEPIG Eypapayv TwS
TOoUG SLOKOAEYE va Bpouv To epPadov eiTe TOL eEXYWDVOL EITE TOU TPIYWDVOU, EVK
£VOig avapEPBNKE OTO YEYOVOSG OTI «YTTEpXOULV OXHHOTA pe ion TepipeTpoy. TéAog,
apKeTOl Eypopav TTwg dev Toug SUOKGAEWE KATI 1] dev Eypopav TITTOTA.

5.3. A&wodoynon Twv nyywv kea Tov npoflijparoc and Tove padyréc

270 1610 PUANO epyaoiag o1 HOONTEG PWTHONKAY, ETTIONG, TTOOO TOUS GPECE TO KO-
Béva aTrd Ta KEPEVOL TTOL XPNOIPOTTOIRBNKAV OTO poBrjpoTa. O poBnTES eiyov TN
duvatédtnTa var fabpoloyrioouy kGbe Keipevo pe Eva Babpé otré To 1, TTou oUPBOAICE!
TO Ary6TEPO, HEXPI KOl TO 5, TTOL OUHPBOAICEI TO TTEPICOGTEPO. TO IGTOPIKG ONHEIWH
BaBpoloyrbnke katd péoo 6po pe 3,45 fabpols (SD=0,91, N=22), evdd To Keipevo
Tou lMdémou pe 4,36 Badpolg (SD=0,66, N=22). TéAog, To keipevo Tou MoALPIov,
katd Tn Sidbaokadia Tou otrofov amovoialav 6o pabNTES, Pabpoloyribnke KATG
péoo 6po pe 3,85 fabdpois (SD=1,31, N=20).

Mo va diamoTwOel av LTTAPXE! OTATIOTIKA ONHAVTIKT d10POP& WS TTPOSG TO TT6T0
Gpeoav o1 20 kovol podnTEG Tor Tpia Keipevar, Xpnoipgotroindnke To Friedman test, ou
£6e1&e 611 N Siaopd fTav onuavTiky (x*=6,818, df=2, p=0,033<0,05). MNepaiTépw,
XPNOIHOTIOIOVTOS YIX TI§ OTTAVTAOEIG aLT®V Twv 20 padnTwv To Wilcoxon Signed
Ranks Test pe 816pBwon Bonferroni, Bpébnke 0TI n Siapopd ATOV OTATIOTIKG ONpav-
TIKR} 0TI OUYKPION TOL KeIPEvoL Tou TMETTTou pe To 10TOpPIKS oneiwpa (Z=-2,857,
p=0,004<0,017), oAA& 6x1 0Tn 0UYKpION TOU KeIp€vou Tou Mdmrrou pe auTd Tou IMo-
AOBiov (Z=-1,543, p=0,123) oUTe 0N GUYKPION TOU KeIPévou Tou MoAvPiov pe To
I0TOPIKO onpeiwpa (Z=-0,997, p=0,319).

TéAog, AdapPdvovTag LTTOYI TIG ATTAVTHOEIG CUVOAIKG TV 22 HaBNTWY oL S16G-
XTNKOV TO Kefpevo kai Tov Mé&rmrmrou Kar Tou PifAiou, n diapop& ATav TTEAI OTATIOTIKG
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onpavTik (Z=-3,137, p=0,002). M&GAIoTQ, péAig 600 aTré Toug 22 pHoONTEG GpeTav
TIEPICOBTEPO TO IGTOPIKG ONUEIWHD, EvavTi 15 poBNTWV TTOL GPECAV TTEPICOOTEPO
TO Kefpevo Tou IMaTrTTou, eved TévTe paONTEG dpeoav e&ioov Ta 6V0 Keipeva.

>70 1610 PUANO epyaaiag, ol paONTEG CLVEKPIVAY, £TTIONG, TN SUOKOAIT KO TO €V-
S1a@épov TTov Toug TTPOKGAEDE TO TIPSPANHG pE TIG KNPHOPES, OE OXEON HE TA TTPO-
BAqpaTta Touv cuvrBwg ouvavTolv oTa MoaBnpaTiké. Ed®, o1 11 amé Toug 22
pOONTES eKTiPNOAV 6TI TO TPSPANHG e TIG KNPHOPES ATAV IO E0KOAO, EVG OKT®
amdvrnoav 611 ATav o d0okoAo kal Tpeig OTI efye Tov d10 Babpd SuokoAiag.
QoT1600, 01 21 amé Toug 22 paONTES Pprikav aUTS To TPSPANHA TTIo EVOIaPEpPOY aTrd
TO OLVHON TTPOPAAHATA, EVA Evag HOONTHG aTTGvTNOE 6TI ATOV TO D10 EVOIaPEPOV.

YuykpivovTag To dSnAwpévo Babud duokoAiag Tou TTpoBAfpaTog pe T pEBodo Tov
XPNOIHOTIOMOOV Ol HOBNTES KATG TNV ETTAVOT| TOV, TIPOKVTITEI 6TI ATT6 G00LG EPY&-
OTNKQV HE TNV OTTOKOTTR-ETIIKOAANOT) KaVE(G dev Ekpive To TIPOPANHa wg 1o SVOKOoAO.
AvTiBeTO, TO 3/4 60WV KATAPETPNOAV TETPOYWVIOIa Bedpnoav To TPOPANpa TTIo 6U-
oKoAo. MepaITEPW, AVA-KWIKOTIOIWOVTOS TIG aTravTroelg (1=1r0 d0okoAo, 0=id10g
BaBpds duakoAiag, -1=TT10 E0KOAO), PAIVETAI CAPETTEPR GTI Ol HAONTEG TTOL EPYT-
OTNKQV PE TNV OTTOKOTIH-ETMKOAANON KOI TNV TAGKGOTPWAOT BEDdPNOaV KATG HEOO
6po To TPOPANpa g Mo VKoAo (H€oog Babpds duokoAiag -0,5 kai -0,3 avTioTor o)
o€ OX£0N PE TOUG HOBNTES TTOL EPYGOTNKAV HE TNV KATOPETPNON TETPAYWVISIWV K
TOV LTTOAOYIOPG pe TUTTOLS (0,5 kal 0 avTioTorxa). Eival, etriong, eviagépov 6T
TEVTE HOBNTES TTOL YEVIKG Yoty aduvapieg oTa MaBnpaTiké, agioAdynoav To po-
BAnpa wg o g0KoAo.

311G ouvevTeOEEIG peTG TNV TTapEPBaan, {NTRONKE oTé Toug HABNTES va e&nyrioouy
QUTEG TIG EKTIPHAOEIS TOLG. EVOEIKTIKG, 0 pobnTg T urooTrpI&e:

Atr.: Ta mpofAfpaTa mouv Abvoupe ouvriBws oTo PBiAio eivar o SUoKoAa.
Ep.: Ti eival auTé TToU Tar KAVE 0 SOOKOAX;
Am.: Ege... 6Tav dev kaTodafaivw, auTé pou gaiveTon dUoKoAo.

Etriong, o padnTrig A €kpive To TTPSPBANPa wg 0 DKoM, YIaTT «de XpelaldTav TToA-
AoUg LTTOAOYIOpOUS Kal TETOION Kol 0 paBnTAS I yIoTi «paoTav TepioodTepa TadIG
KOl OUVEPYQRCOPOOTOVY. ZTOV avTITTOO, 0 podnTrig I 1r.X. €kpive To TTPSPANpa TIo 6U-
OKOAO, YIOTT «TAV IO TTOAVTTAOKOY, VG O HOBNTHG =, TToU efYe EPYOIOTEN PE TNV TTAG-
K6oTpwOoT, Bedpnoe To TPSPANpA wg o dVOKOAO, YIOTI «o€ TPOPANUATICE e TO
OXAHOTO, GV XWPAEl, OV OPAVEL KEVE, OV TTPETTEL... AV ETTPETTE VOl BAAEIG KGTI GAAOY.

‘Ocov agopd To evdlapépov yia To TTPSPANUQ, 12 paONnTEG ava@épOnkav pe pnTod
Kol oo TPGTTo 0T UoN, Ti§ pENIOOES, TIG KNPHOPES 1] Kal Toug apyaiovsg ‘EAANveg
KO, YEVIKOTEPQ, O¢ 6,TI amoTeAEl TO TTAQITI0 TOU TTPOPAHATOG. XAPOAKTNPIOTIKESG
efval ol ATTavVTAOEIG:



84  Emoujpes Aywyrs Oepatiké Tevyog 2014

® «MdéBape Kail TTOAG TpdpaTa yio T FewpeTpiar... TOAAOUG TPETTOUS YIa var Bpolpie
To gUPadSV Kal TNV TTEPIUETPO £VOG OXHATOG, OAAG KOl PGBOPE VI TNV TTPOYHO-
TIKOTNTA, YIOTI Gpaye o1 pENIOOES XPNOIPOTIOIOUV GUTS TO OXHOLY (HaBRTPIC 1)

o «Eiyeg mepi€pyela va To... O€IG, gival ge Tr OO KAl... JUGTHPIO €ival GUTS TTOV K-
vouv ol péNIooES, evad To TTpoPAfjpaTa Tou BIBAiov ag TToUHE gival o oTTAG.» (poi-
enTpIc O)

® «M’ Gipeoe pe TO TAPGOEIYHO TTOU TO KGVOpE, HNAdH pe TIG pENICOES KOl TIG KNph-
Bpeg Kol TO Kelpevo Trou €AeYe... AUTO ATOV OOV HIX I0TOPIC: TTOV TTPETTE VA AVOEIG.»
(poBARTPIC M)

ATI6 TNV GAAn, o paBnTAg B ouvédbeae pnTdé 1 duokoAia pe To evdiagépov: « HTave
o S0okoAo, eixe evdiapEépov va To AVoeIgy. YTTpXE, ETTONG, Hid avapop& aTo Ye-
Yovég 6Ti pe auTé TO TPSPANpO £XOUV AaXOANBEl oI HaBNUATIKO! KOl pio avagopd
0TO OTI £T01 pGOIVAVY «TTMG 1 FEWPETPIOr AVOKOADPTNKEY (HaONTAS Z), TPEIG avar-
(POPEG OTO YEYOVOG OTI 1] £pY0Oiat £YIVE KATG OPGOES Kol U0 avoipopég OTI To TTPo-
PAnpa ATav aoLvVABIOTO XOPAKTNPIOTIKA £ival €56 N arGvTnon: «TETOI0 TTPOPANpT
ey dev efya Eavakdver kal yI' auTé pe Gpeaey (HaONTHG X).

6. Zvdnytnon
va Tapovoa €peuva, 1 loTopia Twv MabnuaTik®dv afloroidnke pe ToIkilovg
oTGY0US, TTOL OXeTICoVTal HETAED TOUS, OTTWG OXETICOVTOI KOl HE TNV avamTLEn
Twv IXE Twv padnTodv. EISIKETEPD, 01 I6TOPIKEG TIMYEG amroTéAecaV TNV Ty Haon-
HaTIKGOV TTPOPANpdT@VY Kol Ta TpofAfpaTa amoTedobv To Adyo UTrapéng Twv IXE
(Kuzniak, 2012). ETrA€ov, o1 TrY£G KOl TO I0TOPIKG ONMEIMHO ATTOTEAETOV PHECO Ki-
VNTOTIOMONG KOl N KIVTOTTOMMON OTOTEAE] GNHOVTIKG HEOO YIO TNV £VEPYOTTOMON
TWV HOONTOV 0TNV TTPOOTTE0EIx eTTIALONG TWV TTPOPANUGTWY (Brousseau, 2002). Oa
ptropoloe €6 va LTTOOTNPIXOEN GTI KAl TO TPICH KEIHEVO CUVEBOAQV OTNV KIVITOTTOI-
non Twv padnTadv, ool aglodoynnkav BeTikd. ‘ETol, be Pprike 6w epoappoyr To
eTTIXEipNHa 61 TTOANOT HOBNTEG PTTOPET VO ETINPERTTOVY APVNTIKG, YIaT! dev aryortrovv
Tnv lotopia (Jankvist, 2009, Tzanakis et al., 2000).

Eidiké To Kkeigevo Tou M&mou a&lotroiffnke Kol wg HEOO evepyoTroinong Tpo-
OTTOPYXOLOWV 1810TATWY (Tr.X. TI €ival N TTEPIPETPOS) KOl EPTTAOUTIONOV HE VEES 161-
6TNTEG (Tr.X. TI EiVOI TO KAVOVIKG OXAPATO), Ol OTTOIEG ATAV OTTAPAITNTES YIO TV
avaTrTuén TV TPoowKWY IXE Kai TNV eTrfAvon Tov TTPOPAHATOG pE TIG KNPROPES.
E6W, eTriong, o1 paONTEG eiYaV PICH TTPATN YVWPIHIO PE pIa VEX IBIGTNTA-TTPATOOT VIO
TIG OX£0EIG TIEPIPETPOV-EUPAOOD. AUTH ) TIPGTOOT), SHWS, EKARPONKE OTTS OPIOHEVOUS
OX1 WG K&TI TTPOG TTIKEIEVN S1EpEBVNON, GAAG G BEPain yvadon, YEYoves TTou ptropel
va arodobel 0To 0UvnBeg HIBaKTIKG oLpBBAaio, f&ael ToL OTTOiOL OTTOI0dATTOTE GXO-
AIKG Kefpevo TrepI€xel aANBEIG KAl HOVO YVWOEIS, TTOL OeV HTTOPOUV var Gp@IoBnTnOoUV.
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Eivar miBavod, emriong, vor avTavakAd kan piax evpUTepn avTiAnyn, Béoer Tng otrofag
OTTOIOONTIOTE POBNUATIKA YVAOT) eVl YEVIKG Kail 1oy povIK& oAnBOS Kail, ETTOHEV®S,
€vag pHoOnpaTIKGG Sev propel va kGvel AGBoS.

‘OTTwg ava@EPOnKE, Ol I0TOPIKESG TINYEG ATTOTEAETAV TNV TINYI HOONPOTIKWY TTPOo-
BANpGTwY. AkoAoUBwS, To TTPSPANHA P TIG KNPOPES ATOTEAEDE PEGO YIO TOV E-
TAOLTIOHS Twv TPooWTTIKWV [XE pe véa epyodeian (Npidiagaveg TAEypa), cAAG kal
pe peBGd0ULG TrEIPAPATIOHOU oL TTPOBEAAOLY TO eUPAdEY WG IBIGTNTA KO TTOL EVA
ATav d16ayHéveg aTrd PIKPOTEPES TAEEIS, eiyav AnopovnOei.

EmmAéov, Ta TpofAfjpoTa atrotedody, KaTd Tov Brousseau (2002), péoo vtrépPaong
TWV ETPOAPEVOV QVTIAQPEDY TV PHOONTOV Kl TO Kefpievo Tou MoAvBiov @aiveTa
VO EVIOXUOE TTEPIOTOTEPO QUTHV TNV TTPooTréBeia LTTEpPaons. To Keipevo auTé dev
atroTeAel KAXOIKG KEPEVO QVTITIOPGOETNS YPOHHEVO YIa SISOKTIKOUG OKOTTOUG, OAAG
IOTOPIKA TINYN, HE T OLUVOETOTNTG TNG. QOTG0O, N AVOPOP& 08 ECPAAUEVES OVTIAR-
PEIG OXETIKEG PE TIG EVVOIEG TIEPIMETPOL-EPBAOOV Kail N YVAOT) 6TI TO GPEAHATO QU TS
yivovTav ko o1ré onpavTiké TpéowTra TG loTopiag £dwae 0Toug HOBNTES TO EPEDI-
OpO Kol SnpIovpyNoe Ko £vor KATHO HEYOADTEPNS GIVEDTG VIO VO OKEPTOVV KOl VO EK-
PPACTOUV KOl YI& TOV EAUTS TOUG. AUTG OXETICETON KOI TIGAI HE TOUS TIPOTMTTIKOUG
I'XE, ool o1 avTIAPEIG aipopolv To BewpNTIKG oVOTHHO avaopds Tou MXE.

E6, Spws, Tpétrel va AdapPaveTtar uTTéYn 611 N oMoy} Twv amépewv eivon SO-
OKOAN LTTGBE0N KAl KAVEVQL KEIPEVO OTTO POvo Tou Oev eTrapkel yiax 6Aoug (Tippett,
2010). AuT6 aQopd Ko Tig OXETEI§ TrEPIPETPOL-eHPBadOV, OTIG OTToleg SuokoAebOoVTAl
Kol peyoAUTepol pabnTEg Kar evijAikes (Kellogg, 2010, Woodward & Byrd, 1983) ko
YIO TIG 0TT0ieg €Xel TTAPATNPNOEl OTI 01 EGPOAUEVEG AVTIAPEIG OUXVE ETTAVEPXOVTAI
peté n Sidookahior (Douady & Perrin-Glorian, 1989, Kellogg, 2010, Vighi, 2010).

Mépav TovTwv, eivan evliapépov T SV HaBATPIES AVaPEPONKOY QUOSPUNT OTN
0oT&ON TOUG YIo T TEWPETPIR, oV KO QUTOG HEV TAV O TTPWDTIOTOG OKOTTOG TNG O
péppoons.

‘Ooov apopd TNV a&IoAGYNON TWV IOTOPIKWY KEIPEVWY, Ol HOONTES KAT& PECO Gpo
amdvTnoav 6Tl TOUG GPECAV KAl T TPIO KElpeva, TrepIcodTePO Tou lMdmov, £mreiTa
Tou [MoAvPiov ko, TéNog, Tov PifAiov. H diapopd Tav OTATIOTIKG GNUAVTIKY 0T 0U-
yKpion Tov Kelpévwv Tou Mémrrou kai Tou PifAiov. H eppnveia edw eivar TOAMaTAR:

® H ocipG TV TPIWV KEIHEVWV QVTIKATOTITPICEI TO XPAVO TTOL SIOTEBNKE OTO KOBEVO.
AMG av o TpATTog TTou aloTroIBnKe aUTAS 0 XPAvog Sev TV APEGTOG OTOUG HO-
ONTES, TOTE TEPITTGTEPOG XPOVOG O OHjHAIVE, I0WS, HEYOADTEPN ATTAPETKEICL.

® H peyoA0TePN TPOTIUNOT TWV HoBNTAOV Yo TI§ S00 TNYEG apevég oupPadiler pe
Tnv odnyia Twv Schunk et al. (2010) va xpnoipoTroleiTal VAIKG amré TPpwTETUTTEG
TIYES KOl a@ETEPOL pPTTOpEl va a1rodoBel 0TO 6TI AUTES TTAQICINONKAV HE pHOON-
HOTIKG TTPOPBANPQ, Og avTiBeON Pe TO I0TOPIKG ONMEIWHA.
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® EiSIk& yiax To Keifpevo Tou METrTou akoAouBrBNKe N TTPAKTIKY TNG HEYOASPWVNS
avEYVWOoNG o6 TOV EKTTAISEVTIKG, TTOL TOAVOTATA SIEVKGAUVE TNV KATAVONOT)
KQl TTPOOEBWOE OTO KEPEVO (WVTAVIA KOI TIAPAOTATIKOTNTA, ALEGVOVTOG £TOI TO
evdiagpépov (Ariail & Albright, 2006, Ivey & Broaddus, 2001, Schraw et al., 1995).

® Kupiwg paiveTar 0TI eTnpéacav Ta XOPAKTNPIOTIK& TOu KeIgévou Tou lMémrmou
KOl TO BEPQ TOL: 1] KOIVWVIO TWV PHEAITOWV KOl 1) KAVOVIKOTN T 0T oo ivar n-
TAHOTA TTOL &TTG TNV GPXAGTNTA €OV TTPOTEAKUOEI TO EVOIOPEPOV PIAOOSPWV
KOl HOONHATIKAV Kol ATav Kol eupuTePa YVwoTd (Cuomo, 2000). Mropei, Aoitréy,
VO UTTOOTNPIXTEN GTI EVTAOOOVTAI KOl QUTA Ta {NTHHOTO OE EKEVO TOX OEPATA TTOL
oxeTiCovTai pe Tr OON KOl TTOL LTTOOTNPICETAI GTI CUXVE TTPOKAAODY TO EVOIOPE-
pov (Bergin, 1999). AA\wOTE, 6TIWG AVAPEPONKE: «eivail Pe Tr QUOT) Kal... HUOTHPIO
ival auTo oL KAVOULV o1 HEAIOGES) (HaOATPIa O). TevIKTEPX, TIPOKEITAI YIOf IO
AoyoTexvikr] elocaywyn o€ BifBAio, Yypoppévn eExpXAs He OTGXO VO TIPOKOAEDE! TO V-
Siapépov. EEGANOL, TO ATTEOTTOOHA TTOL ETTIAEXTNKE DEV TTEPIEXEI OVOHOTO KOl XPO-
voAoyfeg oUTe apIBHoUS, og avTiBeon pe Ta GAAa U0 Keipevar.

Ava@opiké pe To faBu6 SuokoAiag Tou TPOPARPATOS pE TIG KNPHOPES O OXEoN HE
To oLVHON TTPOPARPATO, OI KPIOEIG TWV HOBNTWOV ATV HOIPAOHEVES: EAAPPWS TTE-
pIoc6TEPOI ATAV G001 €KPIVOV TO TIPOPBANPA TTI0 EVKOAO. XTI SIGPOPETIKES KPIoEIg
ETNPEQTE, KATOPXAS, N PEB0SOG pe TNV oTroiar pYGOTNKE 0 KABe padNTrS. ETrirAfoy,
@aiveTal OTI OI HOONTEG TTOL YEVIKG LOTEPOVOAY 0T MoBNHATIKG EKpIvav TO TTPO-
BAnpa wg o eVKoAo AapBdvovTag LTI TNV OHAOIKN EPYATTT, TNV ATTOLCIC! UTTO-
AOYIOP®V Kail TNV OTTapn oXNPGTWV KOPPEVWY OE XAPTOVI KOl VTIOTOIXWV DAIKGDV.
‘ETo1, efYav Kal auTol K&TI v OUVEIOPEPOLV. EVOEIKTIKG eival, GAAwaTE, 6TI 0TV
Op&da TToL ePYGOTNKE He TOTTOUG N MO SUOKOAN avacUVOeaT Tou e€ary@vou £yive
oTTé HoONTH OV YeVIKG LOTEPOVOE oTa MabnpaTikd. Emiong, n 6épnon Tou po-
BAApaTOS HECW TWV EPWTAOEWY TOU CLVOSELTIKOU PUANOL epyaaiag eival TOAvVE
VO OUVETEAEDE WMOTE VO TO a&I0AOYHO0LY WG TTI0 EUKOAO 6001 OKPIBWS SuoKOAEDOVTAI
V& 0pYOV@OTOoLY TNV £TTIAVOT TTPOBANHETWV.

ATT6 TNV AN, o1 21 amrd Toug 22 HaBNTEG EKPIVaY TO TTPOPBANHA WG TTIO EVOIOPEPOV
o€ oxéon pe Ta ouvrOn TPOPAJHATA. AV QUTS OUVOLACTE PE TIG XTTAVTAOEIS YIO TO
BoBpé duokoAiag, Ba propolioe va BewpnBei wg EVOEIEN IKAVOTIOINTIKIS 1I00PPOTTIOG
QVEHETO OTIG OTTAITHOEIG TOL TIPOPAHOTOS KOl OTO €TTITTESO TOL KABE podNTH. X€
QUTHV TNV 100pPOTTict GUVEBOAE, GTTWG AVOPEPONKE, KOI O TIPOKTIKOG XAXPOKTHPAS TNS
SpaotnpidTnTOS. Tar emIyeEIpAPAT, EEGAAOL, TV HOBNTWV SeiYvoLV GTI TIYES eVOIa-
PEpovTog ATV 1 opadIK EPYOOinl, 0 ACLVIBIOTOG XOPOKTHPAS TOL TTPOPARHATOS KO,
TPWTIOTWS, TO TTAGIG10 TOL TTPOBARHOTOS. MPSKEITAI VI TTAPGYOVTES TTOU OVOIPEPOV-
Tou kon ot BifAioypagiar (Bergin, 1999, Mitchell, 1993, Schunk et al., 2010) kai Tov
ptropel va etnpéacav dueca Kat Eppeca. H opadikn epyaoia .. @aiveTon oo Tig
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QATTOVTHOEIG TWV HOONTWOV OTI £TTNPENCE KON EPHETD, DIEVKOAVUVOVTOG TNV EPYQTIT KOl
TopepPaivovTog €Tl 0T ox€on Babpds TPOKANoNG - Triredo podnT@v. ‘Ocov apopd
TO TAGG10 TOL TIPOPARHATOS, AUTS efe KABOPIOTEN TG TO Kefpevo Tou MGTrmTou Kal
PaivVETOI GTI 0 OUVOLACHGS KEIPEVOL KOl TIPOPARHOTOG CUVEDEDE TN YVOT HE TO EP-
THHATX TTOL TN Yoo Kal £6wae vonpa oTn dpaoTnpidTnTaL.

Znuetwon

1. To 9° BifAio Tawv loTopidhv GWOLETON OE ATTOOTIAOPOT KAl 1) GEIPG TOUG Sev eivar amroAbTwg BERoin.
Y& GG eKOOOEIG 1) HETOPPATEIS, TO ATTOOTTOHOHA QUTS eVTAoOETAl 0TO 9.21. XNV £€kdoOT) TOL
Biittner-Wobst evréooeTal 0To 9.26a kai avT6 amodéxTnke kai o Walbank (1967).
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IMoapaptnpo: Meraypdoeic Ioropikev nyywv nov
xpnowponoujfyrav oty sidaokalia

MANMNOZ O AAESANAPINOE: «Zuvaywyii» fj «Madnparxi ZuAAoyr»
BifAio E’': NpdAoyog yia Tn gogia Twy peAloowy @y

Tnv xakirepn kot tedeidrepn Katavonon e aopiag xa tov Malnpanixay
myv ddwoe 0 Bedg atoug avilpdaong, @i dva pxpd pepido and avrd to
Rapaypnoe, exiong, ot Kinowa and ta pn koywad foe. Erovg aviipirous, Aoudv,
ROV Eiven Loyikd Ovea, Rapaxdhpnos TV IKavomTa v Kavouy ta xdvea pe Paon m oy ke my
anddeiZn. Lra vroioma Jin, Opwms, dbhproe my ikaviTre va aroxtd 1o keliva - dp pe ) Loy,
ahhd pe KATOLE PUOIKT) APOVONTIKOTITA - pove doa eival gpiopa km opElipa yia ) o).

Avtd propel xdnowog va 1o mapampiost dn ioyber ote mEpocdtEpa Eidn Coov,
REPIOTOTEPO, Opg, OTIG PEMOOES. AOTL 1) TSN Kal 1) VRAKOI TOVS OF QUTES ROV Kufiepvoiv TV
KowGmT: Tovg civen ApaypaTG aZodabpastes, AW axoun mo agobubpacty cives N eroTpia
toug, N xabapidtra ot GuyKoH oV pEAlob, N ApovonTIKGMTA KAt N
gpovrida toug v ™ Swripnod tov. TMibavig exedn o1 Oeoi Exouv
epmotevlel oe avtés to Epyo ™S petapopds oTovs mo Kalepynpévoug
A aviipinoug kaxoww pepdiov and my apfiposia, ée fedpnoav cwatd va to
.’ ’: oxopaoby avtd doxona ato &dapog 1| oe Eiko N oe éva dhdo dpopgo kal
Aﬁ( \‘"’(‘ aKavévioto LA, AALd, auidiyovias Ta opopeOTEPa and Ta o yhukd dvin

ROV PUIPdVOLY 61N N, Kataokevdlovy and avtd, yua v torobéman Tov
pehiov, ayyeia, T oxofa ovopdloviar knpidpes, dha ioa petald tovs, dpow, dixka to éva oto
@o xm eSayuvixd ©g TpOg To aype

Kat 1o 6m1 1a £govv ayedidon avti picw xarows YEORETPIIS ApovontixdmTag propoipe
va 1o ketakdafoups pe avrdv tov tpdmo: Dewmpodoay avaykaio ta apijpata va gival TEToW, IOV Vi
Ppioxovia evighayg dixha 1o éva 010 @Ao xat va Egovv Tig TALUPES TOVG KOWES, Mote xapin v
ovoia va v awcéile ota Kevi avipest Toug Kat pokiver To Epyo tovg. Tpia evliypappe oyfpata
B propodoay va ikavoroticouy autiy my apobirddeon. Kam ewod kavovika oyijpara, wonkevpa
K 1eoyimvia, ion ta avipoe apipata de Oa kavorowioay nig péliooes. Aowmdy, ta 1odrhevpa
tpiyova, ta tetpdyova kal ta eShyova propoiv, 6tav sivn dirka to éva 610 dAdo, va £ouv TG
mhevpés Toug xowis. Epdoov urdpyouy Lowdv tpia oypfjpata mov sivar ard pdva tovg ikavi va
yeEpioouy TEREInG TO JHpo Yipe arxd 1o B0 onpsio - to Tpiywvo, 1o TEIphyOvo Km 1o EEdywvo - o1
pihgoes, pe ™ cogin tovg, exiisfav Ma avtd xow mpoetopdlovy To oyfjpa ROV ExE1 TG
REPIOGOTEPES YOViES, SiOT avridfpinxay 611 autd yopie reprocotepo péi and o Kubéva and ta
urdAowLE.

O pédoass, howmdy, Yvepilovy pévo autd xov sivar ypiowo oe autés. Anhadi, on to
£Eaywvo sivan peyaAiTEPO ard TO TETPEYWVO Kai TO TPIYLVO Kl PROPEL va FWPECEL REPIGOOTEPO
pik, pe My b Samdv viwdav ya T xetackevi] xalevas. Epeis, wotéoo, wupilopevor 6n
KT OUpE HEYaAITEPO REPiBIO Gogiag amd T pEMOaES, B epeviooupe Kim eupiTEpo. Ankadi,
Ot and Oha ta worktvpa Kai woydva erineda oyfpara xov Exovv ion REPIRETPO, peyakitepo
&iven AGVTOTE QUTO OV X1 TO PETAADTEPO apipd yuvidv,

-
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NOAYBIOY IZTOPIEZ

O mepioodrepol  GvBpwrol  umohoyifouv  Ta  peyEBn  Twv
Tpoava@epopevwy [BnAadr), Twyv TOAEWvV Kal Twv oTpatomedwy] povo
anod mv mepiperpo. ‘Erol, drav kdmoiog el 61 n MOAN 1N MeyaAdmoAng
£xel mepipépeia 50 otadiwvt, eviv n Zmdprn 48, aAAd n Imdprn €xel
SimAdoio péyeBog amd tn MeyaAdToAn, o iIoxupIop6s gaiveral ot autols
amioteutog. Kai av kdmoiog, Bédoviag va au€ioe Tnv amopia, éAeye om
givan duvarév wia mOAn 1 éva oTpatomedo, evid Exel mepipépeia 40
oradiwv, va cival dimAdoia amd pia ou éxel mepiperpo 100, 16T autds o
IoXUpIopog Ba Toug Genve evieAws ExTAnkToug. O Adyog yia auto eivai 6T
&¢ BupoupaoTe Ta padfiuara MNewperpiag Tou eixape Sidaytel oTa maidika
pag xpowvia. Odnyrienka va piAfow yia autd, yiari dev eivar pdvo amhoi
avBpwmol, ahAd kal kdmoiol amd Toug MOAITIKOUG Kai Toug SioiknTég Tou
oTpartou Tou éxouv PTEPSEUTE pEpIKEC PopEC, amopuwvTag av eival duvard
n ZmapTn va eival peyaAuTtepn amd Tn MeyaAdmoAn kal pdAioTa Kata ToAu,
VW) EXEl PIKPOTEPN TEPIPEPEIQ” KaI GAAEg opéc TrpooTraBuvrag va
uttoAoyigouv Tov apiBud Twv avdpwv, eetalovrag pévo 1o pIiKeg TG
TEPIPEPEIAG EVOS OTPaToTTESOU.

*Ivad10: Apxaia Hovada PETPNONG PAKOUG.
1 oradio icouTal Pe TEpiTou 185 .




H IXTOPIA TQN AOTAPIOMQN KAI OI
ITATIAATQITKEX THX AIAXTAXELY

Eudyyehog N. Mavayiwitou
2XO0AKOG 2UpBouArog Mabnuatikwy
Mepipepetakn Aieubuvon Exnaideuons 2tepeds EMAdag

Abstract

or more than three centuries, students encountered logarithms initially as a com-
Fputational tool. Today, electronic calculation has obviated the need to teach com-
putation with logarithms, and the first encounter with logarithms is often a rather
abstract treatment of natural logarithms. This introduction seems out of the blue, with
little connection to what the students have learned before. Here, we examine the his-
torical development of logarithms, the remarkable individuals involved and their sur-
prising discoveries, and we will suggest a possible implementation of this development
to teaching. The proposed teaching sequence has been successfully undertaken twice
with 16-17 year-old high school students (11th grade). With this approach logarithms
seem less mysterious, more human, more understandable, and today’s students find
more “natural” the so-called natural logarithms.

Key words

Arithmetic and geometric progressions, history of mathematics, hyperbola, logarithm.

IMTepiAnypn

10 IEPLOOGTEPO QIS TPELS AVES, Ol PabNTEG yvdptoay Toug Aoyapibpovg wg €va
FUHOAoyl(mKé epyaleio. Xijpepa, ta nlektpovikd péoa €xouv e§adelpet TV avayky
TOV LIOAOYIOPGY pe AoyapiBpouvg Kat €10t 1) mPp@Tr) CLVAVTN oY) TV PabTtdv pe v
évvora autr yivetat pe pa pdAov agnpnpévy napovoiaon) tov Guotkey doyapiopmy.
H ewoayoyr] avty gaivetar ovpovoratéBaty yratl €xel eAdyioty oyéor pe 6,1t Eyouv
1161 padet o1 pabnrés. Paiverat Aoyiké va Si6aEovpe Tovg Aoyapibpouvg Statpéyoviag
ta Paokd onpefa g 0topIkIg TOLg avdmtugng. Xty mapotoa epyacio Ha
egetdoovpe v wtopia twv AdoyapiBpwy, ta aiddoya npdoonna nov epniékoviat,
KaBKG KAt Tig EVIVIIMOLAKES TOVG avakaAvpels, kat Ba mapovoldoovpe €va mpéypappa
aglonoinong avtig mg otopiag oty SiSaokadio. Avtq 1 Sibaktiky] akodovbia €xet
epappootel §6o popés ot B8 Avkelov pe anotéleopa ot doydpidpot va gaivoviat



Emotjpes Ayoyijs Oepotiks Tevyog 2014 93

Ay6tepo  puotpuddets, mo avOpomvol, mo katavontol kKot ot padntég va
avttlapfdvoviatl mpaypatt g «puolkovg» Toug GLOLKoUg AoyapiBpoug.

Aééeic kderdra
ApIBUNTIKI KOl YEWUETPIKN TTPO060G, 10TOPIO TWV HaONUATIKWV, UTTEPPOAL, AoydpIO-
HOG.

0. Ewoaywyn

APXIKH AITix YIx TNV S1daokoAiar Twv AoyopiBpwy ATav 1) XpnoIHOTNTE TOUG GTNV
Hypr']yopq Kol E0KOAN eKTEAEOT) TTOADTTAOK®WYV OIPIONTIKGY LTTOAOYIOHWY. H arTicx
auTh dev LTTGPXEl OAPEPT, APOV O1 HIKPODTTOAOYIOTEG TOETING KOl Ol UTTOAOYIOTEG
€xouv amhotroifoel To TPSPANpa Twv TPGEewv pe peydAoug apibpovs. H mparypo-
TIKOTNTA ETTEPOAE I AVOBEDPNOT) TWV OTEXWV KOl TOL TTEPIEXOHEVOL TNG SiSaoka-
Aiag TG evéTnTOS Twv AoyopiBpwy.

Ta didokTiké PipAia apyiCovv TV elooywyr] TOV AOYOPIOHWY e TOV OPICHS TTOU
666nke o6 Tov Euler (1707-1783) To 1770, oto Sidonpo PifAio Touv Complete Intro-
duction to Algebra: O AoydpiBLog evag BeTikoU apiBuou we mpog dedouévn fdon, Tou
vTToTIOETOI BETIKT), EIVOI O EKOETNG OTOV OTTOIO TTPETTEI V& LPWOEL 1) BAon yIa va TTpo-
KUWer 0 apiBucG (Euler, 1984: 63-64). ‘ETol, av x> 0, 0 AoydipiBHog Tou x pe Bdon o,
a > 0 kot a # 1, cupPoAiCeTan pe log X, Kal €ival EKEVOG O TTPAYHATIKGS OPIBHGS Y
Yyl Tov 01100 €ival o = X. XTI OLVEXEIX GHWS SiveTan peyaAbTepo Bépog oTn ov-
VAPTNOIOK HOPPI TNG €vvolag Tou AoyapiBpov: H ekOeTikrj ouvdptnon f: R = R,
pe fix) = o (a > 0) eivan 1 - 1, omrdTe opiGeTai n avtioTpopn cuvéptnon . H " Aé-
yetar AoyapiBuikri ouvaptnon pe féon o kar ouvpPoAileTon pe log X .

“ETO1, TO LTTOAOYIOTIKG HEPOS TNG BEWPIOG TWV AOYXPIBHWVY TTEPOOE OTO TTEPIBWPIO.
O1 AoyopIBHIKOl THVOKES, TTOL VIO OIWVES TOY TO £PYaAEio YIa KGBe cofapd uTToAo-
YIOHG, evTGYOnKav oTa aloTrepiepya KOl GrXPNOTA IO OVTIKEIMEVA. XTO TTPOOKIVIO
TEPAOE 1) CLVOPTNOIAKT HopP TNG €vvoiag. ‘Opws o padnTAS | 0 oTToLdAOTHS dev
ovTIAGHPBGVETOI IO TT010 AGYO QVOTTITOOOETOI 1) OXETIKI) BEWPI HETO OE HI TTOPOU-
oioon pe TTOAAEG DIBAKTIKEG aUBAIPEDIES, OTTWG Eival YO TTAPEOEIYHO, TO TIWS POG-
OOE OTOV OPIOHO TOL AOYOIPIBHOU, 1 EI0OYWYH KAl GUVOEDT TOU OPIBHOV € pE TOUg
AoyoapiBpoug kai n amodox POOIKOV ATTOTEAETUATWVY Xwpig oTEOeI€N.

AuTA 1 SIATTIOTWOTN VTTOVOPEVEI TNV TIPOYHOTIKI] KATAVONaT ToL TTPOPARPaTOS.
“Evag TPOTTOG YO VO KATAVOR G0V O HoONTEG TO TIPSPBANHG Kal vor pnv uTroaBpicouv
TIG ETMITUXEG TOL TTAPEAOGVTOG ival va akoAovBrioouvpe TNV 1I0TopIKN eEENIEN TNG €v-
VOIQG.
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1. H wotopwky Swadpopur péxpr tnv dnpovpyio tov
AdoyoapiOpov
OI TPWTOI GVOPWTTOI KPATOUGOV OPIBUNTIKG OTOIXEIG KAVOVTOG XOPAKIEG TTAVW
og E0Aa 1 kOkoAa (T1.X. Struik, 1987). KGBe XOXpOKI& QvTITIPOOMTTEVE Hick HOVAOOL.
Xxedov 6Aa Ta CLUHPOAIKG CLOTAPATA TTOL AVETTTLEAV O TTPWTOI TTONITIGHO! TTPO-
€kupav atré auTd TO ATTAOIKG OVOTNHA ATTAPIBHNONS OTO OTTOI0 TTPGOBETAV KATTOI
oUBoAa yIO var TTapIoTévouv PeYGAoUg aplBpols S16TI ) eTTavaAnypn evég oupBéAou
YIO TV QvaTTapAEOTOOT) £VEG HEYGAOL OipIBpOU KOTOAXHBGVE TTOAD XWPO Kol 0 apiB-
pOs dev ptropel vor SiafaoTel eGKOAG Aol TIPETTEl VO ATTOPIOTE! KAVEIG GAES TIG
XapakI€g. Ta didipopa ouvpPoAiké cuoTHpaTa dev eiyav SAa Tov 610 BaBpd atoTe-
AeopaTIKOTNTAG. MeTAED Twv apxaiwv TTOMTIOHWOY 01 P6vol TTou avETTTuEav oU-
OTNHO Gpolo pe To SIKG pog dekadik6 ovaTnpa fTav o BafuAdviol. H e€éTaon 6Awv
TWV OVOTNPATWV ATTOKOAVTITEI 6TI TK CUOTAPOTA AUTA HTAV IBIAITEPO SoXPNOTO
oTnv ekTéAeon GAwv Twv Bacikdv aAyopiBpwY, EKTEG aTrd aVTOUS TNG TTPEoBEaNS
Kan apaipeong (1r.x., Resnikoff & Wells 1984, Van der Waerden 1961).

H amAoTroinon mou emépepe TO 1vH0-apaPIké cUOTNHA GTOV AOYIOHS £TTAPKOVOE
OTIG OLVAOEIG KOONUEPIVES TTEPIOTAOEIG, OXI OHWS KO YIX TIG AVAYKES TWV OI0TPOVO-
HIKQOV UTTOAOYIOH®V. AVEYKESG OI OTIOIEG PE TNV TTGPOdO TOou XPGvou avédvovTav
KOBWG Ol ATTAITHCEIG ATT6 TNV GOTPOVOHIA YIO GAO KOl TTEPIOTOTEPO AKPIBEOTEPES
TPOPAEYPEIG EKavav TOLG LTTOAOYITHOUS GKGHN 0 SVOKOAOLS Kai XpovoBEpous.
‘Emrpetre va Ppedei péBodog ov Ba ouvTSpELE Kol B ATTAOTTOI000E TIG IO TTOAU-
TIAOKeG TTPAEEIG, TOUAGKIOTOV QUTEG TOL TTOAAXTTAOCIGOHOU Kol TNG dIaipeong pe To-
Avyripioug apiBpoUs.

Y10 TéA0g TOL 16 cuVa, n SuoKoAia TTOL TLUVAVTOUCE GAOG O KGOHOG OTOV TTOA-
AGTTAQOI0OPS pEYGAWY OPIBP®Y 08QYNOE apXIK& OTNV ETTIVONOT HNXOVIKWV TPOTTWV
yia v ektéAeor] Tov. O1 o dnpo@IAeig ard Tig peBES0LG TToL £TTIVONBNKOVY I TNV
ekTENEDT pEYGAWY TTOMATTAGCIOOH®V gival ) HEBOSOG Tou SIKTLWTOU Kail N HEBOSOG
TWVv p&Bdwv Tou Napier (1r.x., Eves 1983, MNavoryidTov 2004). Me TOUG HNXavIKOUG
auTOUG TPGTTOUG LTTOAOYIOHOU, 1 HEVN TTPGEN TToL €ie VO KGVEl TEAIKG O LTTOAOYI-
0TS ATAV N TTPA0oEeaT. TNV I6£a AvaywYr§ TOL TTOAAXTTAGCIOOHOU O TTPOoHEDN
OPEeTOI KO 1) TEXVIKI TNG TTPOoBaQaipeonG, n otroiat alorolel Toug TOTTOVS TNG
TPIYWVOHETPIOG TTOL EKPPELOLY TO YIVOHEVO TPIYWVOHETPIKWY CUVAPTHOEWY GOV
abpoiopaTta ko diapopég (idem).

‘Opws, YeVIKG, 01 SuVATATNTEG QUTWY TWV HEBGEWV TAV TTEPIOPIOPEVES. To peydio
Bipa yia TRV emvénon Tng £vvoliag Tou AoYGpIOHOL €YIVE PE TOV OUOXETIOHS TwV
OpWV HIOG YEWHETPIKAG KAl HIOS apIOUNTIKISG TTpodSou.
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1.1. Merarpénovrac tov noManlagiepd oe npéobeon avyxpivovrag
ap1OUYTIKES e YEWUPETPIKES MPOGOOVS
H xpnoipéTnTa TG 0UYKPIONS TwV aKoAOUBIY TV Gpwv d00 TTPoBdwV, pIag api-
MNTIKAS Kol GAANG YEWHETPIKIG, €ie eTTaveEIANppéva TpaPréel Tnv TTpogoxn Twv po-
Onpatikwy (Smith 1915). Ag Bewprioovpie TiG eTTEpEVES SUO TTPOGOOLS:

o1 2 3 4 5 6 7, 8 9 10, 11, 12 ...
1, 2, 4, 8, 16, 32, 64, 128, 256, 512, 1024, 2048, 4096 ..........

MTropoblpe va TTapaTnprjooupe GTi TO YIVOpEVO 600 OpwV TNG YEWHETPIKAS (TT.X.
32 x 128 = 4096) PpiokeTal QKPIBWOS KEATW KIS TO GOPOICHN TWV AVTICTOIXWV GPWV
NG apIOUNTIKAS (5 + 7 = 12). AnAadr 0 TTOAATTAACIGOHES AVEYETOI OLCICOTIKG OF
TpS6aBeor. Ebkoda SiammoTwvoupe emiong 6Ti n Siaipean avayeTal 08 aPaipean
(4096 : 128 = 32 <> 12 — 7 = 5), n OPpwon o€ dVVOpN oe ATTAG TTOMATTAXCIAGHS HE
Tov ekBETN (16° = 4096 <> 4 x 3 = 12) ka1 0 UTTOAOYIOPGS piag oe oA diaipeon pe
Tov OeikTn (W=8 <> 12:4 = 3).

TNV TAPATIAVW AVTIOTOIXIO, O 6POI TNG YEWHETPIKAS TTPoddou eiva:
20’ 21’ 22/ 23/ 24/ 25’ 26/ 27’ 28/ 29/ 210/ 211/ 212’

Kal o1 6pol TNG apIBUNTIKIS TTPoSdoL eival akpIfwS o1 KBETEG Twv avTIoTolXwV du-
VAHE®WV TOU 2 TTOL SiVOUV TOUG BPOUG TNG YEWHETPIKAG TTPpoddov. ETropévmg ol po-
NYOUHEVESG avVOYWYES eKPPGlovTal e TIG BAoIKES 1016TNTEG Towv Suvdipewv. Tov 16°
AIDOVA GHWG Sev LTIPXE KATTOI0G KOIVE ATTOSEKTOG OUPPBOAIOHES YIO TIG SUVAHEIS KOl
eivon TPAypoT Eva o T TTAPGE0Ea TWwV HOBNUOTIKWVY TO YEYOVOS GTi 01 AOYGpIBpOI
avaKOAOPONKav TTPIV KaBIEpwOOUV o1 SUVAEIS. ZApEPQ, Eival Pavepd 6TI 01 Gpol TNG
apIBpNTIKAS TTPoS6SoL eivail 01 AOYGPIBHOI TWV OVTIOTOIXWY GPWV TNG YEWHETPIKAG HE
[&on To 2 ko ypéipoupe: log,1 = 0, log,2 = 1, log,64 = 6, log,256 = §, .... O 6pog
«AoyGp1Opog» opeideTon aTov Napier kai onpaivel akpiBag: 0 apIBPGS oV PETPAE
ToUuG AGyous. Mp&yparTi, oTNV TTAPATTGVW AVTIOTOIXI O ApIBUGS 6 TTOL OVTIOTOIXES
0TO 64 deiyvel «TTéoo1 AGyon XpeiGilovTal 0T ouvex avahoyia

2_4_8_16_%2 _64_
1 2 4 8 16 32
yia va @Téooupe aTov 6po 64 (Tnv emoxr Tou Napier, n yewpeTpikf Tpéodog opi-
CovTav oav pia akoAouBia apIBpwy TTou BpiokovTal og ouVEXT) avaAoyid).

Me v Trapatréve avTtioToixion €xer AvBel To TPOPANpa Twv TPGEewv HOvo yix
OpIOPEVOUS TTIPOVOHIOUXOUS OPIBHOUS, TOUG GKEPAIOUS Trov eival SuVEEIG Tou 2. Be-
Baiwg, Ba prTopovoape va aUEAOOVHE TIG BUVATETNTEG HOG OV AVTIKOOIGTOVCOHE TN
YEWHETPIKN PGSO PE TOUG AKEPQIOLG TToUL eival SUVGPEIS Tov 3, Suvapelg Tou 4,
KATT. X& KGO TTePITTWOT), TO YEVIKG OXHQ ivat:
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o 1 2 3 4 5 6 7 ..
T A N2 N A NN N

InHeIdOTE OTI €ival OLOIOOTIKG TO 1 TNG YEWHETPIKAG TTPOGOOL V& AVTIOTOIXEI OTO
0 TNnS apIBUNTIKAG.

‘Opws, aképn Kai av efyope piot Grreipn AIoTa YEWHETPIKWY TTPo6Swv, Bar pIropou-
oape va TToAamAaaidioovpe 800 apiBpoUg HOVO GTNV TTEPITITWOT TToU Kai 01 V0 Q-
KOLV OTNV DI YEWHETPIKA TTPG060. ATIS TNV €6 TOPO SITTPOYHATELOT TOL BEPATOS
TPOKUTITEI 6TI piat AVoT ToL TTPOPARPATOS OTA TTAXICION TwV TIPSOV Ba €iXe Tpa-
KTIKN) aio av N YEWHETPIKA TTPG060G TV GPKETG «TTUKVY, (OOTE OVAHETO OTOUS
6poug TNg va PTropoulv var BpeBolv GAol 1] oxeddv 6ol o1 apiBpoi. O XkwToélog J.
Napier ATav 0 TTPWOTOG TTOL KATAOKEVOIOE KOl SNHOOTEVOE pIC TETOIO! TTUKVI] TIPG0060.

1.2. 01 doyapiOpuor tov John Napier: Mia «nvkvij» npéodog

O John Napier (1550-1617) 8éAnoe va avTIHETWTTIOE! TNV SUOKOAIX TOL TTOAOTTAG-
o100p0U Kal TG diaipeons NuITéVwy. Towg yI' auTé To AGYo TTePIGPITE ApXIKGE TOLG
AoyopiBpoug pévo o AoyapiBpoug Twv NHITGVOV Yovidv. MNa va atroguyel oe Tig du-
OKOA(EG e Ta KAGOPATO Bedpnoe wg ave§apTnTn HETAPBANTH TNV X = 107 nue, dedo-
pEvou OTI 0 KOAUTEPOG TriVOKOG NUITEVWV TToL eixe oTn di1GBeor] Tou €dive Toug
ApIOHOUG pe eTTTG dekadIKG Prpia. H ywvia ¢ kupaiveTar atré 0° éwg 90° kai diveTan
o0& AeTITG Aol Ta Gpyova TnG eTToxS dev emETpeTav peyodoTepn akpiPeia. Eeidn
107 nu90° = 107 kot 107 nu1” = 2909, ovptrepaivovpe OTI Ta «npiTovoy Tov Napier
ATav aképaiol peTagd Tov 2909 kan 10.000.000.

O Napier épxioe pe TI§ Tpoddoug Tou Trivaka 1. H yewpeTpiki Tpdodog €xel TpadTO
6po oy = 107 kat AéGyo A = 1 =107 = 0, 9999999. H emAoyr} Aéyov oAU kovTd oTO 1
ATav pia EEuTTvn 16€ar SIGTI €katve TV TTPGodo TTOAD “TTukv” Kou eTT{ TTAEOV, 1) GUYKE-
KpIpévn TAOYI, ETTETPETTE TOV EDKOAO LTTOAOYIOHS TV SpwV TN TTPoddov. MpdypaT

o

v

Op1 =y A=ay (1-10") =y - ———+———
10.000.000

OnAadr kGBe GPOG TTPOEKVTITE QTG TOV TTPONYOUHEVS TOU OIPAIPOVTAG TO €V OEKG-
KIG EKATOHHLPIOOTO Tov. ‘ETOl,

o = 107 = 10 000 000.0000000
oy = 0g—0dg 107 =10"-1 = 9 999 999.000 000 O
0y = 0y —aq 107 =9999 999 — 0.999 999 9 = 9 999 998.000 000 1

YuvexiCovtog €101 Bprike 6Tl 0 EKATOOTEG OPOG TNG YEWHETPIKAS TTPoddou eivail o
9 999 900.000 495 0.
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Mivakag 1: Or apxikég mpdéodol Tou Napier

AL
B,=Nloga| 0 1 2 3 v
] 2 3 v
ri |10 10’(1——,) 1071--1-) | 107(1--L 107(1-
() 1D 10 167/ |, 10
I I I
9999999,0000000 | 9999998,0000001| 9999997,0000003

Av o Napier ouvéxi(e pe auTOv Tov TPpOTTO, Bax YXpelaldTav va utrodoyioer 81.425.000
Opoug, TTEPITIO, YIX VA PT&OEl 0TOV 2909. XTN GUVEXEIN ETTPETTE VO UTTOAOYIOEI TOUG
AoyapiBpous GAWV TWV «NHITGVWVY TTOL VTIPXAV AVAPECK TOUS. AUTS OfjHaIVE OTI
efe va eKTEAETEI Eva CUVTPITITIKG GYKO LTTOAOYIOHAWV. ‘Opwg 1 evuia Tou Napier
Tov 0dfjynoe va vtroloyioel TeAIkG pévo 1600 Baoiké onpeia avopopds avTi yio
81.425.000!! (11.X., Ayoub 1993, Edwards 1979, Panagiotou 2011). X10 em6pevo Brjpa
£TTpeTTe VO LTTOAOYIOEI TOUG AOYOPIBHOLS AV TWV TWV APIOHAY. AUTS Ba pTTopoloE
Vot yivel 0XeTIKG e0KOAQ pe Tr péBodo TG YpappIKAG TrapepBoArs. QoTéoo, o Napier
efXe emfyvoorn (TOLAGXIOTOV SIOONTIKG) TG HN YPOHHIKGTNTAS TNG AOYOPIOHIKAS
oLVEPTNONG KaI Y1 GLTG XpnolpoTroinoe éva Ao £Eutrvo TpoTro TTapepBoArs. Mo
TOLG OKOTTOUG QUTHG TNG N YPOHMIKIS TropepBoArig o Napier xpeialdTav éva «ou-
vex» opIopS Twv AoyapiBpwy ko 6X1 éva SIokpITS opIoud Paoiopévo oTig TPoddoug
(Ta b10). Mia vTTOBETIKY| TrOpEiar TG OKEWYNG Tov Napier a1ré TO TTAQICIO TWV TIPO-
66wV oTOV TEAIKS OPIOPS pE GpoUg GLVEXOUS KIVONG ONHEIWV TIEPIYPGPETOI OTIO TOV
Lord Moulton (1915).

O Napier, To 1614, dnpoaievoe ato ESipBolpyo To €pyo Tou Mirifici Logarithmorum
Canonis Descriptio (=[Neprypa@r Tou BAUPOOTOD KaVOVA Twv AOYapiBuwV) TTou TTrepl-
eiye Trivokeg ko 0dnyieg yia Tnv xpnoipomoinor Toug ocAAG dev €dive Tig arodeielg
Twv 10xVpIop®dV (Napier 1614). MeTé To BGvaTto Tou Napier, ek666nke To 1619 To PI-
BAio Tou pe TiTAo Mirifici Logarithmorum Canonis Constructio (= KaTtaokevr] Tou Bow-
HOOTOU KAVOVa Twv AoYapiBpwy), 0To oTToio divovTal ol aTrodei€elg TwV IGXLUPICHWV
KOO®G Kol Ta 0100 T BAPOTA YIO TNV KATAOKELH Twv TIvakwy (Napier 1619). H Sia-
TpayHaTELOT TOL BEHATOG aKOAOLBWVTOG TOoV Napier 6x1 Hévo dev Ba £xel yIx TOUg
pHOBNTESG Gperog avaAoyo pe TiG SUOKOAIEG TTOL Bar TLVAVTHOOLY OAAG O TEXVIKES
IOV XPNOIPOTIOMOE PTTOPEN KOI VO OTTOTTPOCOVATOAITOUY TOUG HOBNTES Kl var EeX G-
o0LV TO BOOIKG OTEXO TTOU £ival va BETOVHE O€ QVTIOTOIXIO TOUG GPOUS HIOG OPIBHN-
TIKAG TTPOGOOL PE TOUG GPOUSG HIOG ““TTUKVIG’ YEWHETPIKAG TTpoddou (Panagiotou
2011: 11-13). Av kai Aiyax €xouv peivel amréd Tnv apxIkn 16€a (Trivaikag ) eival TTpoTIPG-
TEPO VO PEIVOVPE OE QUTOV TOV OPIOHO.

X710 AoyopiBpiké cvoTnpa Tou Napier (Mivakag 1) dev vtrdpyer n évvoia Tng féong,
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oTnv otroia oTNPICETAl 0 OUYXPOVOG OPIGHES. ATIAG, OI GPOI PG YEWHETPIKIG TTPO-
660V €xouv aVTIOTOIXNBE pE TOUG GPOULG HIOG OPIBHNTIKAS TTPOBGGOL Kot 01 6pol TN
OPIBUNTIKAS TTPOGOOL OVOPGOTNKAV AOYEPIOHOI TWV GVTIOTOIXWVY GpWV TNG YEWHE-
TPIKAS TTpoddov. Katd Tov Napier ““Logarithmi dlici possunt numerorum proportiona-
lium comites aequidifferentes” (AoyGpiBpol eivar apiBpol pe oTabepr diagopd Tou
£xouv avTIoTOIXNOEl pe ap1Bpovs ae ouvexr avotoyia) (Cajori 1913: 7)

AUTH n Teprypoepr] xapakTnpidelr GAa Tot AOYOPIBHIKE CUOTAPOTA TOL 17 AWV
Kail 181aiTepa auTd TPIv To 1649 (Mivakag 2) (Burn 2001).

Mivakag 2: Mepikd a1mé Ta AOYapIBUIKG CUGTAPOTA TOL 17° AWV

l'ewperpikn mpdodog ApBunnikn mpbdodog

Napier, 1614 10" (1-107)" v
Briggs, 1617 10 v
Speidell, 1619 10" (1-107) (10° =v) / 107
Biirgi, 1620 10° (1 +10™%" 10v
Kepler, 1624 10° (1-107%)" v
Cavalieri, 1632 10" 10+v
Caramuel, 1670 10" 10-v

To oboTnpa Touv Napier ptropel va GUYKPIOETN pe T GNPEPIVE OV OVTIKOTOOTHOOVHE
TIG TIPOGOOUS TTOL XPNOIHOTIOMNOE HE OUTEG TTOL TTPOKUTITOLY Qv SIPECOLHE GAOUG
TOUG GpPOLG Kal TV SV TPoGdwv pe 107 (Trivakag 3). To véo oboTna £xel Péon o
= (1 ~10-7 )'07 = 0,367879422, n omoia avTioTorKel aTo 1 TNG apIBUNTIKAS TTPOGo0UL,
Kol To T TNG YEWHETPIKAG avTIoTOIXEl 0TO 0 TNG OPIBUNTIKAS.
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Mivakag 3: Tpotrotroinon Twv Tpoddwv Tou Napier yiax Tnv avadei€n Tng oxéong
TOUG HE TOUG PUOIKOUS AoyapiBpoug

ATL

107 -1

ri [1_ 17) (I_L,)
10 10

Il
1 0.9999999

H B&on o oupTritrTel o€ 8 Pnepia pe TNV TIPA TOU% = 0,367879441. Eropévws, pe
oUyxpovo OLHBOAIOHE, PHTTOPOUHE V& YPAWPOUHE KOTG TIPOOEYYION OTI:

1Ogl/e(l_lo_7)v=10_7V < 1Ogl/ea_v=l3_V (1)

107 107

X710 oboTnpa Tou Napier £xoupe (Trivakag 1) Nlog o, = B, kai n) e€iowon (1) yiveTou:

Nloga,, =By = 107 log/e I oo Nloga, =B, = -107 lni (2)
107 107

By

KOl y =
AT

s

Av Béoovpe X = ]

, T0TE 1 e€ioworn (2) yivetan:

y = - Inx (3)

Etropévmwg, av o1 6pol TNG YEWHETPIKAG KOI TNG apIBPNTIKAG Tpoddou diaipedovv
pe 107, T6Te o1 AoydipiBpol Tou Napier eival OUOINOTIKG Ol AVTIBETOI TWV PUOIKWY Ao-
yopibpwv.

Erravepxdpevol oTo oOoTna Tou Napier, TapatnPoUpe 0TI TO PAOIKGTEPO HEIOVE-
KTNp& Touv eivon 611 Nlog1 # 0, agot Nlogl = 107 In107. AuTé €xel oav aTTOTéAEOH
va pnv 1oxVel 1 Paoikr AoyopiBpikn 1516TnTo Nlog(xy) = Nlogx + Nlogy oAé To e€is:

Nlog(xy) = Nlogx + Nlogy — Nlog1.

O Napier amédei&e auTtr| TN Paoiki ox€on yewHeTpIkG. H 0pBSTNTG TNG propei va
eheyBei pe Tnv PoriBeia Tng oxéong (2). O Napier efye avTIAN@Oel To TPSPANpA Kot
pog 1o TéAog TG {wi|g Tov, TTPOTEIVE 0TOV AyyAo pobnpaTiké Henry Briggs (1561 —
1631), kaOnynTr oTO KOAEYI0 Gresham Touv Aovdivou, 671 i Siadikacia Ba pTTopovoe
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vo orrAoTroInBel onpavTiké av To 1 ATV 6p0g TNG YEWHETPIKAS TTPOGdOL KAl avTI-
oTorxi{éTav oto 0 TG apiBunTikis. O Briggs, oe cuvepyaoia pe Tov Napier, avéAafe
VO KOTOOKEVAOEI TOUG VEOUS TTVOKES. TO aTTOTEAEOPa ATOV 01 AoY&pIBpol pe Béon
T0 10, oL ofjpepar ovop&lovpe dekadikovs. To 1624 o Briggs dnpooicvoe To €épyo
Tou Arithmetica Logarithmica pe Toug véoug Trivokeg AoyopiBpwy Twv TpdTwv 20 XI-
NGOWV PLOIKDV KABWG KAl TV QUOIKWV oTré To 90000 péxpr To 100000. To Kevo
OLPTIANP®WONKE To 1628 ad Tov OAavES BifAloTTdAn kai ekd6Tn Adriaen Vlacq
(1600-1666). O1 TeAevuTaiol Tivakes ATav N faoikr pEBodog atrAoTroinong Twv vTTo-
AOYIOP®V YI& TOUG ETTOPEVOUG TPEIG IWVES,.

1.3. Gregory of St-Vincent & A. A. de Sarasa: 01 loyapiOpor ka7
opOoyivia vnepfolij

O1 AoyapiBpikoi TivVakeg SIEVKGALVAV APAVTAOTA TOLG APIBHNTIKOVS LTTOAOYI-
OpoUG oAAG N OTTOLOAISTNTA TWV AOYaPIBHWY OTHV AVETTTUEN TOL ATTEIPOOTIKOU Ao-
yiop0U o@eideTan TN 0OVOEDT TWV AoYapiBuwy pe TNV opBoywvia uTTEpPoA xy = 1.
O BéAyog Inoovitng Gregory of St-Vincent (1584-1667) éypae TO GNPOAVTIKG €pYO
Touv Opus Geometricum Quadraturae Circuli et Sectionum Coni (Antwerp 1647) pe
OKOTIG TNV €TAUCT TOL TTPOPAHATOG TOU TETPAYWVIGHOU Tou KUKAOUL. Tnv eTTox1
auTr 0XedOv kaveig TTAEov bev TrioTeve OTNV SUVATETNTA ETTALONG AUTOV TOUL TIPO-
BARpaTog kar €To1 dev fTav Afyor ekeivor Tou avéAafBav To d0oKoAo €pyo Tou evTo-
OopoU K&TTol0L AdBoUS ot €va BifAio Trou eiye 1200 ogAides, iowg TO 0 TTOAVCEAIGO
BiBAio poBnpaTikav Tov ek660nKe TOTE. Téooepa xpdvia apydTepa, o Christiaan Huy-
gens (1651) Bprike TeAIkG éva ooPapd AGBog oTo TeAevTaio kepGAaio Tou BiBAiov,
otn oeAiba 1121. To PifAio Spwg Tepieiye TTOAG GAAG ONPOVTIKG OTTOTEAEGHATAL.
“Eva o116 ouTG LTTAPXE OTNV EVETNTO TTOL €EETACEN TIG IBIGTNTEG TWV KWVIKWV TOPDV
KOl TTOOEIKVUEL TNV ETTOHEV TIPGTOOT), 1] OTTOIx SiVEl, YIX TTP@T popd& OTNV 1I0TOpIK
TWV HABNPOTIKWOV, TNV AoYapIBHIKN 1616TNTa TG uTrEPPOAIS:

“Eotw Ox kai Oy o1 aoUUTITWTES TG LTTEPPOARG ABD. AlaipéoTe v
Ox, wote OK, OL, OM, ON va givar og ovveyrj avadoyia. TOTe, Ta
upeIkToypapua oxrpara ABLK, BCML, CDNM éxouv ioa eufada. (Xx.1)
[MpdTaon 130 oo BifAio 6 Touv Opus Geometricum (Burn 2001: 2)].

To 611 Ta TPAPATO €ival O€ CUVEXT] avahoyiar ONpaivel, GTTWG EXOVHE AVOPEPEL KOl
VPITEPA, 6Tl XTTOTEAOVY YEWHETPIKY TTPG0do. ‘ETO1, prropolpe va EavadiaTuTr®d-
OOULpE TNV TTPOTACN WS £ENAG:

Av ta turjuara OK, OL, OM, ON eivai Siadoyikol 6pol YeWUETPIKIG
mpoodov, ToTe Ta eUfadad (ABLK), (BCML), (CDNM) eivai ioa.
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Zxfpa 1: H AdoyopiBpiki 1616TnTo TG utrepBoArig

O Gregory TrepiopioTnke o€ 600 d1adoxIKEG Awpideg kan amédeile 61 €xouv oo ep-
Badd xpnoipotroidvTog pia diadikaoior avaAoyn He TO OUYXPOVO OPIGHG TOL OPIOE-
vou oAokAnp@paTog (Burn 2001; Dhombres 1993).

Oa Trepipeve Kavel§ 6TI 0’ aUTS To onuEio Ba €kavav TNV UPEVIoT Toug o1 Aoyd-
p1Bpol1. ‘Opws o Gregory bev avagépeTal TTovBeva aToug AoyopiBpous, av kai o Napier
efxe XpnoipoTroIfoel Tov 6po auTd até To 1614 kai pGAIoTa pe Tn 1 onpooior. Tn
oxéon Twv uTTEPPOAIKWY epPadadv pe Toug AoyapiBpous emonpaivel o Alphonse An-
tonio de Sarasa (1618-1667) oo BifAio Tov Solutio problematis a R.P. Marino Mersenno
propositi (Antwerp 1649), 61Tou £TTAVAdIATUTIWVET TNV PaOIKA TTPSTOON WS EEAS:

“Av n Ox O1aupe0Ber €ror wote Ta Tpfiuara OK, OL, OM, ON va arroTe-
Aouvv yewpeTpikn mpoodo, ToTe Ta eufadd (ABLK), (ACMK), (ADNK) arro-
TEAOUV QpIBUNTIKI) TTPO060, KAl AVTIOTPOPWS”.

“ETo1 Snpiovpyel pia avTioTor iar avapeoa 6Toug 6poug SUo TPoddwv TNg apIBpn-
TikAS (ABLK), (ACMK), (ADNK) ko Tng yewpetpikig OK, OL, OM, ON:
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MNivakag 4: O1 6Vo puoikég rpéodor Touv Gregory

0 (ABLK) (ACMK) (ADNK)
OK OL OM ON

Ymréipxel dnAadn n Bacikr apxr] evog AoYapIBpIKOD CUGTAPATOS, TOL OTTOIOL GHWS
o1 AoY&pIBpo1 €X0LV IO PUOIKH ONpOCIa: eKPPGLovY Tar EUPAOE OLYKEKPIPEVWV Ye-
WHETPIKWV OXNUATWV.

H diatrioTwon Tng oxéong Twv AoyopiBpwv pe Ta epfoadd kGTw otré Ty uTTEPBOAR
XPNOIHOTIOIRONKE TO ETTOHEVO XPOVIO TIPOKTIKG OAAG Kl BewpnTIKG: 0TV TTP&EN Yo
TNV KATAOKELH AOYOPIBHIKGOV TIVEKWVY Kol 0T Bewpict 0drjynoe oTov opiopd Tou Ao-
yopiBpov k&g BeTiKOU apIBpoL. ApXIKG SnpiovpyrBnke To epwTNHA: KGOE pBadd
K&Tw amd Tnv uTrePPoAr eivar AoydpiBpog; O Isaac Newton, og éva XeIpGypagps Tou
TO 1667, ypdeper Tnv e&iowon Tng utrepPoArig oTn poper y = 1/(1+x) Kai, kGvovTog
™ diaipeon, Tnv avamrTiooel oe Gmreipn osipd (Whiteside 1967-1976, vol. 11: 184-189):

1

1+x

=1—x+x2—x3+...

2T OUVEXEIO OAOKANPWVEL KATG 6pOUS. Oat ETTPETTE £TOI VO TIEPE! TN AOYAPIOHIKA
oeIpd:

2 3

Inl+x)=x-—+—-... , |x]|<1
(1+x) >3 | x|

O Newton eivan TIpOOEKTIKGG Kol Oev ava@EpeTal o€ AoyapiBpHoug Kol avTi yio
In(1+x) ypdeper A(1+Xx) yia To egads kGTw atrd Tnv uTrePPoA y = 1/(1+x) ko TTévw
a1é 1o didotnpa [0, X]. loxupileTanr Spws 6T Ta epPadG K&Tw amd TN LTTEPPOAR
€xouv TIG {016 1016TNTEG e TOUG AOYOPIBHOUS KOl KATAXOKEVALE! €V HIKPS TTVOKO
AoyopiBpwv pe 57 dekadika Ynepia (Edwards 1979: 160).

O Nicolaus Mercator (1620-1687), oTo €épyo Tou Logarithmotechnica (London, 1668),
KaToAfyel oTIG i1eg OEIpEG Katl, Yia SIGKpIonN oTrd Toug HekadikoUg AoyapiBuous, Xpn-
OIHoTIOIEl TOV OpO «PUOIKOT AoydipiBpoly. Mpoadidpioe de Tov Tapdyovta 0,43429 pe
Tov 01r0i0 TTOAAXTTACIOCGHEVO! 01 AoYGipIBHOI aUTOl HETATPETOVTON OE SeKAdIKOUG.
To abppolo In xpnaoipoTroiRdnke yia Tp@TN Pop& To 1893 amé Tov Irving Stringham
(1847-1909) (Cajori 1928, v.2: 107)

To TEAIKG OTTOTEAECHO QUTWV TWV EPYAOIAV HTAV GTI VIO VO TIEPAOEI KAVEIG OTé
Toug Aoy&piBpoug Tou A.A de Sarasa GTovG ONpEPIVOUG PLOIKOUG AOYGpIOpOLS pTTO-
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povoe va xpnoipoTroifoel TV uTTePPoA y = 1/x Kail To ePPfadov kKETw aTré auTh Yo
va opioel Tov AoydpiBpo ouvexws, dSnAadn va opioel Tov AoydpiBpo K&GBe BeTiKOD
ap1Bpov. ‘Hrav avaykaio va mépel logl = 0. AuT Ba kaB6pile TNV apx1] YIO TNV pé-
Tpnon Twv epPfadwv kar et TAéov Ba e€aopdhile Tnv oxéon log(xy) = logx + logy.
O yvwoT6g TUTTOG OAOKApwONg

}d—x =Inx

1 X
0 0TT0i0G 0 TTOAAG MAVETTIOTHHIOKG GUYYPGHHOTO XPNOIHOTIOIEITAI YIO TOV OPIGHO
TWV QUOIKWDV AOYOPIBHWV, IKAVOTTOIET TIG TIPONYOUHEVESG OKEWPEIG KOI LTTOOEIKVUEL O
HEPO TNV KATOYWYT] TwV AOYOpiBHwV.

Mola eivar n f&on ovToV TOL CUOTAPATOS; O ETTPETTE VA iVl KATTOI0G APIBHES X
®OTE TO EPPAdOV KATW amrd TNV opBoywdvia vTrePPoAr] xy = 1 a1é To 1 péxpr Tov
apiBpé x va givail igo pe 1. O apiBpés auTog X eival To e Kai auTr eivat N 1I81I6TNTA TToV
Kével To e BGon Twv QUOIKWY AoyapiBpwyv. O1 TTIPWDTESG EPPAVIOEIG TOL € OTA PHoON-
HOTIKG TrEpacav amapaTipnTes. Edape 611 n “Bdon” Twv AoyopiBuwv Tou Napier
OUVETTITITE OE 8 PN@iax pe TNV Tipr Tou 1/e. Opwg n avamTuén Twv AoyapiBHwY eKeivn
Tnv gmoxr| 6ev oTnNpIfdTOV O0TNV éwola TG BEoNg Kol aUTS efYe OOV ATTOTEAETHA O
OpIBHSS e va TTapapEVEl GOVAANTITOG OV KOI OUCIGOTIKG TAV KPUHHEVOS 0T Ywvia.
O kevTpIKGG pAog Tou e oV AvGAuaon TovideTan YIa TTPpaTN Popd omré Tov Leonard
Euler (1707-1783) oTo €pyo Tov Introductio in analysin infinitorum (Berlin 1748) (Euler
1748/1990). To e opeideTan oTov Euler Trou To Xpnoipotroinoe yia TpwdTH Popd TO
1728 o€ éva xeipdypa@o Touv (Maor 1994: 156). YITGpXouv TTOAMEG aroeIg yiar Thv
€TMAOYT| TOL YPGHHOTOG € atrd Tov Euler. Zopgpwva pe piax o1mé auTEg, o Euler To eré-
Ae€e ee1dn] eival To TPWTO Ypdippa TNG AEEng ekBeTIKAS (exponential). Kard pior GAAN
TO e TIPOEPXETal amré TNV AéEN ein (éva ota Meppavikd) i einheit (povéada), n omroia
ekppGilel TV Paoikn 1I516TNTa TOL OPICHOL TOL e (Evag ApIBPGS TTov €xel AoyGpIOpo
povédo). Mo mbavr| @aiveTal va givon 1 Groyrn 6TI To e €ival TO ETTOHEVO PWVIEV
PETG TO @, dI6TI 0 Euler xpnoipotroiodoe pwvrjevta yio v ouPPOAICer TiIG OTaOEPES
Kol 0TnVv gpyaoio Tou efxe 0N xpnoipotroifjoel To a. H droyn 61 o Euler eméheée To
€ eTTeIdN TAV TO APYIKG TOL OVOPOTES TOL PaiveTal TEAEIWS AP GaIpn SIGTI TaV €vag
TTOAD OepvAg GvBpWTTOG, 0 0TT0I0G Hev £TTediwKE TNV TPOBOAR TOL Kol HGMIOTQ OF Té-
TOIO ONpEio TTOL TUXVG KaBLVOTEPOUOE TNV €KOOOT HIOG EPYIOIG TOU WOTE TO ATTO-
TEAEOPA TNG VO KATOXUPWOET 0€ KATT0I0 GLVGOEAPO 1) poiTnTH (Maor 1994: 156).

2. Tvmki napovoioor g Oewpiag
pxiCovpe pe TNV 10TOPIKN ekeivn TpéTaon Tou Gregory of Saint Vincent otnv
otroia €iXe, OLOINOTIKG, ammoderBei, N AoyopIBpIKr 1IB1I6TNTA TNG LTTEPPOARS
(§1.3). E6w SraTur®dvoupe TNV TPSTAON He €va I000UVOpO TPATTO, O OTToi0g XpNoil-
HOTTOIEITAI TTIO ATTOTEAEOPOTIKE OTQ ETTOHEVAL.
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Mpétaon Tov Gregory of St-Vincent. Mo 0 < a < b B€Toupe E, ), = T0 epfaddv
TOL Xwpiov TTov PBpiokeTon peTaEH ToL GEOVA TWV X, TWV EVOEIDBY X = 3, X = b ka1
G vtrepPoAng y = 1/x. TéTe yia k > 0 10x0er (XX. 2)

Exaib = Eap

Zxfpa 2: To epPaddv karw amd Tnv uTrePPoAf kan peTadD a ko b
eivan foo pe auTé peTag ka kon kb (1<a<b)

TS

ATTOoeIEN.

Mo va ovykpivoupe avoAvTIKG Ta 00 epfadd, diaipolpe kK&Oe didoTnpa [a, b] ko
[ka, kb] o€ n vTTOdIOTAMATA DOV PKOUG KOl TIPOCEYYICOLE KGOE EPPadOV pe n op-
Boywvia. ATTodeIkvOETOI OTI Ta OpBOYWDVIC O€ KGOE diGioTnpa €XoLV TO 810 GOpoIoHA
epPad@v ko, kabws To v avlavetan E, | = Ey, i, (1.X., Panagiotou 2011).

Mépiopa. Av Ta Tpfipata OK, OL, OM, ON atoTeAolv yewpeTpIKr TTp6odo, ToTe
To egPad& (ABLK), (ACMK), (ADNK) atroTedolv apiBpnTiki| Tpoodo (Xx. 1).

AT66e1En: YmoBéTovpe 611 OK = 1, OL = A, OM = X2, ON = A%. T6Te Tar epPads
(ABLK) = Eq 3, (BCML) = E, ), (CDNM) =Ey? y}, eivan ioa peTa&h Toug o0ppova pe
Tnv mponyoUevn TpoToot. Apa Ta epfadd (ABLK), (ACMK), (ADNK) atmoTtedoiv
apIOunTIKA TPG0060.

‘OAn n péxp! Tdpa 6LEATNOT HOG SIKAIOAOYE TOV ETTEPEVO OPIOHG:

E, ,ovx>1

Opiopdg Inx=2:0 ,avx=1

-E, , av x<1
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Zxfjpa 3: O opIopds Tou PUAIKOL AoyapiBpou

' P

Atrodeikvioupe Tn Baoikh IBI6TNTA TNG AOYOPIOHIKHG OLUVEPTNONG TNG HETATPOTTAS
TOUL TTOAQTIAGCIGCHOU O€ TTPEoBED.

Mpdtaon. Av x, y > 0, T67¢ In(xy) = Inx + Iny

AT66e1€n.

Ixpa 4: In(xy) = Inx + Iny

‘Eotw 1 < x <y. TéTe Xy > X KO1 Xy >y (Xx. 4). OméTe

Lixy) = By, = Eqy + By = Lly) + Ey (1)
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‘Opwg, omrd péToon Tou Gregory, TPOKVTITEl OTI

Ey ey = Eix @)

yxy =
A6 TIg (1), (2) Traipvoupe In(xy) = Inx + Iny.

‘Opola atrodeIKVOOVTOI KO OI TIEPITITWOEIG: 0 < x <y < Tka 0 <x <1 <y.

Moépiopa.
(o) Av x>0 kai p pnTéG apIBpds, ToTe In(x?) = p Inx
(B)Avx, y > 0, 16Te In(xly) = Inx — Iny

H amédeién agrveTal aTov avoyvdoT).

Opiop6g TOV APIBNOL e.

H AoyopiBpiki) ouvépTnon y = Inx eivar yvioia av&ovoa kai dev eival gpaypévn
Gvo 1 k&Tw (11.X., Panagiotou 2011). Eivar S1c100nTIKG O0ES GTI 1) YPOIKA TTapd-
OTOON TEPVEL KAOe 0pI{GVTIO YPOHHA Y = Yo O€ €éva akpifdg onpeio. Emopévag av
600el 0TT01000ATTOTE TPAYHATIKGS OPIBUGS Yo, LTTGPXE! aKPIBWS Evag apIBudS X
woTe Inxy = y,. Emopévwg, yiay = 1 urdpyer évag povo apiBuog mou o AoyapiBucs
TOU €ivar iooG pe 1. AUTOG 0 GPIBUGS TIPETTEN VO EIVOIT TO €, 0 APIBHGS TTOL €XEl PUTIKG
AoyG&piBpo ioo pe 1 (BAETTe kan Ta oxSAix otnv §1.3). OpiCoupe, AoiTrdy, e va eivar o
apIBpaG yia Tov otroio eivar Ine = 1, 6nAadij To epPadov E; o = 1 (2. 5).

Zxfpa 5: O oplopds Tou e
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Mia apxikr KTIpNON yIo TO € pTTopoUpE va TTAPOULHE aTré To oxXApa (6). MapaTn-
poUpe 611 In2 eivan piIkpdTEPO a6 TO EPPASSY TOL TETPAYWVOUL He BGon To SiIGoTnHa
[1, 2] kou OYog 1, omréTe In2 < 1. Emriong In3 eivar peyoAdTepo otrd To epPfaddv Tou
Tpamediov ov opieTan aTré Tov GEova XX, TIG eVBeleg X = 1, X = 3 KAl TNV EQPATITO-
pévn oTo onueio pe ouvTeTaypéves (2, 1/2), omdTe In3 > (3 —1) - 1/2 = 1. Bprikope
€101 OTI :

2<e<3

Zxfpa 6: Mia opyIKr| ekTipnon Tov e: 2 < e < 3

Mia KoAOTEpn eKTIUNOT YIa TOV € Ba TTAPOLHE ATTOSEIKVUOVTOG TOV ETTOHEVO 10XV-
PIOPO:

v

1
e= lim(l + )
Voo v

270 6plo auTé odnyrBnke o Jacob Bernoulli (1683) 6tav peAeToboe To TPSPANp
Tou avaTokiopoU. O Blog Prépeoe va amodeilel 6T To dplo EmpeTre vor PpiokeTal
peTaED 2 ko 3. Agv avayvdpIoe SHWSG KATTOIo OXEOT TNG £PYOOIOG TOU pE TOUS Ao-
yapidpous.
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>T10 oxfpa (6) eivar x =1+ L , 6TTOL V TUXH0G PUOIKSS CPIBUGS. To YpapHoOKIa-
v
opévo epPadov eivar peTadh Twv opBoywvimy Trou £xouv Bdaon To SidoTnpa [1, X] Ko

oyn 1/x kan 1 avtioTorya. Apa

v

(x—l)'l <Inx < (x-1)-1 @L<lnl+l <l - <lr11+l <1.
X v+l v v v+l v

v

Maipvoupe Ta 6pIx KOAOWG v = +00 Kal Ppiokoupe 1< ln( lim (1 + l)

)sl, OTIOTE
e Ve v
1n(lirn(1+—) )=1.

V>4 v

Etreidn Ine = 1 ko ) AoyapiBuikr) ouvéptnon eivai 1 — 1, CUPTTEPAIVOUE OTI

lim (1 + l)v =e

vy

AV XpNOIHOTTOINO0VHE £val UTTONOYIOTH TOETTNG PPICKOVE PE TTPOTEYYION TTEVTE Og-
KOOIKQOV Prpicwv 611 e = 1,71828. O apiBpds e pe pooéyyion 10 Sexadikwv Ppneiwv
eivon e = 2,718281828 Kol evOeXOHEVWS 1) Hop@r| aUTH va 0dnyel o€ eoPaApéva ov-
pmrepdopara. O d16&okwv TPETEl var ToViCel 0TOLG HOONTEG GTI 0 aPIBUASS e eivon &p-
pnTog (1r.x., Rudin, 1964).

Emonpaivoupe akdpn 611 TTOAEG BOOIKEG TTIPOTAOEIG TTOL CUVOVTGHE OTHV VAN TNg
I Aukeiov divovTan xwpis amrédei€n pe Tnv aitiodoyia 671 eival Tépa amé Tig Suva-
TOTNTES TWV HAONTWV. Me Tov opIopd Tou AoyapiBpou TTov 666nKe OTNV TTOPOUOO
gpyacia ol aodeielg auTEG efvan aTTAEG Kol kaTavonTég (Tr.X., Panagiotou, 2011). H
EPYOIOI OAOKANPWVETAI e TOV OPIOPS TNG EKOETIKAG OLVGEPTNONG €%, WS AVTIOTPOPNS
G AoyapiBuikr|g (idem).

3. Zvpnepaopoto
Haﬁl’a TNS 10TOPIOG TWV HAONUOTIKOV 0T SiSaokoAia €xel emionpaveel 6 Kai
EKOTO XpOvia aTo dIEBVA aAAG ka aTov EMNVIKG xwpo. To eviiagEépov Twv Ko-
BNyNT@OV yIa TNV I0TOPIO TWV HAONPATIKWY QLEGVETOI GTTWG TTPOKUTITEI OTTG TOV OL-
Eavipevo apl1BpS PifAiwv Kot GpBpwv I0TOPIKOV TTEPIEXOHEVOL, OTTG TOV auavipevo
QPIOPOS TV EPELVNTIKWV OPAdWV TTOU HEAETOVV TNV XpnoigoTroinon kai Tnv a&ia Tng
10Topiag otnv dibaokoAia Twv padnpaTikay (Fauvel & van Maanen 2000, Gulikers &
Blom 2001)). H 8eTikr} cupPoAf Tng I0Topiag Twv HoONUATIKOY 0T SiSaokaAia Twv
HOONHOTIK@OV eVTOTIICETOI KUPIWS OTO! ETTOHEVO TPITX ETTIXEIPAPOTO:
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® H joTOpia TV HOBNPOTIKWV BonBdel TOUG HABNTESG VO KATOVOROOLY KOAVTEPO TIG
poONpaTIKES €vvoieg kan atrodeielg defxvovTag amd ol TpofAbav Ko Twg e&e-
AixBnkawv.

® H 1oTopi0 TWV HOONPOTIKWOV OGVAOEIKVOEI TNV aQvOP@TTIVI) TTAELPE TWV HOBNPOTI-
KQOV. T poOnpaTIké eivar avBp@TTIv) Ko SUVOHIKE paoTnpISTNTA, 1) OTToiCr £TTN-
peGleTal OTTG KOIVWVIKOUG KOl TTOAITIOTIKOUG TTOP&YOVTEG KOl SIGHOPPIOVOVTO
OUH@PWVA PE TIG LAIKEG KOI TIVEUHOTIKEG OVAYKES TNG ETTOXIS.

® H 10TOpIx TV HAONUATIKWOV QLEGVEL TO EVOIOEPEPOV TWV HOONTAOV Yo pébnon Kai
OULHBGAAel TN SIOPGPPWON PIOG BETIKIG OTGONG XTTEVAVTI OTA HOBNPOTIKG KAl

Eivan 6pwg yeyovog 611 oxeddv oe 6Aa Ta oxoAiké PifAia dev AdapBdvovtar vt Siv
To TTponyolpeva etixelpApaTa. MoTé dev apovoidlovTal of TTPOOTTGOEIEG KAl Ol
aTroTLYXiEG TTOL 0OAYNOQV OTIG €vvoleg TTOL TrEPIYpdipouy. H mapovoiaon pe Tnv
poppr Opiopds — Oedpnpa — ATrédeién — Mépiopa pTropel va eivail Koppr Kol va Kep-
6iCe1 xpovo oAAG ol paBnTES pévouy pe Ty atropia: Mwg Tpogkue N IGEx yia Toug
0pIoHOUG aLTOUG Kol AUTG Ta BewprjpaTa; Katé Tov Freudenthal (1973: 107):

“O1 Baoikoi opiopor bev TpETrer va eupaviCovrar otny apxri TG e&epev-
vnorng, emeidr] yia va opioeig K&t pérer va SEPEIG T1 efvan Kau O€ T1 Xpn-
OluevE!”.

Ti pTOpOoUpE VO TIPOOPEPOVHE OTOLG HOBNTES; NO TOUG KGVOUHE V& SOLV YIOTI KOl
TG TTPOEKLPE QUTO TTOL SIBGOKOVTAI OAPEPR. XTNV KATAKTNON TNG aPnpnuévng
£vvoIQg, N I6TOPICt TOL AVEPWTTOL CLVAVTG OLTAY TNG AVBPWTTETNTOS. H el0OYWYN
NS 10Topiag 0N SIBACKOAIX TV pOBNUOTIKWV dev eivan BEpa Tepieyopévou. Eivai
BEpa oTGONG KO TIPOPANHG EIKGVAG TNG ETMOTANNG TWV HOONUATIKOV.

Eivarl avapgpioiTnTo 6T1 0 agpnpnpévos opiopos TNG AOYOPIBUIKG GUVGPTNONG GOV
QAVTIOTPOPN TNG EKOETIKAG £XEI KATTOIX TIPOKTIKY aior HEOO 0TO AOQPUKTIKG AVOAL-
TIKG TIPGYPOPPQ, 0oV ETITPETTEI TNV GuEDT e€arywyr| TwV ISI0TATWY TwV Aoyapi-
pwV atré TIG 1616TNTEG TWV SLVAPEWY. AUTS eival alIOKATAKPITOG WPEAIPIOUES TTOU
TrepIppovel kGO apxr didaoKaAiag kai Tov o1roio TTPETTel avapPiBoAa var KATAOIKG-
oovpe. Me auTé Tov TPETTO SiveTal N eVTOTIWON 6Tl Ta HOONHATIKG €XOUV TTECEI
£TOIPON OTTO TOV OLUPAVOS KO YIO VO XPNOIHOTIOINOOUV OTT6 YEVVNHEVOUG TOXVOOKTUL-
AovpyoUs. H didookaian Twv AoYapIBHIKQOV evwoi@dv pe Bdon Tnv 10Topik e§EMIEN
ToPoLoIGel T £€AG TTAEOVEKTHPOTO:
® H pébodog Tng TpooBa@aipeonsg pHag Sivel pix TTpdTNG TAEEWS EVKAIPIT VO TOVI-

OOUPE OTOUG HAONTES TNV XPNOIPOTNTA TWV TOTTWV TNG TPIYWVOHETPIOG TTOV pE-

TOTPETTOLV YIVOHEVO 08 0BPOIOPOTA. AUTG TO TIOPGOEIYHO €XEl TTOAD peYOAUTEPN

a&ia a1 TNV oTElpa Xprion Twv TOTTWwV 0TV AV GOKACEWY POUTIVOG SIGTI TIPary-

HOTIKG OUPPBGAE OTNV EVPUTEPN KATAVENOT) TNG TPIYWVOHETPIOG A6 TOUG HOONTES
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Ko auEGvel TV eKTIPNOT TOUG TTPOG AV TS To pGdnpa. Etriong n Bewpnon Twv TpI-
YWVOHETPIKWY APIBU@VY 0OV PNKWV, Kal 61 oav AGywv, eTITPETTEl TNV £§{ynon TS
TPOEAELONG TWV AEEEWV NUITOVO, CUVNPITOVO, EPATITOPEV KOI TEUVOLT.

® SUVvOEel dNUIOVPYIKE TNV VEX eVETNTO PE TNV OPETWS TTPONYOVHEV TWV TTPOGOWV
O€I0TTOIVTOG TTPONYOUHEVES YVWDTEIG TWV HOONT®OV.

® Agiyvel TNV QPXIKI XPNOIHOTNTA TwV AOYOPIBHWY 0TNV aTTAOTIOMON Twv apIOpn-
TIKGV UTTOAOYIOHGV

® AikaioAoyei Tnv TpoéAevon Tou 6pou Aoy&pIBHOG.

® YUVOEEl TNV VEX EVOTNTA HE TN HEAETI KOI YPOPIKA TTOHPAOTACH TNG OUVEPTNONS Y
=1/x

® ACIOTTOIEl TIG YVWOEIG TITGVW OTIG KWVIKEG TOHES.

® Aikaiohoyel Ti gival “ualké”’ oToug PuOIKOUG AoYaPIBHOLS KOBWS KOl Tr ox£on
TOUG HE TOV APIBNO e.

® ECaopaliler pio povadikr} LTTOSopr, TGV OTNV OTTOIx PHTTOPET VO aTNPIXTEN APYO-
TEPQ 1 CUOTNHATIKY SIGACKOAI TOU OAOKANPWTIKOV AOYIOHOU.

® EmTPETEl TNV aTGOeI ONPAVTIKGV IS10TATWY TNG AOYapIBHIKAG OLUVAPTNONS, HE
Béon éva yewpeTpikd povTédo.

® EmMTPETEl TV KATAVENOT) TNG ONHACIOG TOL KXAOU OUPBOAIGHOU YIO TNV avATITUEN
TWV HAONPATIKWOV Kol TEAOG

® MTropef va cuvbuaoTel pe TTOAAEG evdiagpépouaeg SpaoTnNPIOTNTES. AVAAOYQ pE TO
d1a0€o1p0 Xpovo, eival wPEAIHo oAAG Kol ATTOAGUOTIKG TO TraiEIHO pe TO OUPBOAI-
Op6 TOU £&NKOVTOIKOU OLOTHHATOS. M TOLG HOBNTEG TTOL €XOLV KATTOIO! EPTTEIPIT
PE QOKAOEIG OTIG OTTOfeg TTPETTEl VO BpeBel 0 VOHOG, TO TIPGTUTIO, PE TOV OTTOI0 OXI)-
poTideTan pix aKoAoLBIT APIBHWVY, LTTAPXOULV EVOIOPEPOVTO OXETIKG BEPOTA OTNV
mvokida Plimpton 322. Qgéhipn etriong dpaotnpIdTnTa B (TOV pIGt GUVOETIK €p-
yooia yia Ty e§€MEN Tov oUPPBOAICHOD, IBIITEPA TOL EKBETIKOV, AT TNV £TTOXH
Tou Chuquet péxpi Ta péoa 18 anwva.

O Felix Klein éxer rpoTeiver va xpnoigoTroleital n i06Tnra:

e
515

oav Bé&on yia Tov opiopd Twv AoyopiBpwv. H péTaon Touv Gregory of St Vincent eivai
OKPIPWS N HETAPPACT AUTHS TNG OAOKANPWTIKAS OXEONG OTO YVWOTIKG ETTITESO Twv
podnT®v TG B’ Avkeiou. O idiog pooBéTel (Klein 1908/1945: 156): ““EUyouai K&TT0I10G
Va KAVEI TIPAKTIKI] EPAPUOYH] AUTIG TNG TPOTAONG OTA Ox0Agia. Tig AeTrTopépEIeg
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vAotroinong G TPATAONG TTPETTEl va puBUioE! 0 EUTTEIPOG OGOKOAOG . TEAEIDVOULE
HE TNV EMTISA TTwG TO AVOAUTIKG TIPSYPAHHG B ETTITPEPE! KATTOIO HEPTL TNV EQPOP-
HOYI QUTHS TNG TTXPOVTTAONG OTO OXOAEID.
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HISTORY IN THE MATHEMATICS LABORATORY:
AN EXPLORATORY STUDY

Adriano Dematte Fulvia Furinghetti
Liceo ‘Rosmini’ Trento University of Genoa, Italy
Abstract

ccording to some researchers one of the ways of using history in mathematics
Ateaching is the hermeneutic approach. In this paper we report on a classroom
experiment where the teacher (A. D.) tried to apply this procedure in teaching the
topic “exponential and logarithms” to 18-19 year-old students attending the final year
of an Italian high school. The used historical sources are excerpts from Euler’s
Introductio in analysin infinitorum. The involved students have a low motivation to
study mathematics and their learning difficulties emerged also in our experiment. This
fact stressed some elements of problematization of the hermeneutic approach that will
be discussed in this paper.

Key words

Mathematics teaching; historical sources; Euler; hermeneutic approach; classroom
experiment; low motivation.

IMTepiAnypn

tpgova pe vdpyovoes €pevves €vag tponog agomoinong g lotopiag oty

Sidaokadia twv Mabnpatikdv eivat 1) «eppnveutikiy Ipooéyylony». X avtd to dpdpo
avadtovpe pio melpapotiky Saockadia 6mov o kabnynuis (0 mPEOTog €K TOV
ovyypagEwv) mnpoonabel va epapudoel auty] v mpooéyylon oty Sibaokadia tov
Oéparog “exbenikég ovvaptioelg kot Aoydptopor” pe padntés g tedevtaiog tdEng tov
ItaAikot$ Avkefov (18-19 etdv). Ot otopikég mnyég mov yprotponoujonkay eivat
anoondopota and to fifdio tov Euler Introductio in analysin infinitorum. Ot epndexdpevor
Rabntés efyav nepropropéva kivtpa yia ) onovdi] twv Madnpotkov kot ot SuokoAieg
Tovg ota Mabnpatikd eppaviCovtat kat oty netpapatiky pog Sidaokalio. To yeyovég
autd emonpaivel oplopéva ototyeia IPoPANPATIOPOT GO0V APOPd TTIV «EPPIVEVTLKI]
HPOCEYYLOL)», Ta ontofa oudrrovviat ¢ auts to dpbpo.

Aé&eic KAeibrd

AibaokoAia pabnuaTikdv, 10TopIKES TTNYES, Euler, epunveuTiki) TpooEyyion, Teipoua-
TIKI} O1600KOAIQ, TTEPIOPIOUEVT KIVNTPO.
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0. Introduction

In this paper we discuss an experiment on the use of primary sources in mathematics
teaching with particular reference to the educational problem of getting students to
understand, that is to say to build meanings in the mathematics classroom. In this
concern Gardner (1991) is quite pessimistic. He maintains that “Even though educational
systems may pay lip-service to goals like ‘understanding’ or ‘deep knowledge’ they, in
fact, prove inimical to the pursuit of these goals.” For this reason he has “sought to
challenge the conception that one can get student to understand simply by presenting
them with good models or with compelling demonstrations, as well as the idea that
students who do not understand must simply work harder or adhere to the correct-
answer compromise.” For Gardner the students have to learn to make new, different,
and strategic uses of the sources of information around them. He also claims “If we are
to achieve a milieu in which understanding is prized, it is necessary for us all to be
humble about what we know and to move away from our present, invariably inadequate
perspectives ...”.

We share Howard Gardner’s concern about the understanding and we feel that our
positive orientation about the use of history in the mathematics classroom may offer the
new perspective we look for and new sources of information for students. As we will
see, suitable conditions have to be created to achieve our goal.

Dematté (2004; 2006) has outlined two main roles of the use of history in mathematics
teaching: the “strong” role and the “weak” role. The strong role is based on didactical
activities that are directly inherent to history, the weak role confines the use of history
to mathematics. A similar distinction is introduced by Jankvist (2009). This author
considers the use of history as a goal and the use of history as a tool. The first does not
serve the primary purpose of being an aid, but rather that of being an aim in some sense.
In contrast, a use of history as a tool concerns the use of history as an aid in the teaching
and learning of mathematics. In the same vein Furinghetti (1997) identifies two main
aims of the integration of the history in the teaching of mathematics: promoting
mathematics, that is acting on the image of mathematics by setting it in a wider cultural
context, and reflecting on mathematics, that is dealing with mathematical concepts. This
second aim refers to the fact that history brings back the modern concepts and theories
presented in a polished form to their cognitive roots. With the first aim the discipline is
set in the context of human civilization and broaden the scope of mathematics teaching
to other disciplines. This aim supports cultural understanding. As Jahnke et al. (2000, p.
292) put it

Integrating history of mathematics invites us to place the development of
mathematics in the scientific and technological context of a particular time
and in the history of ideas and societies, and also to consider the history
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of teaching mathematics from perspectives that lie outside the established
disciplinary subject boundaries.

Of course, the two aims may have commonalities. In this paper we are mainly
concerned with the strong role of history and the general cultural value fostered by it,
nevertheless we will see that the construction of meaning for mathematical concepts
will be considered too.

1. Theoretical frame

In Italy the school situation and the recommendations of the new programs encourage
promoting the cultural understanding in the teaching of mathematics. Moreover these
programs suggest organizing activities in the mathematics laboratory. The concept of
mathematics laboratory is an old one. Already in 1895 Adelia Roberts Hornbrook wrote
a pamphlet (Laboratory methods of teaching mathematics in secondary schools. New
York: Cincinnati American Book Company) focused on this subject. The idea developed
in the first decades of twentieth century elsewhere, especially in France and UK, see
(Giacardi, 2013). In subsequent years it was revitalized in connection with the interest
for manipulatives and concrete materials, see (Furinghetti & Menghini, 2014). When
computers appeared in mathematics education the mathematics laboratory acquired a
new role and importance, see (Hynes, Hynes, Kysilka & Brumbaugh, 1973). Parallelly
to the view of laboratory as a place where to carry out bodily activities with manipulatives
and, later on, with information technology, the view emerged that the mathematics
laboratory

is not a physical space outside the classroom, but is rather a structured
set of activities aimed at constructing the meanings of mathematical
objects. Thus, the laboratory involves people (students and teachers),
structures (classrooms, instruments, organization of spaces and times),
and ideas (projects, plans for educational activities, experimentation).
(Matematica 2003, p. 28, our translation).

The mathematics laboratory philosophy is in line with the actual trend in mathematics
education that advocates the active participation of students and the interaction in the
classrooms, so that the students become the main characters of the mathematics
classroom.

The experiment reported in this paper shows how history of mathematics can be used
with the aim of fulfilling the indications of the new Italian programs reported above, and,
in particular, with the aim of making the mathematics laboratory a place where to
develop the cultural understanding.

Among the researchers investigating on the use of history there is a solid agreement
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on the pedagogical efficacy of the use of original historical sources in mathematics
teaching, see Furinghetti, Jahnke & van Maanen, 2006; Jankvist, 2014; Pengelley, 2011).
For our purposes in the classroom we considered some experiment that was based on
the hermeneutic approach to original sources, see (Bagni, 2008; Glaubitz, 2011).

Jahnke (2014, pp. 83-84) outlines the basic guidelines of the hermeneutic procedure
as follows:

1. Students study a historical source after they have acquired a good understanding of
the respective mathematical topic in a modern form and a modern perspective. The
source is studied in a phase of teaching when the new subject-matter is applied and
technical competencies are trained. Reading a source in this context is another manner
of applying new concepts, quite different from usual exercises.

. Students gather and study information about context and biography of the author.

. The historical peculiarity of the source is kept as far as possible.

. Students are encouraged to produce free associations.

a W N

. The teacher insists on reasoned arguments, but not on accepting an interpretation
which has to be shared by everybody.

6. The historical understanding of a concept is contrasted with the modern view, that is
the source should encourage processes of reflection”.

These points make clear the potentialities of the method. The students have the chance
of getting in touch with the historical method (points 2 and 3), of making conjectures
and proving them (points 4 and 5), and of reflecting on modern notations by making
sense of historical mathematical text (points 1 and 6).

2. Method

The experiment was carried out in the final year of a “Liceo delle scienze umane”
(Lyceum of human sciences), with 20 students (three boys, 17 girls) aged 18-19.
The students worked in pair formed spontaneously by the students themselves and at
the end presented an individual report. The ideas put forwards were discussed during
the sessions. The activities were carried out in the classroom, where there was one
computer and Internet facilities. The school has a humanistic orientation and the students
have poor motivation towards mathematics. Since the first year of upper secondary
school their curriculum included the innovations contemplated by the Italian reform
launched in 2010-2011. This reform is not changing so much the existing situation,
nevertheless it offers some chances to carry out some non-traditional activities. For
example, in the third, fourth, and fifth year there are two hours per week devoted to
deepening a subject chosen by students, and a subject (not linguistic, such as Latin or
foreign languages) is taught in a language of the European community by the teacher
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with a mother language assistant (at least 20 hours per year). In our experiment the
subject taught in the foreign language (English) was mathematics.

In the activity here reported the teacher is one of the authors (A. D.) In the previous
years the students had a different teacher, then the methods and the style of the teaching
(including his orientation towards a historical perspective) of the present teacher were
new for them.

The mathematical topic developed was the function concept. He has planned to
present other topics of Calculus in the last part of the course, compatibly with the
reduction of the amount of hours dedicated to mathematics. The students were
presented with historical documents dealing with topics suitable to prepare to the topic
“function”. The stages of the work were the following:

® Presentation of the task, which consisted in interpreting a historical source (Euler,
Appendix 1)

® Two hours dedicated to working on the task

® Suggestions for making students going on, when the students did not achieve
significant results (which was our case)

® A first test containing questions after reading the documents (Appendix 3)
® Further questions to prepare students to the assessment test (Appendix 4)

® Final test for assessing students (Appendix 5).

The proposed original source was some excerpts from Introductio in analysin
infinitorum (Euler, 1748) translated into English by J. D. Blanton (1988), see Appendix
1. The fact that the students were attending these lessons in English turned to be an
element that favored the development of the experiment. The teacher stressed that the
main goal of the activity was exploiting the mathematics they have learned in a new way
and using personal resources to conjecture and explore.

The given task was to read and interpret the historical passages, e.g. to write the
document in the current Italian, to guess about the meaning of the full documents and
its specific parts and to compare the individual interpretations through the discussion.
The teacher assisted the work, listened to students’ questions, and answered through
hints or other questions that could help them to reflect. In order to give further
opportunities for better understanding and for reviewing all contents, he suggested
comparing their answers: standing in front of their classmates, most of them read at
least one of their answers; they could also briefly criticize the mates’ outputs.

As stated in the Preface reported in Appendix 2 Euler’s treatise was originally conceived
for beginners. Unfortunately in our experiment most students did not have the necessary
prerequisites; this was the case of some of them (Anna, Alessandro, Chiara and
Valentina). For example, in treating exponential and logarithmic Euler introduces in an
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informal manner examples of limits. This fact may have contaminated the hermeneutic
approach (see guideline 1 of Jahnke (2014)), since the students still had some difficulties
about these concepts.

The request of interpreting the document was addressed to all students, but, according
to the students’ different needs, with different aims: remedial for lacking notions,
deepening of concepts, application of concepts which are different from the usual
exercises, ...).

Students were asked to perform further tasks such as gathering information about the
context and the biography of the historical author. This was made through the website,
but in a rather inaccurate way.

3. Outcomes and discussion

ampert (1990) claims that “When a student is in charge of revising his or her own
Lthinking, and expected to do so publicly, the authority for determining what is valid
knowledge is shifted from the teacher to the student and the community in which the
revision is asserted”. (p. 52) Then, in principle, the hermeneutic approach carried out in
the way described above should foster the devolution of authority from the teacher to
the students. In practice, the students did not show significant disposition to produce
free associations. Our interpretation of this behavior refers to the students’ low self-
confidence linked to their view of classroom life. In their school biography there are not
teaching situations in which putting forwards personal ideas and producing free
associations and personal conjectures may turn to be an occasion for getting good marks.
The consequence is that the students were asking themselves: which rules their
performances should follow; whether their rules were matching the teacher’s rules?
When they met difficulties to understand the text, either because of the English language,
and/or their poor practice to read mathematical texts, they could not decide about the
validity of their performance. For example, a doubt was whether their understanding of
the text was inadequate because they were not able to answer the questions generated
by themselves about specific parts of the document.

In this context, the historical source was used just as a script for realizing performances
operational for what they were thinking could be the teacher’s expectations. The teacher
and researcher’s aims were: to recover and to deepen the meaning of concepts through
the use of the historical source; to enhance the ability in argumentation by asking
themselves questions originated from the historical document trying to answer through
reflection and discussion with the other groups. These aims were not considered by the
students for their perception of the didactic contract.

In summary we may say that the task we gave to the students may be understood in
two ways:
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® To talk about the document so that the document becomes an object of study. For
example, the student may note that the document presents an approach to the concept
of exponential and logarithm and may focus on particular aspects of this issues

® To rephrase the historical document by using modern symbols and approach.

The comparison of the excerpts from Euler’s treatise (Appendix 2) with the text
produced by a student in answering to the questions proposed by the teacher
(Appendixes 5, 5, 5"') shows that the second way was taken into consideration. As
discussed by Arcavi and Isoda (2007) the translation to modern notation was a useful
strategy for making sense of the historical document. The need of working in the
classroom with the aim of passing examinations fostered an interpretation of the task as
a temporary action towards the stage in which the interpretation was “shared by
everybody”.

The task given to the students was accompanied by the requirement: “When
performing the task, record on the sheet also your abandoned ideas, failed attempts etc.
This record will be used in our classroom discussion. If you want to erase what you have
written, please just strike through so that the original text may be seen”. This means
that the students were asked to describe as much as possible their process (including
unsuccessful attempts) of approaching the historical document. It was expected that the
groups would provide different outcomes. Unfortunately the students did not care of
the suggestion in the task. In front of the new situation presented by the hermeneutic
approach they preferred to negotiate some aspects of the didactic contract. Their
negotiation was based on the questions about the rules to be followed and the teacher’s
expectation. It was carried out by some students selected as “spokespersons” and
through a classroom discussion. The following sentence by a student expresses the
general feeling:

This is an easy document. I do not know what to say about it and how to rephrase it.

4. Reflections and preliminary conclusions

ur experiment has an exploratory character and allows us to outline some open
Oquestions that may be considered in future research and in our future practice in
the classroom. The first question concerns the cognitive value of the concepts
encountered in Euler’s document. In other words are the students ready to use these
concepts in other contexts? How they feel the sense of commonality with other persons
and with the modalities these persons (mates or adults) learn the same topics? The main
underlying question is: do the students consider Euler an added value to their
mathematics learning or simply an oddity introduced by the teacher.
About the research on the use of history in mathematics teaching some members of
the HPM Study Group advocate a strict link between pedagogical and historical issues,
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see (Jankvist, Mosvold, Fauskanger & Jakobsen, in press). We deem that our experiment
goes in this direction, since our analysis and discussion show that the outputs of our
experiment are strongly dependent on the conditions affecting it. In our case the beliefs
about mathematics learning, didactic contract, and devolution of authority have affected
the behavior of students facing the task involving the historical document. These issues
are fundamental issues in research in mathematics education. The analysis reported in
this study shows how the discussion on the use of history acquires meaning and
efficiency if it is set in the suitable framework of mathematics education research.
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Appendix 1. Excerpts from Introductio in analysin infinitorum
(Euler, 1748)

97. Let the exponential to be considered be a’ where a is a constant and the
exponent z is a variable. Since the exponent z stands for all determined numbers, it is
clear at least that all positive integers can be substituted for z to give determined values

a', a% a’ a*, a’ a° etc. If for z we substitute the negative integers —1, —2, -3, etc., we

1 1 1 1
obtain, =5, =5, =z, etc. If z = 0, then we have a° = 1. If we substitute a fraction for

a

R 1 1 2 1 3 R 1 2 1 3
z, forinstances,3,3,7.3 etc. we obtain the values va, g5, 45 a3 as . €tC

2133474

98. The values of the exponential a* depend primarily on the magnitude of the
constant a. If a = 1, then we always have a’= 1, no matter what value is given to z. If a
> 1, then a* will have a greater value if the value of z is greater than it was originally
and as z goes to infinity, so also a® increases to infinity. If z=0,thena’=1;ifz<0,
then the values of a* become less than 1 and as z goes to — o, &’ goes to 0. On the other
hand if a < 1 but still positive, then the values of a’ decrease when x increases above 0.

The exponential increases as z increases in the negative direction. Since when a < 1, we

have §> 1, and if we let éz b, then a’ = b™*. For this reason we can examine the case
when a < 1 from the case when a > 1.

99. If a =0, we take a huge jump in the values of a>. As long as the value of z
remains positive, or greater than zero, then we always have a’ = 0. If z =0, then a’=1.
However if z is a negative number, then a’ takes on an infinitely large value; for
example, if z=-3,then a’=03=—3=-
which is infinite. Much greater jumps occur if the constant a takes on a negative value,
for instance — 2. In this case, when z takes on integral values, a’ takes positive and
negative values alternately, as can be seen from the sequence a*, a*, a? a*, &’ a, a%

a® a* etc.

1

1 1 .
+1er —g» tz.-3,*+1 -2, +4, -8, + 16. Furthermore if the exponent z takes

fractional values, then a® = ( —2)° sometimes has real values and sometimes complex
values. For instance a =+/—2 which is a pure imaginary, while aiz ( _2)§ = _2§
which is real. If the exponent z is given an irrational value, then a* may give real or
complex values, but this cannot be predicted.

100. After having considered the inconveniences associated with a negative value
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for a, we decide that a will be a positive number, indeed greater than 1, since from
this case it is easy to investigate the case when a lies between 0 and 1. If we lety = a’,
and for z substitute all real numbers, which lie between — o« and + o« , then y takes all
positive real values between 0 and + c. If z goes to o, then y also goes to o, if z=0,
then y = 1 and when z goes to — o, y goes to 0. On the other hand, for any positive
value assigned to y, there is a real value corresponding to z such that a* = y. If a negative
value is given to y, there is no corresponding real value for z.

101. If y = &, then y is a function of z, and the extent to which y depends on z is
easily understood from the nature of exponents. Thus whatever value is given to z, the
value of y is determined. For instance

1

y’=a% y’=a" and generally y"=a"™. From this it follows that /= 432, 43 = q32,

Z —2z

d =gz — = 4= and so forth
an }?_a s y2_a s V.?—a 2, anNd SO orth.

x+z

v
Furthermore, if v = a*, then vy = a**Z and 3= a* =%, A benefit we derive y from these

properties is that it is easier to determine the value of z when a value of y is given.
EXAMPLE
If a = 10, from arithmetic, which we shall use, the number ten makes it easy to see the

values of y when we substitute values for z. We see that 10" = 10, 10% = 100, 10° =

1 1
1000, 10*=10000, and 10° = 1. Likewise 107> =7-=0.1, 1072 =>=0.01, 1073 =

T 100 T

1 . .
Tooo = 0.001. If we let z have fractional values, by means of root extraction, we can state

the values of y. Thus 15 =10 = 3.162277, etc.

102. Just as, given a number a, for any value of z, we can find the value of y, so, in turn,
given a positive value for y, we would like to give a value for z, such that a” =y. This
value of z, insofar as it is viewed as a function of y, it is called the LoGARITHM of y. The
discussion about logarithms supposes that there is some fixed constant to be substituted
for a, and this number is the base for the logarithm. Having assumed this base, we say
the logarithm of y is the exponent in the power a” such that a* = y. It has been customary
to designate the logarithm of y by the symbol logy . If a’ =y, then z = log y. From this
we understand that the base of the logarithms, although it depends on our choice, still it
should be a number greater than 1. Furthermore, it is only of positive numbers that we
can represent the logarithm with a real number.
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103. Whatever logarithmic base we choose, we always have log 1 = 0, since in the
equation  a’ =y, which corresponds to z = log y, when we let y = 1 we have z = 0.
From this it follows that the logarithm of a number greater than 1 will be positive,
depending on the base a. Thus loga =1, log a’=2, log a’=3, log a* = 4, etc. and, after
the fact, we know what base has been chosen, that is the number whose logarithm is

equal to 1 is the logarithmic base. The logarithm of a positive number less than 1 will be

negative. Notice that log % =-1, log % =-2, log a—13 = -3, etc., but the logarithms of
negative numbers will not be real, but complex, as we have already noted.

104. In like manner, if log y =z, then log y2 =2z, log y3 = 3z, etc. and in general
logy™ =nzor logy™ = nlogy, since z = log y. It follows that the logarithm of any

power of y is equal to the product of the exponent and the logarithm of y. For example,
1 1
log ﬁ =5Z= Elogyl
1
log 7w log y—% = —% logy, and so forth. It follows that if we know the logarithms of
any number, we can find the logarithms of any power of that number. If we already
know the logarithms of two number, for example log y = z and log v = x, since y = a’

and v = &, it follows that log vy = x + y = log v + log y. Hence, the logarithm of the

product of two numbers is equal to the sum of the logarithms of the factors. In like

manner, log E: z-x=logy - logv, that is, the logarithms of a quotient is equal to the
logarithm of the numerator diminished by the logarithm of the denominator. These rules
can be used to find the logarithms of many numbers from a knowledge of the logarithms
of a few.

Leonhard Euler, 1988, Introduction to Analysis of the Infinite, New York: Springer; book 1, pp. 75-80.
Translation of: Intruductio in analysin infinitorum, 1748.

[In the last paragraph of the original we find “log vy = x +y =log v + log y”. The underlined
letter has to be read “z”]
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Appendix 2. Preface of Introductio in analysin infinitorum (Euler, 1748)
PREFACE

Often I have considered the fact that most of the difficulties which block the progress of
students trying to learn analysis stem from this: that although they understand little of
ordinary algebra, still they attempt this more subtle art. From this it follows not only
that they remain on the fringes, but in addition they entertain strange ideas about the
concept of the infinite, which they must try to use. Although analysis does not require
an exhaustive knowledge of algebra, even of all the algebraic techniques so far
discovered, still there are topics whose consideration prepares a student for a deeper
understanding. However, in the ordinary treatise on the elements of algebra, these topics
are either completely omitted or are treated carelessly. For this reason, | am certain that
the material | have gathered in this book is quite sufficient to remedy that defect. | have
striven to develop more adequately and clearly than is the usual case those things which
are absolutely required for analysis. Moreover, | have also unraveled quite a few knotty
problems so that the reader gradually and almost imperceptibly becomes acquainted

with the idea of the infinite.

Leonhard Euler, 1988, Introduction to Analysis of the Infinite, New York: Springer; book 1,
Preface.

Translation of: Intruductio in analysin infinitorum, 1748.

Appendix 3. Intermediate test

100.
a) Solve these equations: 10"= 0.1 5=2 F=-1
b) Let a > 1, then complete the missing parts in the following cases:
L
lim a* =

c) In class we have analyzed some properties of a* when 0 < a < 1. Euler indeed

explains the case a > 1! Analyze it using examples, graphs, equations etc.
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101.
13 n__ nz P _ lZ i — _E 1]
a) “...y"=a"™. From this it follows thatﬁ =ar .. Z=az.m How do
you explain this sentence?
102.
a) How does Euler define logarithm? If a’ =y, then log y = ... (complete the

missing part).

b) What does he say about the base of logarithms? Let a the base of logarithm:
does Euler consider the case 0 <a<1?

103.

a) Explain why log 1 =0.

b) Positive/negative values of logarithm; logarithm of positive/negative numbers:
how does Euler describe this various situations?

104.

Complete the following sentences using words and symbols, as well:

a) The logarithm of a power is equal ...

b) The logarithm of a product of two numbers is equal ...

¢) The logarithm of a quotient is equal ...

Appendix 4. Final test

a) [2 points] Briefly explain the following sentence using numeric examples, words, a

graph and symbols.

Ifa > 1,then ¢° will have a greater value if the valse of z is greater

than it was originally and = : goes to infinity, so also a” increases to infinity.

b) [1 point] Let a < 1, then complete the missing parts in the following cases:

lim a* = ---
=t
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lim a* = -
r——D

Explain your choices.

¢) [1 point] Write the Euler’s definition of logarithm using: y, the exponent z and the

base a.

d) [1 point] Explain the following properties of logarithms using symbols and numeric
examples: 1. logarithm of a power; 1. logarithm of a product; I11. logarithm of a

quotient.

e) [5 points] [In Italian in the original. This question doesn’t regard Euler’s document]
Domain, intersection with x/y axis, coordinates of at least three more points, sign and
presumed graph of the function:

(x—3)(x+2)
X2

flx)=

Appendix 5. A student’s protocols (question 100)
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Appendix 5’. A student’s protocols (questions 101, 102)
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Appendix 5”. A student’s protocols (questions 103, 104)
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ETATIETIKH KAI EAEYOEPH BOYAHXH'

MuixdAng KoUpkouhog Kwotag T¢avdkng
Entikoupog Kabnyntrig M.T.A.E. Kabnyntmg MN.T.AE.
Maveruotnuiou Korjtng Maveruotnuiou Kontg
Abstract

n this paper we present our teaching work based on Quetelet's texts on “Moral Sta-
Itistics" and Free Will aiming to motivate and stimulate relevant discussion with stu-
dents. The work done allowed them to obtain significant insights into the Free Will
debate, statistics and their relation. We provide evidence supporting the position that
with adequate teaching design and implementation, it is possible to explore fruitfully
existing links among statistics, probability and important philosophical issues, even
with novice students in statistics.

Keywords

TTeaching statistics and probability, free will, original historical sources, Quetelet.

ITepidnyn
Z’avrr’l v epyaocia yprotponoujoape kefpeva tov Quetelet mov agopotv oty "ota-
notky nepi ta nOkd" kot v eAevBepr) PovAnorn yia va mpokaAécovpe Kot va
TpoPodoTijoovpe oYeTIKI] ovlfjtyon pe tovg ortntés. H epyaoia mov €yve tovg emé-
Tpewe va avtidnpOotv onpaviikd ototyela 6oov apopd otr) ovlijtnor) yia v eAetBepn
BotAnor, ot Zrauotiki kat oty oyéor) petadi tovg. Avtr) 1) netpapatikij Sidaokadia
npoopépet atotyeia mov vrootnpiouy tr) B€on G pe kardAAno Sibaxtks oxedraopd
Kat epappoyi] eivat Suvatév va alonoBobv yovipa vidgpyovies Seopol petagt Xta-
noukyg, IBavotrjtev kat Drdocopiag akGpn Kat pe GottnTég mov eivat apydplot oty
XTOTIOTIKY.

Aé&erc kleida

Aibaokodio oTATIOTIKNG KO TIOAVOTATWY, €AU0£pn BOUANOT, QUOEVTIKEG IOTOPIKES
nYES, Quetelet.
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0. Ewcaywyn

MeTa€b Twv MabnpaTikdv kai Tng Orioco@iag LTTaPXOLY onHavTIKOl deopof

01 0TTOI01 SIHOPPWONKAV KOl AEITOVPYNOAV YOVIHG KOl TTpOG TIG 00 KATeLOUV-
o€I§ o€ 6An TN diGpkeia TG 10Toping Tous. EidikéTepa o MBav4TNTESG KO N ZTOTI-
OTIKA OLVOEOVTAI PE TIG EVVOIEG TOL TUXAIOV, TNG ABEPAIGTNTAG KAI TOL EUTTEIPIKOD
TIEIOTNPIOV, £VVOIEG TTOL €XOULV ETTIONG ONHAVTIKG PIAOCOPIKS vonpa. (Ooov agop&
0TOUG 10TOPIKOUG Seopovg peTady MiBavoTATWY, ZTATIOTIKAS KO DIAocOoPiag deiTe,
yia mopdderypa, Hacking 1975, Porter 1986, Hald 2003, Chandler & Harrison 2012).

O1 onpavTikoi deopof peTad MeavoTiTWyY, ZTATIOTIKAG Ko DiIdocopiag a&loTrol-
ovvTal TOAU Afyo oTnVv ouvrifn SISaoKOAIX TNG OTATIOTIKAG KOl TWV TOAVOTATWY
Kol akGpa AryGTEPO (av 61 KABGAOL) OTNV EICAYWYIKOU ETITTEGOL SIGAOKOAID AUTWV
TWV OVTIKEIHEVWV.

YtmroompiCoupe 6T1: (@) Me kaTGAANAeg SpaoTnpIdTNTES Eivan SuvaTév va aloTrol-
rioovpe dIGOKTIKG SeopoUg peTagl MBavoTATWY, ZTATIOTIKASG KOl DIAOCOPIOG OKOHN
KOl HE POITNTEG apXGPIOVG OTN XTATIOTIKA Kol Ti§ MibavétnTes. (B) H agiomoimnon
TETOIWV OETUWDV PTTOPET VO GUVEIOPEPEI OVOIAOTIKG 0TI OLLATNON ONHAVTIKWY (@I-
AOCOPIKAV CNTNPATWV PE TOUG POITNTEG. ZUXVE Ta NTHHOTA QUTG CUVEEOVTOI HE
ONHAVTIKEG TTAEUPEG TNG KABNpEPIVAS {wI|§ KOl £iVal pIN TETPIHPEV YIO TOUS (POITI-
TEG. (y) KatédAnAeg SidokTikég dpaoTnpidtnTeg oL aloTrololv TEToloug deapols
oTn oLZATNON PINOCOPIKWVY CNTNPGTWV PTTOPOVV VO TIPOKOAETOULY O€ peYGAO fabud
TO EVOIOPEPOV KA TN EVEPYH OUPHETOXH TwV QOITATAV. (8) TéToleg HIGAKTIKES dpar-
oTNPISTNTEG EPTTAOLTICOLV TNV EVVOIOAOYIKI] EIKGVQ (concept image) TwV QOITNTWOV
600V a@opd OTN ZTATIOTIKA, TO WS AeIToUpYel GAAG KAl TO YIOTT €ival ONPOVTIKY
Kai evdlagépovoa. EmmAéov o ouvduaopds Tou () kai Tou (Y) eivan duvaTdy va Beh-
TIWOEI TN OTAON TWV POITNTWV ATTEVOVTI TN ZTOTIOTIKH.

2710 GpBpo aVTS Trapovcidlovpe Eva Tapaderyda SISOKTIKNAG TTPOCEYYIONG TTOU
vTTOoTNPICE! TOL (O1) £G (8) AV TEPW, TO OTTOIO TIPAYHATOTIOIONKE OTA TIAGIOIX EVOG
gloaywyIKoU ogpivapiov oTn XTaTmoTiKA Ko TIG [MiBavéTnTeg pe portnTég Tou M.T.ALE.
Touv lMavemoTnpiov KpAtng.

1. Xprjon Iotopikedv IInyov
/1) va Baoiké oTorxeio Tng SI6AOKAAIGG TTOL TTPOYHATOTTOINCOPE HTAV N XPon
ElOTOled)v KEIMEVWV TTOL TTOPOLOIGLOVY OTATIOTIKA SOLAEIO KO TH CLVEEOULV e
€var BepeNIddEg PrAoco@iké CHTNHA, auTo TNG EAeUBEPNS BovAnons. Ta Keipeva Tov
XpnoipoTrooape eival gpyooieg Tou A. Quetelet Tov agpopolv oTn ZrarioTikr mepl
Ta NOIKG" (Statistique Morale) kan Tnv eAeBepn PovAnon (Kupiws XPNOIHOTTOICAHE
Tnv epyooia Quetelet (1847), etriong xpnoipotroijoape Ta Quetelet (1833), Quetelet
(1842) BiPAio Tpiar, keg. 3 kan To Quetelet (1848)).
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O1 epyaaieg Tou Quetelet oL aPOPOVY OTN ZTATIOTIKY TEPT TA NOIKG KOt TNV €AV~
Bepn PovANoN KOBWS KAl O UTTGAOITTES EPYOIOTES TOU OTATIOTIKAG HEAETNG KOIVWVIKWV
POIVOPEVOV eival HETOED TWV TTIPWTOTIOPWY EPYOIWDV GTTOL XPNOIHOTIOIEITAI 1) OTA-
TIOTIKI] OTIG KOIVWVIKEG ETTIOTAPES. "EXOVTOG eKTTaidELOT) HOBNPOTIKOV KOl GOTPOVO-
pou o Quetelet fATav e€oikelwPEVOg pe TNV Bewpia MOAVOTATWV TNG €TTOXAS TOV?,
emriong fATav e€0IKEIMUEVOG P TIG HEBGEOLG TTAPATAPNONG TNG XOTPOVOMITS, TNG YE-
wdAIOIOG KAl TNG HETEWPOAOYIOG KABWS KOl PE Tr) OXETIKY Bewpia opoApdTwy. Kat’
avaloyia pe auTEG TIG pEBGSOLG Kal T OXeTIK Bewpiar, 0 Quetelet Bewpoloe 6TI T
TTOCOTIKG HEGOPEVA TTOL APOPOVY TE KOIVWVIKG PAIVOHEVO PTTOPOUV VO avaAuBolv
o€ PEOEG TIPEG TTOL OXETICOVTON He OTABEPG aiTIaN (causes constantes) ko o€ Siokv-
pGVOEIG YOPpW OTTO GUTEG TIG HEOESG TIPEG TTOU OXETICOVTOI HE TUXOIO QiTION (causes
accidentelles). EmmAéov Bewpoloe OTI eGv £XOUHE TIAPATNPAOEIG OPKETG PEYGAWY
TANBLOPAV TETE, Adyw Tov Nopov Twv MeydAwv ApiBuwv (NMA) kot Tou Kevrpikou
OpiakoU Oswprjuatog (KOO), n GLGCWPEVTIKY ETTIOPACT TWV TUXAIWV AITIWV OTA
OTOTIOTIK& OTTOTEAEOPOTA TIPAKTIKG £E0VOETEPWVETAI KOI £TOI EIVOI EVKOAGTEPO VO
EVTOTIIOOVHE KAVOVIKOTNTESG KOl OXETEIG HETAED TWV HEGWV TIPHWV KOI TWV UTTOKEHIE-
vwv oTaBepwv aitiov. O Quetelet TrioTeve 6T1 N XprioN TNG ZTATIOTIKAG OTI KOIVW-
VIKEG ETTIOTHHEG PTTOPET VO GUVEITEPEPE! TTOAD ONUAVTIKG OTO VO AITTOKGALPOOUY
OXE0EIG TWV KOIVWVIK®V QAIVOPEVWV (TIG OTTOfEG OLXVE OTTOKXAOVOE "KOIVIVIKOUG
VOpOULG") KOl GTI KAT' QUTGV TOV TPGTTO N XTATIOTIKY Ba eTITPEWE! piat TTOAD BaBUTepn
KOTAVONOT TWV KOIVWVIKGV paivopévav. O Quetelet katépBwoe va Bpel GnHAvVTIKEG
OX€0€IG O€ OTATIOTIKG HEGOPEVT TTOL AIPOPOUV OE PAIVOHEVA OTTWG O YAHOS KOl TO
€yKAnpa. QoT600, CUXVE SEXBNKE KPITIKEG OTI ATAV LTTEPAICIGO0E0G WG APOPA& OTIG
QATTOWPEIG TOUL YIO TNV YEVIKOTNTA KAl TNV OTAOEPSTNTO TWV "KOIVWVIKWY VOPWVY' TTOU
eivar SuvaTév va arokaAuPOoUV pe TNV XPoT TNG OTATIOTIKAS. AéxOnke &g aKoun
EVTOVOTEPI KPITIKA YIX TO OPAHA TOU OTI PHTTOPET VO 0IKOSOUNOEl évar GUVEKTIKG GU-
OTNHO TETOIWV VOP®WV TO 0TT0i0 ovipade «Kovwvikry @uoikry. MNop’ 6Aa auTd, Ta
TIPWTOTTOPIOKA KOl ONHAVTIKE XTTOTEAECHOTO TWV EPEVVAV TOL KO O EVOOLOIROHES
Kal 1 evepynTIKOTNTO TOL Quetelet evéTTvevoav £TTOPEVOUG ETTIOTHHOVES KOl CUVEI-
OEPEPQV ONPOVTIKG OTNV LTTGOEDT TNG CLOTNHATIKAS adloTToNaNg TNG ZTATIOTIKAS
OTIG KOIVWVIKEG eTToTHpES (Porter 1986 chs.4-6, Stigler 1986 ch.5, Stigler 1999).

2 TIG EPYOGIEG TOL TTOL CIPOPOUV OTN ZTATIOTIKY] TTEPT Ta NOIKG, KA dpooielonKav
a1é 1o 1829 wg 1869, o Quetelet Bprike 6TI AT Xpdvo o€ xpovo epgaviZéTav agio-
ONMEIWTN OTATIOTIKA OTOOEPSTNTA OE YEYOVOTA GTTWG TAX EYKAAHOTA, O QGUTOKTOVIES
Kal ol Y&pol, uTré Tnv TPodTIé0eon OTI 01 KOIVWVIKEG oLVONKeG TNG e&eTaldpevng
XWOPOS A TTEPIOXAS TTOPEPEVAV TTEPITIOL OTAOEPES. AUTH 1) OTOOEPOTNTA ETTETPETTE PICK
OPKETG aKPIPA TTPOPAEYN TWV OTATIOTIKWY GTTOTEAETUAT®V YIO TOV ETTOHEVO 1] TO!
ETTOHEVO XPOVIL, UTTO TV TTpoDTTO0E0N TNG SITHPNONG TNG KOIVWVIKG 0TOOEPGTNTOS.
QoTé00 0t TETOIO YEYOVOTO 1] €EAe0BePN PoVANON TOL AVOPWDTTOL TraidEl ONUAVTIKG
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POAO. ZOPPVA PE ATTOYPEIS TG ETTOXIG TAX YEYOVOTO OTO OTIOIX EUTTAEKETAN 1 VO -
MivN €EAeVBePn BovANoN Bot ETTPETTE VO SIOPEVYOLV TS KGBE SUVOTETNTA TTPSBAEYNS.
O Quetelet Bewpovoe 671 1) OTOOEPSTNTA TWV OTATIOTIKWDV ATTOTEAETUGTWV KAl 1 OL-
VOKGA0LON SUVOTETNTA TTPSPAEPNG KATAOEIKVET TIEPIOPITHOVS 600V OPOPG OTIG HO-
KPOOKOTTIKEG TMIOPATEIG TNG avOpw VNG eEAeUBEPNS BoUANONG KOl BETEI EPWTAHHOT
AVABEWPNONG TWV LTTAPXOLOWV 16DV YIo TNV EAeVBEP BovAnon. Ta OTATIOTIKG €L~
pripaTa Tov Quetelet kain n) ppNveit TOLG TPOPOSATNOOV GTNV ETTOXT| TOL TN CL{ATNON
yia Ty avBpaTivi) eAebBepn FoOANCT Kal TOUS TTEPIOPIOHOVS TNG. ZTO TIAXIOIX AUTIG
g ov{iTnong o Quetelet 5€xONKe kPITIKEG GTI ) SovAEIG ToL TTpowBoUCE BETEIG GUY-
YEVEIG pHE TO PATANOPS Kol TOV DAIOHE. MPOKEIPEVOL VO AVTIKPOUOEI TIG KPITIKEG AUTEG
eTeEePYGOONKE TTEPATEPW TNV ETTIXEIPNHATOAOYIO TOU KOl TIPOCEBEDE VEX OTOTIOTIKG
euprjpaTa yia va v vtrootnpi€el. (Lottin 1911, Seneta 2003, Porter 1986 ch.6).

Ta keipeva Touv Quetelet pe Tar oTrOI0 SOLAEWPOHE, ETTITIAEOV TOL EVOIOIPEPOVTOG TOUS
6oov agopd oTn oUVdeon XTaTIOTIKAS Kal D1Aocogpiag, TTapovaIGlovy Kol OPIoHEVA
ONHOVTIKG TToIdOYwYIKG TTAEOVEKTAPATA: (i) N HOONUATIKA £Te€epyaoia TwV OTATI-
OTIKQOV dedopévwv eival aTrAr] o€ AUTEG TIG EPYOOIEG KAl WG EK TOUTOU PTTOPOUV VO
oudNTNBOVV pE POITNTEG APXBEPIOLS OTN XTATIOTIKY, (i) 1) EPPNVEIT TV OTOTIOTIKGOV
OTTOTEAEOPATWV €§NYeiTON AETITOPEPWDS KO GUXVE TLUVOSEVETAI TS SIGPWTIOTIKG
TOpPAdEYHaTO, Kot (iii) TO KEHEVO QUTWVY TV EPYOOINIV OVTOVOKAOUV TO TTGO0G Kol
TOV £VOOLOIOOHS TTOL GLVHBWS CUVOOEVEI TIG VEEG KOl ONPOVTIKEG OVOKOAVWEIS.

2. Ilepiypoppa tov MoOnjpatog

SIBOKTIKA HOG TTPOOEYYION TIPOAYHOTOTIOINONKE 08 £val EI00YWYIKOU ETTITTESOU

OepIVEPIO XTOTIOTIKAG Kal [MBavoTATWY 0TO 0TT0i0 GUPHETEIOV 29 TPITOETEIS
Ko TETAPTOETEIG oITnNTEG Tou IM.T.A.E. Tou MNavemoTtnpiov KpTng (26 kopiToia 3
oyépia)’. H pévn mponyolpevn eKTTaidevuan ou efyav ol QoITNTEG 0T ZTATIOTIKI
Kol TIg MBav4éTNTEG ATAV T GTOIXEIX TOAVOTHTWY KOl TTEPIYPOPIKAS OTATIOTIKAS
ou eiyav SidaxBel oTo AUKelo. ‘ETOl, 01 TPEIG TIPWTES £F60PGEES apIEpWONKAV OTNV
ETTAVEANYPN KO GUPTTAPWOT QUTWY TWV YVOOTEWV.

ATI6 TNV TETOPTN €006 TNV 6Ydon edopdda aulnTAOOE Pe TOUS POITNTESG EPYATTT
Tou Quetelet oL avoEEpeTal 0€ OTATIOTIKG OTOIXEIO YyIa TOLG Y&poUS (Quetelet
1847). Ztnv epyaoia auTr] o Quetelet TapovoiGler Tig BEaelg ToL doov aPopd 0TN
0UVdEOT) OVEHEOO OTNV TTOPATNPOVHEVI OTOOEPSTNTA TWV OTATIOTIKOV OTOIXEIWV
Kal 0TOUG TEPIOPIOHOVS TNG eAeUBePNS BoVANONG TwV AvEPWOTTWY. AUTS TV TO
TPWTO PEPOG TNG cLLATNONG oTNV TA&EN. Na To SeUTEPO PEPOG 0 BidGoKwY (fTNOoE
O0TOUG POITNTES va SiafBGioovv 6oov agopd oe BETEIS Kl 16€eG SIAPOPETIKWV PIAO-
06wV yIa TNV eAe0Bepn BoVANON KAl VO TTPOLOIGOOLY OTNV TGEN OTOIXEO AT T1)
pEAETN Toug. Ta oToIxela aUT& oLENTABNKAV O TUVOLOOUS HE TO ATTOTEAEOPATO
TOU TIPWTOL PEPOLG KOl EPTTAOUTIONV ONHAVTIKG TO deUTEPO PEPOG TNG oLLHTNONG .
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To 6eUTepo pépog TG ovlijTnong difjpkeoe aré Tnv Gydon efdopdda €éwg To TéAog
Twv podnudTwv (121 fdopdda). To devTepo PEPOS TNG oLLHTNONS OIPKETE TG TNV
6ydon efdopdda Ewg To TEAOG TV paONpGTWY (121 £fdopdda).

EmmirAéov, o 616Gokwv {ATNoE KEOE POoITNTHG VO LTTOPAAAET pICX YPOTTTH EPYOTITL, TOL-
AGxioTov 6000 Aé€ewv, TNV OTToi0r ETTPETTE VOr TTAPOLTIGCEl KOl Vo OXOMIGCEl OTOIXEI
o116 T oLLTNOT OTNV TAEN KABWS KO OTOIXEID OTTG TNV TIPOCWTTIKY TOL HEAETT GO0V
apopd OTI§ BE0EI§ TwV PIA0OSPV Yo TNV EAeUBepn BovAnon. Or epyaaieg ETTPETTe var
TapadoBoUV TO APYOTEPO VA PAVA HETG TO TEAOG TWV HOONPGTWVY 0TV TGEN.

MeT& To TéAog TwV HaBNP&TWY oTNY TEEN 0 HIGEOKWY TTPAYHATOTIOMOE ATOHIKA
ouvévteudn pe KGO @ortnTr. O cuVeVTEVEEIS apopoloay OTO Ti BPrKAV EVOIPEPOV
(4 6x1) o1r6 Tax B€paTar rov ovdNTABNKAV OTNV TGEN, KABWS KOI TO! KIVNTPO KOI T OL-
VOIOOAPOTA TOLG GO0V OPOPE OTN SOVAEIK TTOL EKAVAV OTO TIAXIOION TOU HOOAPOTOS.

KoBws To TpdTo PEPOG TNG oLZTNONG OTNV TAEN EPTIAEKET TTEPIOTOTEPN SOLAEIG
YTOTIOTIKAG KOI GUYXPOVWS EIVAI OLCIMOES TIPOKEIPEVOL O AVOYVWDOTNG VO KATAVOKOEI
TN SI6AKTIKA HOG TTPOOEYYION, O€ QUTH TNV £PYOTIa TTOPOVOIGLOVHE OVOAUTIKOTEPO
OTOIXEION OTTG AUTO TO TTPATO HEPOS, EVK OTOIXEID GO TO SeUTEPO PEPOSG TTAPOLOI-
GLOVTOI GUVOTITIKGTEPO AGYW TWV TTEPIOPICPWV WG TTPOG TO HEYEDOS TNG EPYNTITS.

3. Zrowgeia Ynodopurjg
/4 \ Otmrwg 6N mpoava@épape n HOvn TPONYOUHEVH EKTIAIOELON TWV QPOITNTWV
OTn XTOTIOTIKA Ko TIG MIBAVOTNTES ATAV TOr OTOIXEIX TTIBAVOTATWY KO TTEPI-
YPOQIKAG OTATIOTIKAS Trov efyav S1daxBel oTo AUkelo®. O Tpelg TpadTES £FO0pGOES
TOU HOBAPOTOS APIEPWONKAV OTNV ETAVEANYN KOI CUPTTAPWOT) AUTWV TWV YV®-
oewv (yia Tn S1IGpKeIa Twv podnudTwv deite 1 onueimon 3). ZudnTHoapE Pe TOLG
POITNTEG GO0V OIPOPG OTNV OPYAVWOT KO AVOTTOPEOTOOT (YPOPIKG KOl PE THVOKES)
OTOTIOTIKQOV SeSOPEVWV, Ta PETPA KEVTPIKAG TAONG (ETTIKPATOVOO TIWN, HE0OG 6pOog,
S16pe00Gg), T PETPA HETAPANTOTNTOG (E0POG, EVOOTETOPTNHOPIOKS £DPOS, HEOT) ATTO-
AUTn aTréKAIOT KOl TUTTIK OTTOKAION), TO OXAHO KOl T AoEGTNTA HIOG KATOVOIS.
‘Ooov apopa OTIG TOAVOTNTEG OLLNTHOOUE YIO TOV TIPOCHETIKG KOI TOV TTOAAXTTAC-
0100 TIKG VOHO TWV TOAVOTATWY, TNV SIOVUHIKA KATOVOUN KOBMS Kol TTOHPaOEiYHOTO
EQAPHOYDV TNG (T.X. TouXVIOIx TUXNG, PUANO VEOYEWNTWV, ATTAG HOVTEAD! GIOQOI-
Ae1adv), Tov NMA Kail Thv KavoviKr KaTavopr Hadi pe KATGAANAG TTapadeiypaTa.

4. ITpodto Mé€pog tng Xvditnong otnv Ta&n
4.1. Evoaywyij tov npoflijparoc

O dibdokwv, TNV TETOPTN £BOOPGOQ;, TTAPOLGICITE OTOIXEI VIO TNV ONPOVTIKH ETTI-
otnpoviky e£€NIEN TTov ouVTEAEOBNKE Tov 190 AWV Kal TNV avTioToIXn SiovonTiki
ATHOO@AIPA KAl EVOOLTIAOUG AUTAS TNG TEPIGOOL. X' auTS To TAiCIo €§ijynoe To
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HEYGAO EVOIQEPOV TNG ETTIOTNHOVIKHG KOIVOTNTAG YIO T ZTATIOTIKN Kol Tig [MiBavo-
TNTES, TWV OTTOIWV POOIKEG ETITUXNHEVEG EQOPHOYEG TTPAYHOTOTIOINONKAV OTIG
OPYXES TOU QIOVA OTNV GOTPOVOUIT KOI TN YEWOXIOI®, eV apydTEPQ, N XPIOTN TOUS
ETTEKTGONKE OTIG GAAEG PUOIKEG ETTIOTHHES KABWS KO OTIG KOIVWVIKES ETTIOTAPES. XTN
OUVEXEID TTAPOVOIOIOE OTOIXEID YIX TNV EKTTAIOEVOT), TNV TTAISEIX KA1 TO £pYO TOU
Quetelet. MNapovoiaoe OTOIYEIX VIO TIG ATTOYEI KOl TIG IGEEG TOU GOOV APOPT OTIG
SLUVOTOTNTES TTOL TIPOOPEPEI 1] XPHON TNG XTOTIOTIKAG OTN HEAETN TV KOIVWVIKGOV
PAIVOPEVWV KOl ETTIOCAHAVE TOV TTPWTOTTOPIGKS XOPOKTHPO TWV EPYOOIMV TOL OTIG
KOIVWVIKEG MOTHHES. EMTAEoV, GULATNOE pE TOUG POITNTEG TNV EWOIR TWV TL-
oV Kol Tov GXI-TUXATOV AITiwV HETABANTOTNTOG 08 CUVOLAOUG pE KATGAANAG TTO-
padefypata, n évvoia auT eival évvola-kAeIdi onv e£ENIEN TNG OTATIOTIKIG TOL 190UV
aldva oAG kai o1 Bedpnon Touv Quetelet yix Tn Xprion TNG OTATIOTIKAS OTIG KOI-
VWVIKEG eOTHHES (Stigler 1986).

2Tn GLVEXEID 0 KABNYNTAS TTXPOLOIOE OTOUG POITNTES TNV EICOYWYT| TNG EPYOOIOG
Tou Quetelet Tou 1847, Ekel 0 Quetelet emonpaiver 611  oTATIOTIKA TTEPT TA NOIKG
€xer SexOel TNV KPITIKA OTI TTIXEIPET VO HETPAOEI TAX TIGON KOl TIG KAIGEIG TV 0vOpwd-
TTWV, TPGYHA 6X1 HOvo adivaTo aAA& Kol TTap&Aoyo, Kal 0TI GUTO vl pICt TIPOOTTG-

Beiax "...vor 0Avo0SeBEl TO PEAOV (TwV aVOPDTIWY) OF PIA GKOPTITH HOONHATIKA
@oppovAa..." (Quetelet 1847, 6.135). " auTOUG TTOL PEAETOUV POVO OTOMIKES TTEPI-
TITWOEIG -ypapel- 1 EAeUBepn PovAnon Spa KaTé TPETTO TG00 IGIGTPOTIO AKATACTATO
Kol aTTPOPAETITO TTOL PaAvETAI TTAPGAOYO VO UTTOBEGOVHE GTI UTTGPYOLV KAVOVIKGTN-
TEG KAl VOHOI OTQ YEYOVOTO TTOU GUVTEAOUVTAI LTS TNV eTTidpaion Tns. QoTé00, eT-
onpaivel, OTIG TTAPATNPAOEIG HEYGAWY TTANBUOHAV 1) ETIOPAOT TWV ISIXITEPOTATWV
TWV OTOPIKOV EAeUBEPV PBovAioewy e€apaviCeTal KOl KUPIXPXOUV OI YEVIKES TAOEIG
€EQITIOG TWV OTTOIWV 1) KOIVOVIO DTTAPXE! KOl SIGPKEL. ‘OTaV TTOPATNPOVHE £Va PEYGAO
TANBLOUG o1 £MOPAEOEIG TWV IBINTEPOTATWY TWV ATOHIKWV EAEVBEPWV BOVANCEWY
OTA OTATIOTIKG OTOIXEi0r 0AANAOEEOLBETEPWVOVTAI KAl EPTTITTTOLY OTHV KATHYOPI
TWV £MOPEOEWY MOV oeilovTal og kKaBaPG TuXaia aiTia®. ALTH N BepehiddNG 161-
6TNTO TNG OVOPWTTIVNG EAEVBEPNG BOVANONG ETTITPETTEI OTN OTOTIOTIKY TTEPT TAX NOIKG
va opéxel xpoiga amroTteAéopara. O Quetelet Tovidel 611 auTr ) 1GI6TNTO €ivar alo-
onpeinTn Kot o1ré PIA0COPIKA &TTOYN, KABWS HaG TTANPOPOpPE GTI 1 £TTIOPACT TWV
QTOHIK@V IBIITEPOTATWY TNG Sp&ong Tou avOP®TTOL PPIOKETON TTEPIOPIOPEVT OF HIC
oQaipa TETOIO WOTE 01 VOHO!I TNG pUOTG TIAPAHEVOLY aveTrnpéaaTol. EmmA£ov Seiyvel
OTI VOpOI OIATHPNONG PHTTOPOVY VO UTIGPYOLV OTOV TIVEVHOTIKG KGopo (monde moral)
OIS LTTAPXOLV KOl OTO PULOIKS kGopo (Quetelet 1847, 6.136). O Quetelet onpeidvel
OTI éva ONUOVTIKG EPWTNHA Eival TO va amroderxBei auTh N Bepehinddng 1ISI6GTNTa TN
avBpdIVNG eAeVBepPNG BOVANONG Kol GTI OE TIPONYOUHEVESG EPYOOIEG TOU EiYE KOTO-
O¢ei€er 611 ) e6oLOETEPWON TV ETIOPATEWV TWV ISIXNTEPOTATWV TWV ATOUIKWDV EAED-
Bepwv BoVACEWY TTOPATNPEITAl TTPGYHATI 6TOV Ta £EETALOHEVO GTOIXEIDN APOPOLV
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IOt XPOVIKH TTEPI000 GPKETA HIKPF) OTE Ol KOIVWVIKEG OUVORKES VO HEVOLY POTIKG Opie-
TAPANTES. QAG TTPOG AUTS AVAPEPE! TIG EPYNOIEG TOL YIO TIG EYKANPOTIKEG TTPGEEIS,
610V dIAMOTOVETAI AEI00NPEIWTN OTAOEPSTNTO TWV OXETIKWDV OTATIOTIKWV OTOI-
Xeiwv a1ré XpGvo o€ XpGvo, Ko ONHEIDVEl OTI TO 010 ep@OTNHO e€eTGleTON OTNV TTO-
pPOVOX EPYOOIX VI TO (PAIVEPEVO TOU YEHOU HE OTATIOTIKG OTOIXela a1t TO BEAYIO.

4.2. Zvlyrivrac yia i perePlyroryra kea ic emdpdoeis Twv
10101TEPOTITLY TV aTOpIKGY edevBepwv Povlijoewy

> ouvéxeia, o Quetelet TapovoiGlel TAPAdElyHATO OTATIOTIKWOVY Sedopévav yia
v vtrooTnpier 6T VTTAPYE! A€I0oNPEIWTN OTOOEPSTNTA TWV OTATIOTIKWV OTOIXEIWV
yia Toug yGigoug Ty e§eTaddpevn mepiodo, 1841-1845, n omoia eivar pix epiodo
KOIVWVIKIG 0TaBePETNTOS I TO BéAyi0. O 6186&okwv {Tnoe amré Toug oITNTEG Vot
£€eTGOOLY QUTA TAX OTATIOTIKG SEOOPEVA KO VO SIGTUTIWOOLY T YVWHN KO TIG OTTO-
YEIG TOUG WG TTPOG TNV OTABEPOTNTA TOUS.

O Quetelet rapovoiGer Tovg eTNOTOLG APIBHOUG YEUWY XAPWV PE XIPES, TTOL HTAV
yio Tig TTOAeIg 231, 221, 224, 244, 226 Kol yix Ta Xwpid 498, 474, 492, 482, 514. O1
@ortnTég LTTOASYIoaV To Méoo ‘Opo (M.O.), Tig diagopég péyioTo-M.O. kar M.O.-
eAGXI0TO, TO £UPOSG, Kol TNV Méorn ATTéAuTn ATrékAion (MAAL) , TTPOTO YIa TIG TTOAEIG
KOl KATOTTIV YIO TOUXWPIG. XTI GUVEXEIX UTTOAGYIOOV QUTG TQ PETPA HETABANTETNTOG
s KAGopaTta (rooooTd) Twv avrtioTorywv M.O. ‘ETor Bprikav 6T, yio TIG TIOAEIS N
péyioTn Kai n eAéiotn Tipr Siagépouv amé To M.O. 6,5% kai 3,6% Tou M.O., evdd
YO TOL XWPIG 01 avTioTOIXeG TIMES eivan 4,5% Kol 3,7%, kou 611 p MAA. givar 2,9%
Tou M.O. yIa TIg TTéAeI§ Kot 2,3% Yio Ta Xwpidi. ‘ExovTag auTd Tar omroTeAéopaTa O
@OITNTES oupwvnoav 611 o Quetelet eie dikio va Bewpel GTI LTTEPXE! HIKPK HETO-
BANTSTNTO KOt Gpar axloonpeiwTn OTAOEPSTNTA OTOUG ETACIOLG APIBPOVS AUTAS TNG
KaTnyopiog y&pwv.

MeT& o1 poitnTég epydoTnkav pe To SeUTepo TapGderypa Tou Quetelet Trou apopd
OTOVG ETHOI0VG APIBHOVG AVOPWV Kal YUVAIKGV nAIKiag 25 €éwg 30 €TV oL TTa-
vTpeOTNKOV OTI§ TTéAEIS. T Toug Gvdpeg avTof o1 apiBpoi ATav 2681, 2655, 2516,
2698, 2698 kai yia TIG yovaikeg ATav 2119, 2012, 1981, 2120, 2133. Bprikav 671 yiot
TOLG Gvdpeg o1 Siapopég péyioTo-M.O. kai M.O.-eAdyioTo Kai n MAA. eivar 1,8%,
5% ka1 2% Tov M.O., Kal 6TI YI& TIG YUVQIKES O AVTIOTOIXES TIPES eivan 2,9%, 4,4%
and 3%. Kot yI auT& T GTrOTEAEGHOTO O1 POITNTES EEEPPATAV TN YVWHN OT1 SeiYvouy
HIKPI] HETOPANTOTNTA KOl Gpar afloonpeiwTn eTAOIX OTABEPSTNTO.

TNV ouVvéxela epYGoTNKaV He GAAG TTAPAdElYHATO OTATIOTIKAWV Sedopévwv Tou
TpoépyovTal atrd Tov Trivaka Tou Quetelet (ogA. 143) 61rov TTAPOLGIGLEl TNV KATO-
VOH TV YEHWV av& XpGvo OOp@®Va He TNV NAIKIGKT] KXTNYOPIX TOL YOHTTPOU Kal
™S vo@ns.

XTI TEoOEPEIG TIOAVTTANOETTEPEG KATNYOPIES (He HEOOUG BpoLG peTady 2495 Ka
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12752) Tax p€ETpa peTafAnTéTNTOG dicipovpeva dia Twv avTioTorywv M.O. £dwoav
TTOCOOTIONES TIPEG TTOL OEV TAV POKPIG AT AUTEG TWV TTPONYOVHEVDV TTAXPODETY-
pATwV'. ‘Ocov apopd 0TOUG GUVOAIKOUG ETIOI0VG OPIBHOVS YEHOUS TO GVTIOTOIKO!
T0000TG dev atreiyav oAU OTTé AUTE TWV TTAPATTAVW TEGOGPWY KATNYoPIdV' .
Q0T600 OTIG HIKPOTEPES KATNYOPIEG LTTAPYAV TIEPITITWTEIG GTTOL TA AVTIOTOIXO! TTO-
000T& {TOV HEYOAUTEPR OTTO TA TTPONYoUHeva. IdiaiTepa évTovo TavV VTS TO POl
vopevo og Katnyopies pe M.O. pikpétepo Tou 150. Qg mpog avTd o Quetelet
ETTIONHAIVEI 6TI OTIG PIKPEG KATNYOPIES ival TTI0 TBavE TuXaiar ATION VO ETTITOXOLY
VO KATOOTPEWOLV TN OTAOEPSTNTO KOl £TC1 VO EPPAVICETAI HEYOAUTEPN (OXETIKN)
peToBAnTéTNTO.

>1n ov{ATNON TTOL AKOAOVUONTE OI POITNTES EEEPPAOAV TNV YVWHN OTI TOl OTATI-
OTIKG 1oL efyav e€eTAoEl TV OUHPBATE pe TNV eppnveia Tov Quetelet 611 og oLVOR-
KES KOIVWVIKIG 0TOOEPETNTOS O HeTAPOAES TNG eAeBePNS BOVANCNG TWV ATEHWY
TIPOKOAOUV HIKPES HETOPBOAEG OTOUG ETHOI0UG GPIBHOVS YEHWVY TV TTOAVTIANBGV KO-
TNYOPIGY TOL TTANBLOHOU Kol €TOI TTAPATNPETOI A&I00NPEIWTN OTABEPSTNTA O’ VTG
TO OTOTIOTIKG OTOIXEIQL.

21 ovvéxelx o SIdGOKWY €0e0E TNV TTAPOKATW £PATNON: AKGHN Kol 0g Trepiodo
KOIVOVIKAG 0TOBEPSTNTA LTIGPXOLV TTOAAOT AGYOI, OIKOVOMIKOI, KOIVWVIKOI, GUVAITON-
paTikof, e€aITiog Twv oTToiwv aTé Xpovo oe Xpivo GvBpwTrol Ptropel va aAAGEouv
TN ovAnon kai T 61600 TOLG va TTavTpeLTOUV. Ti VopileTe 6TI CLVEPN WOTE, TP’
6Aoug awTOUG Tou AGYousg GAAXYIS, O1 ETHOION APIBHOT YAHWY OTN XDPA VO PNV oA-
A&louv ovolaoTIKG; O1 QoITnTéG LTTEBETOY TNV UTTAPEN SIadIKaoIWY avTIoTAOHIoNS
KOl TTPOTEIVOV OXETIKG TTapadeflypaTa 6TTwg:

® Y& pia YWpa KOTG T SIGPKEIR HIOG XpovIGS KATToI01 GvOpwTTol XAVouv Tr 60ULAEIG
TOUG TIPAYHO TTOL PTTOPET VO ETTNPEGOEN TH BEANOT TOUG VO TTAVTPELTOVY, WOTOCO,
0€ OUVONKESG KOIVWVIKAG OTOOEPOTNTOG, £VOG TTEPITIOL {00G ApIOUOG avOPWTTWY
Bpioker 6ovAeId, TTpdypa TToL eTnPeddel TN BEANON TOUG VO TTAVTPEVTOVV TIPOS
TNV avTiBeTn KaTevOLVON. ‘ETOI, eved Kal 0TIG 500 opGideg LTTAPYOLY OANYEG Go0V
aop& aTn BEANCN TWV ATOPWV VO TTAVTPEVTOVY, O £TAOI0G APIBHGS TWV YEHWY
propel TTOAD e0KOAG var PEIVET TIPOKTIKG GHETAPBANTOS.

® Y& pia HEYGAN XWpa TTOL PBPIOKETOl 0€ OUVONKEG KOIVWVIKHG OTABEPSTNTAG,
ptropolpe vor vTToBégoupe 6TI KABE XpOvo TrePiTTou 0 510G aPIBPES GryoHwv
avOpdTTWV PpiokeTal og TePIodO TEVOOUG AGY® BAVATOU TWV YOVIGV TOUG, GAAG
oev eival Ta id1a GTopa K&GOe xpdvo. Kabe xp6vo karolol GvBpwTTol PTraivouv o
Tepiodo méEvBoug aAAG TrepiTrou o 810G apiBpdg Pyaivel atmd mepiodo TévOous.
‘Ocov agopd o1 BovAnor Toug va TTAVTPELTOUV oI TPWTOI emnpedlovTal
apvnTiké, evad ol devTepor etrnpediCovtan BeTikG. ‘ETOl, 0 £TO10G OPIOPGS YApOG
OTnN XWPA TTOAD TIOOVEY Bat PEVEl AVETTNPENOTOG OTTO OAEG AUTES TIG GAAGYES.
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O 8166okwv eTTeOr|paVE GTI, 08 OTOOEPES KOIVWVIKEG OUVOKES, AUTES 01 HIAOIKOOTEG
QavTIOTAOIONG SnpIoLPYOLV pETAPANTOTNTA TOL €idoug TToL 0 Quetelet Bewpovoe
wg Tuxaia peTafAnTéTnTa. Etriong ou{fTnoe pe TOug POITNTES I TNV TUXAIX pE-
ToBANTOTNTAO KO TO GTI SIAOIKAOTEG AVTIOTEOHIONG GTTWS Ol TTPOAVAPEPOEiTES Atl-
TOUPYOUV KOAITEPO WG TTPOG TA OTATIOTIKG ATTOTEAEOHATA HEYGAWY KATNYOPIGV 1)
Op&OWV TOL TTANBLOHOU (TT.X. HIX HEYGAN TTOAN) , TTAPQ& VIO HIKPEG KATNYOPIES 1} OG-
0eg (1r.. évar xwpid). AuTé oupPaivel HIGTI LTTGPYOLY TUXH aiTIO HETAPBANTETNTOS
TO OTTOI0! PTTOPOUY EVKOAG! VO SNpI0VPYHO0LY OTIG HIKPES OpGdeg adidAoyeg peTafo-
AEG GUYKPITIKG PE TIG OVTIOTOIYEG PEOES TIPES, £V dev eivan TOAVE va ocupPel auTd
o€ peyGides opadeg Tou ANBLOPOL. Kai £d o1 oITnTéG TrpdTEIvay KATAAANAX Troi-
POdEIYHOTO OTTWG:
® Y& fva wpid Tou YivovTal KaT& péoo 6po 10 ydépor To Xpdvo, Ywpiopof

aPPAPWVIGOUEVWV i} TO VO XEAOOLV TN H0ULAEIG TOUG KATTOIX GTOHO EVKOAX, PTTOPET

va TTpoKoAEoouv peiwon 10% fi 20% Tou apIBHOL TwV YEHWY OT6 TOV £va XpOvo
oTOV GANO. Y& piax peYGAn TOAN auTé Sev ptropei va oupei. Xe pian peyGAn oA,

Kol 1801aiTeEPa 0 GLUVORKESG KOIVWVIKHG OTAOEPOTNTAS, O APIOUGS TWV XWPITHOV

APPAPOVIGOHEV®DV ] APIBPGS QUTWV TTOV XGVOLV Tr) SOUVAEIG TOUG Sev AAAG el TTOAD

o1ré XpOvo O€ Xpovo...

ZxoAi0: H mponyolpevn oulTNoN ETTETPEPE OTOUG POITNTEG VO SIKHOPPHDTOLY
HIo KOAAITEPN TIOIOTIKF) KATAVONOT 600V OQOpG OTHV TUXAIO HETABANTOTNTA KOl TO
TG AEITOVPYET OE KOIVWVIKG POIVOHEVQ, IB1aiTEPA O, GO0V apopd OTNV ETTIOpAON
TNG OTQ OTATIOTIKA OTOIXEIX PEYGAWV KOt HIKPGV OpGdwV Tov TTANBuopov. Etriong o
O16GI0KWV ETTECT|HAVE TO KOIVG OTOIKEIX PETAED TG TUXATOG PETAPBANTOTNTOG KO TNG
HETAPBANTSTNTOG TV TUXaIWY delYPGTwY oL LTTAKOVEl 0Tov N.M.A. ETiTrAéov, n
oL{ATNON AUTI] ETETPEYPE OTOUG OI POITNTES VA KATAVOGOLYV KOAAITEPD TNV B€0m
Tou Quetelet 611 08 GUVORKES KOIVWVIKIG OTABEPSTNTOS O HETAPOAEG pETar 0TO XpEvo
TWV ATOHIKGOV eEAeVOepV fovAjoewy dev TTpokaAolv aidAoyeg HeTABOALG OTa OTO-
TIOTIKG OTOIXEIO HEYGAWY TIANOUCHGV.

211 ovvéxeia o diIbGokwv avépepe 6Ti 0 Quetelet pe Tnv emopavon Tov 6Ti 1) TTe-
piodog 1841-1845 fTav mepiodog KoIvwVIKAG OTOBEPETNTOSG YIa TO BEAYIO dev evvoel
OTI TOV pial TTEPi080G ATTEAUTNG KOIVWVIKAG OTABEPSTNTAG OAAG PHEvoV 6T O KOIV®-
VIKEG OUVONKES TTOPEPEIVAV OE YEVIKEG YPOPUES OTABEPES. AUTS Onpaivel OTI PTTOpEl
oTn SIGPKEIX AUTHG TNG TTEPIGOOL PEPIKOI ONUAVTIKOI KOIVWVIKOT TTAPAYOVTEG VO E-
PGvIoaV PIKPES, OAAG 6XI aoTjHaVTES, HETOPBOALS XWPI§ WOTE00 Vo SIHTAPGOTETAI I
OUVOAIKI] EIKGVX KOIVWVIKIG OTAOepSTNTOS. TETOIEG OAAOYEG PTTOpPET VOr TTPOKGAETQV
HIKPES, OAAG GXI TUXOES, HETOBOAEG OTO OTATIOTIKG TWV YAHWV KT Tn SIGPKEIn
oUTHAS TNG TePIGdoL. ‘ETOI péPog TNG TTAPOATNPOUHEVNS HETAPANTOTNTOG PTTOPET VO
fTav éxi-Tuxaio. EmmAgov o Sibdokwv, pe T PoriBeia KATAAANAWY TTaPOdEIYIGTWY,
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emeorjpave 671 0 N.M.A. dev 10x0el yia Tnv 6x1-Tuxi0 HETOBANTETNTOL, 1) OTroI OUXVE
oev e€apTéTal amé TO PEYEBOG TOL TTAPATNPOVHEVOL TTANBUGHOD.

1N ovvéxela {ATNOE a6 TOLG POITNTES VA PAEOLY Qv EPPAVICOVTOI OTA OTOTI-
oTIKG dedopéva evdeieig dxi-Tuxaiag peTaAnTéTnTaG. OI POITNTES, TTAP& TIG TTE-
PIOPIOPEVES YVWITEIG 600V 0ipopd 0TN Bewpial TNOAVOTHTWY, KATAPEPAV VO KEGVOLY
opIopéveg a€IGAOYEG OXETIKES TTOPOTNPHOEIS. XUyKeKpipéva: (i) MapaTipnoav 6Ti T
1841 eppaviCovTon TPEI§ Ao TIG TEOOEPIG PEYIOTESG TIPEG TWV TECOAPWY HEYGAWY
KOTNYOpIQV TTov e§eTéabNKav Trponyolpeva. Or poITNTEG Bedpnoav 0TI auTé eivai
€va aoLVABIOTO OTTOTEAETUO GV TO €TOG PEYIOTNG TIPS KGO KaTnyopiag kabopi-
oTnke Tuxaio HeTalD Twv TévTE eTWV TNG e€eTalOpevVNS TeEPIGdOU. (i) O GUVOAIKGS
TANBLUOPES CLVIOTE HI KATNYOPIO TTOAD HEYOADTEPT OIS TIG TECOEPEIG PHEYGAES KO-
TNYOPIES TTOL EEETATONKAV TTPONYOVHEVD, £TTI OI POITNTEG OKEPONKAV OT1 €AV 6AN N
TIOPATNPOVHEVN HETAPBANTETNTO Eival TUXOHO TOTE EIVOI AVOIHEVOHEVO TO HETPO OXE-
TIKAG PETOPANTOTNTAG TOL GLUVOAIKOU TIANBVOHOL V& €iVal OPKETE PIKPOTEP AT
QUTG TWV TEGOGPWY HEYGAWY KATNYOPIWV. QOTE00 01 POITNTEG TTAPATHPNOAV OTI
0 A6yog Tng diagopds M.O.-eAdioTo TTpog To M.O. dev peiddnke 6TTwG avépevay
(6eg onpeiwdoeig 10 & 11) ko 6TI qVTS Bar pTTOPOVTE VO Eival I KN €voei§n BTTap-
&ns oxi-Tuxaiog peTaAnTOTNTOG™.

4.3. H tdaoyn twv ardpwv ve axolovBovv Tic kowwvikés avvijleies kat
anaiTjoes

O Quetelet yp&pel 6T1 o1 GvBpw ol €X0ULV 10XLPT| TEON VO GKOAOLVBOVV TIG CLVI}-
BEIEG TNG KOIVWVIOG GTNV OTTOIX OVKOULV KOI VO TIPOOGPHGLOVTOIl OTIG OTTITHOEIG
NS Kol 6T aUTO eival €va Baciké oToryeio Tou eTrnpeddel Tn BOVANON TOUG YeVIKE,
OAAG KOl Y106 TO YHO €18IKOTEPQ, KOl TTAICEl KABOPIOTIKG PGAO 0TV SIGPGPPWOT TwV
OXETIK®OV OTOTIOTIKOV'?. AT givarl To debTePO POOIKG OTOIXEIO TTOL TIPOTEIVEL O
Quetelet yia TV eppNVEid TWV OTATIOTIKWY ATTOTEAECPGTWY O€ CUVOUAOUG PE TNV
avOpwmivn BovAnon. EmmAéov, apovoidlel ki oXoMALel ePTTEIPIKG OTOIXEID WG
UTTOOTNPIKTIKG TTapadEiypaTa TG B€ong Tov, 6Trws: (i) H emikpaToboo TP TG nAI-
Kiog TTou £XouVv o1 VOQeG Siapépel Emg Kar S0 Xpovia aTré Teploxn o€ TepIoxn. AUTH
n S1aopg, ypdpel, opeideTal 0T SI0POPS TWV EBIHWV TWV SICPOPETIKWV TTEPIOYWV
Kol 6x1 oTnv eAe0Bepn BovAnon Twv atépwv. (i) O apiBpPés Twv YEHWY VEwV pe nAI-
KIWHEVOUG paviCeTon HIKPOG MG apKkeTd oTaBepdg kGO xpdvo. O Quetelet oxo-
NGCer 61 évag Gvopag ArydTepo Twv 30 ETWV TTOL TTOVTPEVTIKE I YOVOTKO pE NAIKIL
Gvo Twv 60 dev To €kave e€aTiog TNG poipag f até TLPAS TTEB0S, OAAG fTaV OF
Béon va okePOET Kal Vo XpnOIHOTTOIN Ol TTARPWS TNV EAeUBepn BovAnon Tou. QoTéo0
TENKG QTTOPAOIOE V& TTANPWOEI TNV OPEIAR TOU YIX VX IKAVOTIOINOE! TIG ATTAITHOEIG
TNS UTTGPXOLOOG KOIVWVIKIG 0pYGvmwons. AUTO To £i00G o@eIAig, emonpaivel, TTAN-
PAOVETAI KGOE XPOVO pE HEYOAVTEPN KAVOVIKOTNTA GTT6 GTI 01 PSpoI TOU KPETOUSG.
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O b&idb&okwv Trapoucicoe Tn B€om Kar Ta Tapadefypata Tou Quetelet oov apopd
OTNV ETTIOPOOT) KOIVWVIKGY TTOPOyOVTwV oTh BoVANCT TV avepdTTwV w§ TPog TO
YGipo Kol 0T OLVEXEIR (ATNOE OTTG TOUG (POITNTEG VO EKPPAOOLY TIG AITTOWPEIG KAl TIG
OKEPEIG TOUG YI' VTGO TO BEPA. O1 POITNTEG EVTOMOOV HIG HEYGAN TTOIKIAIGr TETOIV
TopaydvTwv. EmimAéov, pe B&on TnNg YVAOOEIG KOl TIG EPTTEIPIEG TOUG TTXPOLTTOIOOV
Eva oNUAVTIKG apiBUS TTapadelYPGTwV Yo var Sei§ouv Tnv TTidpaion auTWV TwV TTa-
pory6vTwv. O TTap&yovTES TTOL EVTOTTIOOV HTTOPOUV Vol TOEIVOHNB0UY G TTaPGyovVTES
TIOL APOPOUV, GTO OIKOYEVEIOKO TrEPIBGAAOV, TNV OIKOVOHIKI) KATAOTOOT], TO KOIVAVIKO
TePIBGANOV Kail IBIITEPO TN YVWHN TV GAAWY, Kail TNV ekTTaidevor). Ot poITnTES £TTe-
ofjpavav 6T o1 TTap&yovTeg U TOl TTOAD OUXVG ETTIOPOVY 1GXUPE KOl GUHPWVA E TIG
KOIVVIKEG OLUVABEIES KOl TO BN, KOI UTTOYPAHHIOAV TH) ONHOCIO TNG EKTTOdELONG YIXK
TNV KOAAIEPYEIX TNG IKAVOTNTAG KPITIKAG Be®dpnong Kal a§IoAGYNong auT®v Twv £TTI-
dpdoewv. MoAXof PoITNTES TrEpIEypaPav TNV ETTIOPOOT) TWV KOIVWVIKWDV TIOPOyOVTWV
pe 6poug Trieong oTnv oTroict n BOVANCT TWV AVOPDTTWY LTTOXWPE I] VTTOTAOCETAI.
AMor oITNTEG avTédpaoav o' auTd AEyovTag T 1 eAeUBepn [BoVANGT TTOAAWDY Q-
BpDTTWV BPIOKETOI OE CLPPWVIO! HE TIG KOIVWVIKESG TLVIBEIESG KOl Ta {0, £€TO1 0" QUTES
TIG TIEPITITAOEIG SeV LTTEPYEI BEPA LTTOXWPNONS 1] LTTOTOYIS. XOTGCO OPICHEVOI ETTE-
ofjpavav 6T ol GvBpw ol TS TTOAG pIKpr NAIKIa GEXOVTAI I0XUPES ETTIPPOES OTTG TNV
OIKOYEVEIX TNV EKTTAXIOEVLOT KOl TO KOIVWVIKG TrepIB&AAOY, oI 0Trofeg Siapoppadvouy
OTEPESTUTIA KAl TIETTOIOAOEIS TTOL KaBoPiCouv TNV HeEAAOVTIKY Toug BovAnon ot Bé-
poTa 6TTwg 0 Y&pos. ‘ETal akdun kai av n BovAnon Toug BpiokeTal o€ CUHPWVIO piE
TIG KOIVWVIKEG OLVIOEIEG Kal Ta 40N eivan appiBoAo 611 1) fovAnon auTr eivon eAevBepn
[BovAnaon. AuTég ol TTapaTPAOEI§ 00 YNTaV TNV TTAPOKATW ONHAVTIKA £pWTNON: X€
010 BaBUS €vag GvBpwTTog eivan dnpiovpyds kai KOplog Tng BEAnong Tov;

AUTA 1 epdTNON TEBNKE TNV €KTN €BOOPGd OAAG oLNTHONKE KLPIWS TNV £Bdop.
MoAAoi QoITNTES e&€ppacay Tr YV@HN OT1 éva HEYGAO HEPOG TWV 10EMV KO TWV Tre-
To1IBoEwVY TToV KaBopilovv TN BovANoN TwV avEPOTTWY KABoPIlovTal ATTG KOIVW-
VIKOUG TrapayovTeg, oAAG LTTEPXE! Kal €va ONUAVTIKG pépog Trou eivan SIKG Toug
oSnpioUpynpa. ANl efffav 6T akSpa kai e§eTGLOVTAG TTPOOWTTIKEG TOUG KPIOIHES
QTTOPAoEIS™ Sev PTTOPETOY VO EVTOTIIOOLV KOPI GNUAVTIKI 16€a 1] TTeToibnon mou
va eivar atrokAe1oTIkG ik Tous. EffTav 611 Bprikav 166G kan OKEWPEIG TTOL apXIKG Oe-
@pnoav wg dIkég Toug, OAAG peT& aTré BabiTepn e€€Taon Pprkav 0TI AUTEG HTOV
IOXUPQ ETTNPEACHEVES ATTG TTPOUTIAPXOVOES I6€EG KOl TTETTOIBNOEIS, Ol OTTOEG PE TN
OEIp& TOUG SIGHOPPWONKAY LTTG TNV I0XLPH ETTIOPOIOT TNG OIKOYEVEIOS, TNG EKTTON-
devong Kkar Tou KoIvwvikoU TrepIBGAAovVTOS.

O1 @oITNTES oLpP®VNOOV 6Tl AUTO To BEPA eival SUOKoAO va digpevvnBei, GAAG
0TI €iVaI ONUAVTIKG V& GUVEXIOOLV TNV TTPOOTIGOEI YIaTi 1) dTrola TTpéodog propel
va eivoll ONHAVTIKA Y10 VO avaBewpnBoUv evoeXOHEVES EOPOAUEVES 16€€G GO0V aipop&
OTO €8V KOl KaTG TT600 o1 GvBpwTrol gival KUpiol Tng BoVAnong Tous.
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5. Aebtepo M£pog 6 Zvdijtnong otnv Ta&n
Tr]v €kTn £fdOPGO 0 B16GOKWV EiTTE GTOUG POITNTESG OTI B ATAV EVIIGPEPOV VO
HEAETAOOLY GO0V APOPE OTIG ATTOYPEIG KO GAAWVY SIOVOOUHEVWV KOl (PIAOGOPV
yia Tnv eAebBepn PovAnor. Toug TPSTEIve evoelKTIKY PiBAIoypagian ki avépepe pe-
PIK& OVOPOTO PIAOGOPWY PE ONHOVTIKY) OLVEITPOPE 0TO BEPA GTTWS 0 Aylog Auyou-
0Tivog, 0 Owp& 0 AKIvaTng, o NelTwvag, o Xioup kail 0 KavT. O S1d&okwv Toug eitre
OT1 Bat | TOV EVOIOPEPOV VO OPXITOLV HE HIX ETTIIOKGTINOT) TOL BEPATOG KOI OTI KATOTTIV
fjTav eAeVBepOI va ouveXioovv 0TIALOVTAG Og KATTOI0 PIAGOPO 1| PIAOTGPOUS 1
PEVHATO OKEPNG TTOL EVPIOKOV EAKVOTIKA KOl EVOIGPEPOVTO O OXE0N HE TIG OIKES
TOUG OKEWEIG KOl IGEEG.

O1 oITnTEG 6oVAeav TOAY TTAvw 0’ aUTS To BEPA KABWS To PBprikav IBIaITEP
evdiagpépov. ‘ETal, atré tnv 6ydon efdopdda wg To TéAog Tov padripaTog (12n gfdo-
p&da) rapovoiacav 0TV TEEN OTOIXEIX OTI6 Th) PHEAETN TOLG KOBWS Kal Sik& Toug
oX6AIo TTOV gUTTAOUTIOAV OLOIWOWS TN oLLTNON OTNV TAEN.

16€eg ToL Ayiou AuyouoTivou Kal Tou OWHG TOL AKIVETH TTAPOVOIGTONKAV CLXVE
atré @oITNTEG Kal ouNTABNKAV OTNV TGEN. ‘Eva onpavTiké B€pa Tov 10X pe
auTh T oL{ATNON ATAV N OXE0T AVAPEST TNV EAeUBEPN BoVANOT, TNV OTOHIKA €V-
0uvn, TNV empPpdPevon kar TNV TIpwPIC. XTo BEHA AUTO APIEPDONKE EVOl THAVTIKG
pEPOG TOL HeUTEPOL PEPOLG TOL OEHIVOPIOL. XTI OLLATNOT TOL BEPATOS OI POITNTES
TTAPOLGTIOICAV KOl GXOAOOOY OXETIKES 1I6€€G KAl GAAWY PIAOCSPWV GTTwG TwVv XIOLY,
Kavt, omevydovep, Frankfurt, Strawson ko Kane.

2T OULVEXEIX TTAPOLGIGLOVHE OPIOPEVO XOPOKTNPIOTIKG OTOIXEIX TNG GLLTNONG
oTn T&EN yI’ auToé To BEPA. O Aylog AuyouaTivog Kal 0 OwHAES 0 AKIVETNG GVOPEPOLV
6T n eAeVBepn PBovAnon dev eivar n pévn TpodTTEOean yia TV atrédoon noIKAG €v-
B0VNG o€ éva TTPGOWTTO, OAAG TIPETTEN £TTIONG TO TTPGOWTTO AUTS VO EXEI OLVEIONON
TWV CUVETTEIDV TV ETMAOYWDV TOU. ISIiTépwg emmionpaivouv 6T Ta TTadIG Kail o1 Tpe-
Aof bev propel va BewpnBovv LTTEDBLVOI YIa TIG TTPAEEIG TOUS YIGTI TOUG AElTTEl ALTA
n ovveidnon. Avté fTav £va CATHPA TToL oLLNTABNKE EVTOVA HETAED TWV POITNTAOV.
Oplopévol oITNTEG ETECHPOVAV OTI OE TIEPA TTOANEG TTEPITITWOEIG £Val GTOHO Oev
MTTOpPEl va €XEI KOO IKOVOTTOINTIKA YVWON TWV HOKPOTIPOOEOHWY GUVETTEIV TWV
eTAOY@V Tov e§TIOG TNG DTTOPENG AVTIKEIMEVIKWY 1} UTTOKEIPEVIKWV afeBaioTiTwV.
Kétroiol @oitnTég eirav 4TI nBIKK eVOUVN Ba TTPETTEI var AmTodIdE TOI 08 £va TTIPEOWTTO
OUHPWVA PE TN YOO TTOU £XEI YIO TIG GUVETTEIEG TWV ETTIAOYWDV TOL. ANOI POITNTES
avépepav 6T aUTO dev eivan To HEvo oToIXEiD TTOL B TPETTEl va AapBdGveTan v’
6y yia Tnv a1rédo0or NOIKAG evBVBVNG, GAAG KOl O KOIVWVIKEG GUVOIKES TTOL ETTaIEQV
KaBOPIOTIKG pOAo 0T SIGPGP@WOoT TNG fOVANOGNS KOl TOL XOPOKTHPO EVOG ATOHOU.
EmirAéov, opIOpEVOI OITNTEG TTOPOLTTOIoOV KOl OXOAIIOOV GTOIXEIX AT TIG EPYOIOTEG
Tou Quetelet yiax To éykAnpa (Quetelet 1833, 1842, 1848). O Quetelet TapaTripnoe
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pia afloonpeiwTn OTOOEPSTNTO TWV OTATIOTIKWV OTOIXEIWV HEOO OTO XpGvo 600V
0opd 0TO TTAB0G TWV EYKANPGATWVY KO TWV GUTOKTOVIAV, EVA BPAKE ONHAVTIKES
S10POPEG VAPEDO OTIG SIGPOPETIKEG TIEPIPEPEIES KOl XWPES. Miar epunveuTikr B€om
Tou Quetelet Tov LTTOYPGHHICAV o1 POITNTES eivan TI TO TTABOS KAl TO €i50G TV
EYKANPATWYV TTpoeTOIHGeTaN Kol KABopileTal aTré TIG GUVORKES KOl TV OpyGvwaor
TNS KOIVOVIOG, EVX 01 EYKANHOTIEG EIVAI Ta GPYOIVA TTOU EKTEAOUV TO EYKAHOTA .
AUT& Ta oTOIKEIX TPOPOOSTNOGV TN OLLATNON YIO T EAAPPUVTIKG TTOL TIPETTEN VO
AapBévovTar vt G Ko g CUVOLOOHG HE TNV TTPONYOUHEVH GULATNOT, OPICHEVOI
PoITNTEG eE€ppacav TNV Groypn GTI OTNV TTPAYHATIKGTNTA €ivan TTOAD HUOKOAO vV
atrodoBel dikaia NOIKA eLOUVN O€ KATTOIOV IO TIG ETTIAOYES KOl TIG TIPGEEIS TOV. XTH
OLVEXEIX TNG CLLATNONG TOL BEPATOG TTOANOT POITNTEG BEDPNOAV WG IKAVOTTOINTIKES
HETPIOTTOOEIG OITTAVTHOEIG TTOL TIEPIEXOVTAI O 16€€G TOL XIOLP KaI TOL KawvT.

Eva Ao evdiagpépov BEpa eival To GTI 01 POITNTEG TTAPOLCTOICAV TIG ATTOYPEIG V-
oTNPOL VTETEPHIVIOHOU ToL NeUTwVA Kal TOL AATTAGS TToL OTNPICOVTAIl OTTS TIAELPGS
Duoikig otnv NevTwveior Myavikr, KaBW§ Kal IVTETEPHIVIOTIKEG ATTOYEIG Kail 16€€G
ou vTrooTnpiovtal atmé MAevpds Duaikrg atd TNV KBavTikg Oewpia. Zoppuva
pe Tig améeig Tou NebTwva kal Tou AaAGS To péAAov gival TARPWS KXBoPIopPEVO
o1Té TIS OUVONKES TTOL 10XV0LY OTO TTAPAV. ‘ETo1 Sev LTTGPYOLY EVOAAAKTIKES duva-
TOTNTES YIa TO pEAAOV, OAAG 0UTE kol eAe0Bep BoUANOT. X’ auTS TO TTAGIGIO O1 16€€G
Kol Bewpieg yia Tnv eAevBepn fovAnon KaBwS ko n Bewpia TOAVOTHTWY eivan pévo
EVVOIOAOYIKG HOVTEA VIO v SIOXEIPIOTOUHE TTAEUPES KOl GYEIg TNG Gryvolag pos. O
O1080KWV ETTETPOVE OTI OV KOI VTTAPYEI AVTIKEIHEVIKA afefaIOTNTA COHPOVA pE
v KBavTikr] Ocwpia, n dryvoia pog eivai £1Ti0NG pIG TIPOYHOTIKGTNTO KO HEPOSG TN
XPons Tng Bewpia MOAVOTATWY TTOU KAVOUUE OPEAETAI OTNV GYVOIX HOS KOl Ol
OTNV avTIKEIPEVIKH afefaidTnTa. YIr' auTh Tnv évvoia n avtiAnyn Tov AamAds yia
TIG MOAVOTNTES eival ev pé€pel owaTH. OpIoPEVOL POITNTEG Bewpnaoav OTI HI TTAPO-
pola okéWn 100l Kal yia TNV eAeUBepn BovAnon. H eAetBepn fovAnon ptroperl Tpdy-
pOTI v LTTEPYXEN OAAG PHEPOS TV SUVATOTHTWY TTOV TNG ATTOSIdOVHE VO OPEiAeTON
oTNV &yVOIa HOG YIO TOUG TTEPIOPITHOUS TTOL GPOPOVY GTNV ETIHOPAOT] TNG KABWS KAl
OTNV GYVOIX HOG YIX TIG KOIVWVIKEG eTIOpAoelg TTou kKaBopiovv T fovAnon pos. Or
OITNTEG OeV TIEIOONKOV WG TIPOS TIG VTETEPHIVIOTIKES 166G TOL NeUTWVA KOl TOU
AQTAGG, oAA& TO OTI TTPOOWTTIKGTNTEG ALTOV TOU SIHETPHPOTOS LTTOOTHPIAV
aUTEG TIG 16€€G evioxvoe TNV avalTNOT] TOLG YIO TOUSG TTEPIOPIOHOUS TNG eAeVOEPNS
BovAnong kai yia pepikols, Tnv avalATnor Toug 6oov agop& oTny TTapén f 6x1 TS
€AelBepNG PovANONG.
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6. Tedwkég I'pantéc Epyoaotieg

d16GoKkwv TNoE KGO POITNTAG Vo LTTOPAAAEI P YPOTITH €PYQOic;, TOUAGYI-

oTov 6000 Aé€ewv, oTNV oTToIx £TTPETTE VO TTAPOLOIALEr Kol va axoMGLel oToryelor
a1é TN ovlATNoN oTNV T&EN KABWS KAl OTOIXEIX OTTG TNV TTPOOWTTIKI) TOU HEAETN
600V apopd 0TIG BE0EIG TwV PIAOCSPWV YIa TNV EAeDOepT BoUANGN. Toug ETTECHOVE
oe 611 pmopovoav emriong var avatrTOEoLY TIG SIKEG OKEWPEIG KOl 10€eg OoTar BEHATO
mou e€€Talav. O1 epyacieg ETpeTTe va TapadoBoly TO ApyOTEPO Eval HAVA HETC TO
TEAOG TWV HOBNPATWY TNV TAEN.

XTIG gpyaoieg TOUG GAoI oI POITNTESG eEeTGLOVV BEPOTO TTOL APOPOVY OTOUG Tre-
plopIopoUG TNG eTTIOpaONS TN eAeUBEPNS FOUANONG TWV AVOPWTTWY, KABWS KOl TTa-
pGyovTeG TTOL £MOPOLY 0TV SIapSp@won Tng BodAnong Tous. Opiopévor €€’ aUTWOV
Bedpnoav T oLATNON VIO TA TIPOAVAPEPBEVTA OTO TTAXIGI0 TNG avali|TNONG TOUS
Y10 TO KEVTPIKG £p@TNHA TNG UTTAPENG ] 6X1 TNS EAeUBepPNG fovANONS. YITGpoLV eTTi-
oNG POITNTES TTOL GLENTOVV OTIG EPYOOIEG TOUG TI ONUATIX TNG KPITIKAG OKEPNG VIO
TOUG TIPOAVOPEPOEVTES TTEPIOPIOHOVG KOl TIXPGYOVTES KOl TO péAo Trou Trailel i) ol-
KOYEVEIQ, 1 EKTTAIOEVOT KO TO KOIVWVIKG TTEPIBGAAOV yIa TNV av&TTTUEN TNG KPITIKAS
okéPns. ‘E€I poitnTég eaTidlouv oTn oxéon eAelBepng PovAnang kar evBVHVNG Kal
Tpeig eoTiIGlovv oTn oxéon peTady afeBaidTnTag, TOXNG Kot EAebBepnS BovANONS.

Eivar etriong evlia@épov va OnUEINOOVHE TOUG PIAOOGPOUG/ETTIOTIHOVES TWV
OTTOIWV OTTOYEI§ AVAPEPOVTAI TTIO CLUXVA OTIG EPYOTIEG TWV POITNTWV (0 ApIOHOS
HETG TO GVOpa KGOE PIAOTGPOUL Eival 0 OPIBPGS TWV EPYOIOIWY TTOU AVOPEPOVTAI OE
QTTOEIG TOV).

Quetelet 26, Owpag Akivatng 11, Ayiog AvyovaTivog 10, Kavt 9, Xioup 7, XopTrg 6,
ApioToTéAng 3, NebTwvag 3, Frankfurt 3, AatrAdg 2, Fichte 2, Xotrevydovep 2, Everett
2, Steiner 2, Strawson G. 2, Kane 2. XTIG ¢pyaOieg TWV QOITNTWV OVOPEPOVTOI ATTO-
PeIg Kal GAAwV 23 PIAOOGPWVY WOTO0O0 KAOE £Vag €€’ AUTWV OVaPEPETAI POVO OF pitt
gpyaoia.

AkSpn afiCer va avapepbolpe 0TIG BE0EIG TTOUL EKPPELOLY OI POITNTEG OTIG EPYOI-
0f€g TOUG YIX TO EPATNHA TNG UTTAPENG TG EAeUBEPNS PoUANONG. (O) AEKO POITNTES
dev eival eTreiopévol 6T LTTGPXEN EAeBBePN BovAnon. (1) Ao €€’ aLTWV ekppdlouy
TN YV@OUN 671 1) éAebOepn PovAnon eivar pia auTamrdn. (02) Or GAAOI OKTG €XOLV -
@IPoAieg yiax TV Orapén Tng eAevBepns PovAnons. (B) Aekaevvéa eivan TTeTreIopévol
671 | eAeVBepn PovAnoN LTTAPXEN GAAG OTI €Xel ONPAVTIKOUG TEpIopIopols (1) ErTa
€€’ auT®V divouy EPaan aTo GTI LTTAPYOLY AVOPWTTOI TTOL dev SIABETOLY EAVBEPN
[BovAnon o€ ovoIWdN BEPaTO (T1.X. GVOPWTTOI TTOL &TTG TNV TTAIBIKT| TOUG NAIKIO €YOLV
UTTOOTEl CUOTNHOTIKI] EKTTAIBEVOT ATT6 OAOKANPWTIKG KABEOTWTA). ($2) O1 GANoI dwd-
deka dev divouy Epgaon oTo Tponyolpevo.'”
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7. KotoAnktkd XxoAwo

7.1. I'ie Ty ovQjrnon pe Tovs porryréc nept edevbepnc fovlyane

H @idoooiki oulrTnon yia Tnv eéAe0Bepn BovAnaon diapkei repioodTepo oo dvo
XIAIGSEG Xpovia kan aTToTeAEl HEPOG TOL PIAOCOPIKOL SIOAGYOL GO0V BPopd oTax Por-
OIKG XOPOKTNPIOTIKG TOU OiVEPWTTOL WG OTOHOL KAl WG KOIVWVIKOU 6VTOG. Y& évar Té-
TOI0 B€Ha, OTGX0G TOL POBApOTOG Sev Bar pTTopoloE va givai ) avaduon Kol ouliTnon
OPIOTIKAV aTavTioewv. EmdIKSHEVOG 0TGY0G TOU HOBPOTOS ATAV I av&dLOT KO
ouTNOTN EPWTNHATWV KAl SPewV TOL BEPATOG Ta OTTOIN £0G TOTE EfYAV ATTAIOYO-
Afoer Afyo 1] KaB6Aov Toug PoITNTES. Ta OTOATIOTIKG OTOIXEIO KOI I EPHNVEIT TOU
Quetelet HTav £va ONPAVTIKG OTOIKED VI VO TEBOUV TETOIO EPWTHPOTA KOI VO TTPO-
KANBEl gl oLLATNON TTOL KIVNOE TO EVOIGPEPOV TWV POITNTWV.

2T0 TTPWTO PEPOG TOL CEHIVAPIOL 01 POITNTEG OLLATNOOV Ot CPXIKS eTTiTredo YIo
TOUG TTEPIOPIOHOUG TTOL GipOPOVY OTNV ETTOpaoT TNG eAeVBePNS BoUANONG TwWV Ov-
BPDTTWV KAl YIO TOUG TIAPGYOVTEG TTOL SIHOPPWVOLY Kail KaBopilouv Tnv fovAnon
TOUG. ZTAOIOKG 01 PoITNTEG ouveldnToTToinoav (i) 6T1 To BEpQ eivar BaBl kar oUVOETO,
(i) 611 efYav pikpr] evaox6Anon Kal yvaon yI’ auTé kai (i) 611 n epfBéduvon o’ auTo
TO B€pa €ival ONPOVTIKI) 600V apop& € PIAOCOPIKG KOl KOIVOVIKG EpWTAPAT, OAAG
Kot evliapépouaa 600V apopd TNV TTPOoWTTIKA Toug eEENIEN. ALTG Tar Tpia oTOoIXEIX
OULVOVAOPEVO TIPOKGAETOV HEYGAO EVOIAQPEPOV GTOUG POITNTWY KAl TOLG dnpIovp-
ynoav 10xup6é KivnTpo doTe va SoLAEPoLV aTo BEHa aUTS. XT0 HelTEPO PEPOG TOL
OgHIVapIoL o1 16€eG GAWV TwV PIA0CEPWY TTOL GLENTABNKAV LTTOYPEHHICOV TNV ON-
pooia TNG KPITIKAG BE®PNONG oLTOV TOL BEPOTOG, KOI QUTO EVIOXLOE OKOUIN TTEPIO-
OOTEPO TO EVOIAPEPOV TWV POITNTWOV DOTE VO ouvexioovy TNV diepelivon Tou.
E€outiag oauTol TOU eVOIOPEPOVTOG 08 TTOANES TTEPITITAOEIG 1 SOUVAEIG TWV POITNTWV
Eemépaoe KATE TTOAD TG TUTTIKEG ATTAITHOEIG TOL HaBfpaToS. (Mo T TTpoavagep-
BEvTa TTapPOLOIGLOVTAI OTO TTOPAPTNHO OPITHEVEG XAPOKTNPIOTIKEG KTTOWPEIG TWV
POITNTWV OTTWG EKPPAROONKaV OTI§ TEAIKEG GLVEVTEVEEIS - arooTrdopaTa 1-3.)

7.2. I'ie mpv oranioriky kea v edevbepn Povdyoy

H SovAeid Tov €yive pe TOUG POITNTEG TOUG ETTETPEPE VO KATOAVOTOLY KOANITEPO!
TNV d1GKkpIoT peTOEV TUXATOG KOt GXI TUXOIOIG HETOPBANTOTNTOS KOl TO TTwg AeIToupyel
N HETAPBANTOTNTA OTO KOIVWVIKG (poivEpeva o€ auvduoopo pe Tov NMA. Eriong n) dou-
Ae1é& oL €yive eTETPEYPE OTOUG POITNTEG VO EPTTAOUTIOOVV TNV EVVOIOAOYIKH TOUSG &l-
Kéva (concept image) wg TPog To o€ Ti apopd N ZTATIOTIKI KOI TO TTAS AEITOVPYET.
Eidikérepa (i) Or poiTnTéS ouveldbnToTroinoav 6Ti n XTATIOTIKY dev efvon aTrA®S 1 Te-
Xvikr| emreepyaaia dedopévav, OAG apopd akdpn Kol oe BEPaTa OTIwS 1 eEAeUOEPN
[BovAnon, n otroia Gx1 pévo eivan Eva BepeAIddEG PIAOGOPIKG CATNHO OAAG CiIPOPE KOK
O€ ONPAVTIKESG TIAEVPES TNG KOIVWVIKIG Kol TIpoowTTIKAG {wis. (i) Efyav Tnv eukaipia
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VOl OLVEIBNTOTTOINOOLY 6TI 0€ BEPATA OTTWS 1) EAeVBePN BoVANOT N XTATIOTIKY PTTOPEl
VO OUVEIOQEPEI KPIOIPNG ONPOOTOG HOKPOOKOTTIKES TIANPOPOPIES TTOL Gev PTTOPOUY VO
TIPOCEYYIOOOUV £QV TrEPIOPIOOOVHE VO EETAOOVHE TO BEPA HOVO OTO ATOMIKS (HIKPO-
oKOTTIKG) eTTiTredo. (iii) Zuveldnrotronoav 6T ONHAVTIKG PEPOS TNG ZTATIOTIKAG £ival
N EPHNVEIa TV OTATIOTIKWV amoTeAeopdTwy. ETriong ouvelbntomoinoav Bacikég
TIAELPES AUTAG TNG EPUNVELTIKAS S0ULAEIGS. KaTd TV SiGpKeia TNG epUNVEVTIKIG Sou-
Ae16iG o1 POITNTEG CUVEDETOV TA OTATIOTIKG ATTOTEAEOHAT HE IO€€G KO TTETTOIOAOEIG
TOUG KOBWS KOl PE OTOIXEIX AT TO EPTTEIPIKG TOUG LTIOPBABPO. AUTH 1) OUVOEDT) CUXVG
0d1ynoe otnv eEEMEN 16V Kal TTETTOION0EWY KABWS KOl OTNV av&duoT VEwY epwTh-
HATWV KOl 18e@V. T1a TOLG POITNTEG N EPUNVEIX TWV OTATIOTIKOV OTTOTEAEOPGTWV
ATav To Mo evdiagépov HEPOg TNG ZTATIOTIKNS. ETriong fATav To pépog ekeivo Tou
£6w0oe VONUa oTa ATTOTEAEOPOTO QUTK'S.

EmAéov, e€outiag TG oLUVOLOOPEVNG TTAPOLTTG TWV TPIWV TTPOAVOPEPOEVTWV
OTOIXEIWV BEATIOONKE N OTAON KOl TO EVOIGPEPOV TTOAADV POITNTWV YIO TN XTOTI-
OTIKI, TNV oTrofar EPATTAV TTPONYOUHEVA WG EVar GXI EAKVOTIKG QVTIKEIHEVO.
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ITAPAPTHMA:
Anoondopare and tic ovvevrevéers Twv PoITRTEY Nov npaypuaronojOyray
ano tov 016aoKovta petrd To Tédoc Tov pabijuarog”

(1) Mapia

MoTé€ Sev mioTeLA OTI €var PAONHG OTATIOTIKAG PHTTOPOVOE VO POpPd TGTO EVOIN-
PEPOVTA BEPATA, KOl EVVOW OXI HOVO EVOIOPEPOVTO aKaONpOIKG oAAG eviagpépovTa
TIPOOWTIKG YI& TOV KAOEVA POG... Eival GAEG aUTES OI ATOPAOEIG KOl O ETTIAOYEG TTOU
mrioTeva 6T eival SIkEG Pov, kol HETG OLENTWVTOG KOl GKETITOHEVN YI' QLTS TO BEpA
ouveIdNTOTTOMOoX 6TI LTTAPXOLY TG00 TTOAAES ETTIPPOES TTOL KaBopiCouv TN ovAnon
pog! AoVAeya kal avapwTAONKa TTOAY, Ti oo TIG £TMAOYES KOl TIG ATTOPARTEIG HOU
eivar oT” oAfjBeiax S1kS pov, kal Trolo PEPog evBLVNG eival 0T’ aABela SIkG pov. Eiva
SUOKOAN epdTNON GAAG ival ONPOVTIKS var Bpel KAVEIG TOUAGKIOTOV HEPIKEG OTTOV-
THOEIG. OEAW VO TTW, EIVOI GNPAVTIKG 6X1 HOVO PIAOGOPIKG OAAG KOl TIPOCWTTIKG ...
E€outiog auTdv Tov epmTNPETOV €Kavo TTOAD SovAeI& o dikoU pov, kai 6X1 YIoTi
To {nTovOE TO PABNUaL.

(2) Karepiva

Bprjkot TTOAU onpavTiKi) T GUATNOT YIa TOUG TTEPIOPICHOUS KOt TIG SUVOTOTNTES
NS eAelBePnG BovAnong ... Na Tapdderypa, o Quetelet £xe1 TOAD dikio Tav Aéer 6T
£XOULE TNV TAOT) VO AKAOVBOUE KOl VO KGVOUHE 6, TI Aéel TO TrepIBGAAOV Kot of GAAOL...
ALTO TO B0, "va KGvoupEe 6,TI apéoel 0TOUS GAAOUG', eivail €var BEpA TTOL TOL OPIE-
pPwoa TTOAD OKEW, 61 HOVO YeVIKG, OAAG KOl 600V apOopG OTOV EAUTS pov, Tr SIKN
HOUL OTAOT KOl OUMTTEPIPOPA... ETriong, Ta oTamioTikG oTorxeior Tou Quetelet defyvouv
6T TTOPG& TNV €AeVBePr] pog BovAnon, n kovwvia, oov KOACAASWHEVN  pnxavr|, TTa-
paryel Ta 10 ATTOTEAEOPOTO KAOE XPOVO. AUTE TOX OTATIOTIKG ATTOTEAEOPOTO ETTIBE-
Baiwdvouv 611 n eAelBepn pag BovAnon £xel pia "replopiopévr o@aipa eTippons”,
6mwg Aéer o Quetelet. Me 6An Tn ovdrjTnon kai To SiGacpa o’ avTS To BEPA, EPBaca
va mMoTedw OTI QUTH 1 o@aipa eTppoig eival pIkpH. AAG TTéoo pikpr); AuTh eivai
HIO ONHOVTIKY EPWTNON TTOU HEVEI OKOHO OVATTAVTN TN IO V... AUTEG oI oudnTH-
O€IG OTO HEONUA pag BaAav EpWTAOEIS KAl ovEPave QWTIEG TTOL dEV TIPOKEITAI VXX
offjoovv GUVTOHO. ZTNV TIPAYHATIKOTNTO, 6TTWS TO KATOAAPAiVw YW, HOAIG apXi-
OOpE VO OVTIPHETWTTICOVHE QUTEG TIG EPWTHOEIS.

(3) Avva

... [Evat Ao onpavTiké ZATNHa ATav ouTo yia T eEAeBepn BovAnon Kai T evOOvI).
Me tn oudrjTnon tou €yive cuveldnToTroinoa Téoo GUVOETO Kot SVOKOAO €ival TO Vi
Kpivelg dikaia Tig eAOYEG ka TIG TTP&EEIg Twv avOpdTTwy. Ki' Spwg To kK&voupe €0-
KOO Kol eEACipPIG KGOE pEpar, OAAG £TO1 TTOAD TTBOVG YIVOPOOTE GBIKOI XWpig Kav vor
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To kaToAGPoupe. Twpa, auTd dev eivon ammAG piar akadnpaiki ovlATNON, av Kaveig
KaToAGBel KoAAITEpa LTS TO BEPN TTOAD BV Ba aAAGEel oTAOT GTAV KPivel TOUG
GAAous...

(4) Purervij

...MoTé€ dev efya okePTel 6T N OTATIOTIKA PTTOPET VO gival T6oo evdiagpépovoa. An-
Aadn, BEA® va TTw, eivan evdiagépovoa yiaTi ouvOEeTan pe To BEPa TG eAelBEPNS
[BovAnong, Tou 6Trwg eidape eival ONUAVTIKG KO PIAOCOEPIKG KO KOIVWVIKG KOl TTPO-
owTikd. ETriong fTav kar o TpATrog Tov SOVAEPApE PE TA OTATIOTIKG OTOIXEIO. XTO
OXOAEl0, OTN OTATIOTIKA TNV TEPICOGTEPN WPX LTTOAOYI(OpE PECOLG GPOLG KOl KA-
VOPE YPOPIKG, £TO1 TIOTELO OTI N OTATIOTIKI €ival TTOAD PopeTh. ESwd oulnTovoape
TTOAD TOl OTOATIOTIKG OTTOTEAEOUATO KOl TIPOOTIAB0VOaHE var Ta e€nyriooupe, oudn-
TOVOOHE TTOPAOEIYHATO KOl ATOHIKES TIEPITITWOEIG O OUVOUAOHS HE TAX OTATIOTIKG
amoteAéopaTta. ‘HTav Ta oTamIoTIKG amoTeAéopaTa Tou Quetelet aAAG ATaV Kot o1
16éeg Tou Quetelet yia va Tar e§nyrjoel ko peTG PAAape SIKEG pog 16€eg Kal pTopou-
oOpE vor oL{NTHOOVHE SIKG HOG TTAPOOEIYHOTA, OKOHO KOI OIKEG HOG OXETIKEG TTPO-
owTIKEG epelpieg. Kar peTd, pe OAx auTd, apyiooape va kaTtoAafaivoupe To
TPOPANpa TG EAeBBePNS PoVANCONG: BEAW VO TTw, SeV BPIKAE OPICTIKES ATTAVTHOEIS
MG Bprikape BaBOTEPA Kail IO TIAGTIR EPWTHHATA KOl EidOpE OPEI§ TOL BEPOTOG
IOV OUTE KAV EIYOHE LTTOYICOTEN OTI LTTAPYOULV... 'HTAV TTPAYHATIKG CUVOPTTAOTIKG
pGdnuar av auTo eival ZTATIOTIK, TOTE N ZTOTIOTIKN £ival TTOAD TTI0 evOIapEpovaa
atm’ 6,Ti pavTalGpouv.

(5) Eva

...Még 6Aeg VTEG TIG AITIEG KO TOUG TTAPAYOVTEG TTOU HTTOPOUVV VA& ETINPEGITOLY KOl
va aAAGEouv TN B€ANON €vOg avOPWTTOL YIa VO TTAVTPEVTET HeV PTTOPOUOA VO (POt
VTOOT® TETOIO OTAOEPSTNTA OTOV APIBHG TOV YEHWV KABE XpOvo, Kot 6XI HOVO YEVIKG
MG kot 08 KGBE KaTnyopia Kal og KGO epioxr). Kai n otaBepdtnTa oTov apiBus
TWV EYKANPATWVY, GUTH EVOI GKOHO TTIO EVTUTTWOIAKT. Eival onpavTiké auTd mou Aéel
o Quetelet oo GpOpo TOL, OTI XWPIG TN OTATIOTIKH OI GVOPWTTOI PTTOPET VO TIIOTEVOLY
OTI 01 16IITEPSTNTEG TV ATOHIKWV eEAeVBEPV BOVARTEWVY PTTOPOVY VO Snpiovpyr-
OOLV ONUOVTIKEG GAAOYEG TG XPOVO OE XPGVO OTOV GPIOHG TV YRHWY 1} OTOV GpIOpG
TV EYKANPATWY. AANG auTH €ival piot AGBog 16€ax TTOU UTTEPEKTIUG TIG SUVEEIS KAl
TIG SUVATOTNTES TWV ISIXNTEPOTHTWV TWV ATOHIKWV EAEVOEPWV FOVAHOEWV, ETTITIAEOV
ival pia 16€a Tou TTapovoIGdel TNV KOIVWVIK TTI0 oKXTAo TN ot 6,Ti €ival 0T’ oA}
Beia. AuTO eivar TTOU BPIoK® ONHOAVTIKG PE TA OTATIOTIKG TTOTEAEOUATA, ETTITPETTOLY
va EekaBapiovTal TIPGYHOTA KAl VO ITTOQPEVYOVTOI HEPIKES ONHOVTIKEG AGOOG I0€EG. ..
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Znuerdoers

* To keipgevo ammoTeAel amr6d00n 0T EAMANVIKG ToL GPBPOL TWV CLYYPaPEwY “Statistics and Free
Will”, in E. Barbin, U. Jankvist, T. Kjeldsen (eds) Proc. of the 7" European Summer University on the
History and Epistemology in Mathematics Education, Aarhus University, Denmark (uTr6 ékboor, 2015).

1. O Quetelet ovop&ler ZtaTioTikr epi Ta NOIKA (Statistique Morale) Tnv Tepioxn TNG XTATIOTIKIS
TTOU AOXOAEITAI PE PAIVOPEVA OTTWG TAX EYKAPOTY, N QUTOKTOVIQK, 0 YAHOS, T OTIoIX ivail @ai-
VOPEVO TTOU PTTOPET VO YIVOUV QVTIKEIHEVO NBOIKOU XapakTnpiopol (Hankins 1908 ch 4., Lottin 1911).

2. Tng omoiag dvo kipia oToixeia ATav 0 NOpog Twv Meydhwv ApiBuwv (NMA) kai To Kevrpikd
Opiaké Oewpnpa (KOO) Twv DeMoivre kai Laplace.

3. To pédnpa eixe diGpkeia €61 HISAKTIKOV wpdv TV PN £SopGda, 3 wpdv TNV eTHEVN, 6 TN
HEBETTOHEVN K.0.K. (ETOI TO PGONMQ €iXe SIGPKEIO KT pEoov 6po 4,5 Dpeg TNV dopGda).

4. X710 8e0TEPO PEPOG 01 POITNTEG TTAPOLTTaICAV ETTIONG OTOIXEIX ATTG GAAES pyaioieg Tou Quetelet,
0Ol OTTOIEG OIPOPOUV OTA EYKAHATA KOl TIG GUTOKTOVIES.

5. H 80LAeIG Twv oITnTAY 0TO AUKEIO TOUG SNHIOOPYNOE TNV EVTOTIWON 6T N ZTATIOTIK €ivail KU-
piwg Texviki emeepyaoio Sedopévwv (vTToAoyiopof, dnupiovpyia ypagnuaTwy KAT), e€aiTiog
auTOoU TTOAOI (POITNTEG BEwpPOVOAV TN ZTATIOTIKY WG SIGAOL EAKVOTIKG QVTIKEMEVO.

6. MN.x. H avéAvon Tov o@oAp&TwY HETPNONG TTOL TIPOEPXOVTAIl OTIG TUXOHON OQPAAHATO KOl OTTO
OULOTNHOTIKG OQPSAHATA, 1} I AVGALOT] ATTONHIDNOEWY TTOL KATAPBGAAOLY 01 AOPOAIOTIKEG ETON-
PEIES, 01 OTTOIEG BEWPEITAI GTI OPEMOVTAI OE CUOTNHATIKG KOl O€ TUXOIX QITIC.

7. To keipevo Tng epyaoiag auTrig eivar SiaBéoipo oto SiadikTuo:
http://www.edc.uoc.gr/ ~ tzanakis/Quetelet1847Marriages.pdf

8. 'OTav o Quetelet avagpépeTar oTnv eAelBepPn PoOANON TwV AVOPDOTTWY, EVVOET TIG IGIXITEPOTNTES
TV EAEVOEPWV BOLARTEWY TWV AVOPDTTWV Kol OXI T KOIVG OTOIXeO Twv BovAfjoewv Tous. Mpo-
POVMS 01 ETMOPATEIG AVTWV TWV KOIVOV aToIxeiwV Hev aMnAoe§oudeTepidvovTan kai Hev e€apar-
viovTai 0TIG TapaTnPAoEI§ HeYGAwY TTANBLOHWY. ‘OTrwg To B€Tel 0 Lottin, o Quetelet Bewpel TV
eAelBepn BovAnon wg pia SGvapn avTidpaong (reaction force) Tou Snpiovpyel aTOpIKES 1BICNTE-
poTNTES (Lottin 1911). Q0TSO0 01 POITNTES XPNOIHOTTOI0V0AV TOV 6po «eAeUBepN BovAnCN» pe TO
oUVNOEG VONPX TTOL CUPTTEPIAHBAVEL TIG TOUIKES ISITEPGTNTEG KO TOX KOIVG OTOIXEIO! TNG OV~
OpdIVNG BovAnons. ETal 0 SIBAOKWVY ATTOCAPIVIOE AUTG TO ONHEID VI VO HNV TTOPEPHNVELOET
To Keipevo Tou Quetelet.

9. O1 goITNTES TTpoTiNoav va XpnoipgoTtroijoouy Tnv M.A.A. wg UVOAIKG PETPO Sl TTOPAS avTi TN
TumikAg ArékAiong (T.A.), yaTi Tnv Bewpoloav amrAobaTepn Kal o karavonTh amd tnv T.A. O
816GoKwVY 6€xONKe VT TNV £MIAOYH, WOTG0O, G€ TTOAES TIEPITITWOEIG TN CLVEXEID TOUG {I{TNOE
va uTTOAOYiooLY Kol TNV T.A. d0TE OTASIOKG Vo E0IKEIMOOVY, OMG Kol var eTTw@eANBoUV o
TNV OLYKPITIKY Bedpnon Tng MAA. kai Tng T.A.

10. Ta Té00oEPQ TTOCOOTA TTOL APOPOUVV 0TIG MAA. ATV PETAED 2,2% Kail 4,3%, QUTE TTOL APOPOUY
oTIG S1aPOPEG TV PEYIOTWY TIHWY atré Toug avTioToryoug M.O. ATav peTadd 3,2% kai 5,5%,
KOl QUTG TTOL APOPOVV OTIG BIXPOPEG Twv M.O. atrd TI§ avTioTOIKEG EAGKIOTES TIPEG TAV piE-
TaED 3% KOt 5%.

11. To 1000076 MOV aPopd 0T M.AA. ATav 1,4%, aLTE TTOL aPopd aTn diaop& peyioTn TiPA-
M.O ftav 2,6%, kai auTé oL aopd ot diagopd M.O.- eAdxiotn Tipr fTav 3,1% (O M.O.
TOU OLVOAIKOU £TAOIOL APIBHOL Y&pwVY ATav 29131).

12. 271 ouvéxeIa 0 BIBGOKWV £iTe GTI B HTAV EVOIGPEPOV £GV PTTOpObTaY VO Bpouy Eva TPOTTO va
EKTIHACOLY TO PEYEOOG TWV PETPWOV HETOBANTETNTOS TTOL Efvan TBAVS Vo TIPOKOYPOLY aTTé TU-
Xoio HETOBANTOTNTA KOl 0TI OLVEXEIX VO TO GLYKPIVOLV pE TO PEYEBOG TwV PETPWY PETAPBAN-
TOTNTOG TTOL LTTOAOYIOONKE OTA OTATIOTIKG Sebopéva Tov Quetelet. ‘&I poiTnTéG dovAepav o
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auTé TO BEpa pe TN PoriBeiat Tov BidGoKovVTOG, OE SPACTNPIGTNTES AVEEGPTNTES OTTG TO LTTG-
AoiTro péonpa. ‘Ekavav eviia@épouaa S0UAEIG Kal XpnoIHoTroioay -HeTaED GAAmV- peyGAovg
APIBHOUG TUXAIWY SEIYHATWV WG GTUTIA EPYOAEIN VIO VO OTTAVTHOOLV O€ EPWTHHATA TTOL TE-
6nkav. H ouAeid Toug dev mapovoidleTar £66 AGyw ENePNG XDPou.

13. EmimrAéov, o Quetelet ouvdEel auTh TNV 10XLPN TGO HE TNV EHPUTN KOIVWVIKOTNTO TWV avOp-
WV, 1] OTTOI TOUG OONYEl OTO VO TTAPAXWPOUV OIKEIODEADS EVaX HEPOS TNG ATOPIKGTNTAG TOUG
TIPOKEIPEVOL VO YIVOUV PEAN TNG KOIVWVIT.

14. T1.X. emAoYr KAGOOL TTAVETTIOTNHIAKWDY OTTOLOWY KOl ETTOYYEAPOTOS.

15. EmirA€ov o1 poitnTég Bprikav TPEo@aTa OTATIOTIKG OToIXelo yia TV EAAGSa Trou defyvouv piax
TIOAG onpavTIKi av&non (mepitrou 30%) Touv APIBHOL TWV AUTOKTOVIDV KOTG T SIGPKEIX TNG
TPEXOLOOG OIKOVOHIKIG Kpiong. Or goITnTEG Bedpnoay 6TI KAl AUTG T GTOIXEIt CUVGGOLY e
Tnv eppnveia Tov Quetelet.

16. EmmA€ov A1 oITNTEG Bedpnoav TV TTAPAKAET® evilagépovoa avaloyia: O Quetelet Ta-
POTAPNOE TNV VTTOPEN HOKPOOKOTTIKAG OTOOEPGTNTAG OTA OTATIOTIKG OTOIXEIN, EVG CUYXPOVWS
OTO OTOHIKG ETTITESO UTTIAPXOLV O IBITEPOTNTES TNG AVOPWOTTIVIG eAeVBEPNS BoUANONG TTOUL
£iVOl OKATGOTOTES KOl ATTPOPAETITES, XWPIG WOTG0O V& £XOLV TNV SOVON VO KATACTPEPOLY
TNV TPOaVaPEPSpEV OTABEPSTNTA. O1 POITNTES BEPNOAV GTI LTTAPXEI AVOAOYITH AVAPETT O
QAUTO KOl TNV OTAOEPOTNTA TWV HAKPOOKOTTIKWV PAIVOPEVWV TTOL TTEPIYPGPETAI ATTO TOUG VTE-
TEPHIVIOTIKOUG VOHOUS TNG NEUTMVEIOG PNXOVIKAS KO TNV ATTPOCOIPIOTION TTOU TTEPIYPAPETAI
a6 Ty KBavTiki Oewpia Ko apopd 0TA GAIVEPEVA HIKPOOKOTTIKOU emmITéSOoL. Efvan evbiopé-
pov 6T ) TTapoLiaon Twv epeuvay Tov Quetelet a6 Tov Herschel evémvevoe Tov Maxwell, o
0110i0G €101 LVEAAPE pI avaAOYIOr CUYYEVI] HE TNV TIPONYOUHEVH TTOL TOV 0O1yNOE OTNV OTO-
TIOTIKA TTPOOEYYION TWV HIKPOOKOTIIKWY @aivopévwv otnv Guoikr (Porter 1986, pp.115-116,
118, 121, 123).

17. O TPETTEI WOTGO0 VO ONUEIOOOVHE OTI TTOAOI POITNTEG AVAPEPOLY GTI BewPOUV TNV BEon
IOV €KPPGLOLY GTNV EPYOOIO TOUS WG HIa apXIKA BEDT, N oTToiax Iows aAMGEel PETG TS TTEpai-
TEpw PEAETN Kol epfBGBuvon 0TO BEp.

18. AeiTe OPIOPEVES OXETIKEG YVWHES OITNTWY 0TO [MapdpTnpa, aroordopora 4, 5.

19. T OVOPOTA TWV QOITNTAV £X0LV OAAXOET AGY®W TTPOOTACIOG TWV TTPOTWTTIKWV dedopévav.
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LONG TERM EFFECTS OF EXPOSURE TO PRIMARY
HISTORICAL SOURCES IN UNDERGRADUATE
STUDIES - THE CASE OF JULIUS

Uffe Thomas Jankvist
Aarhus University

I've used the material later on. I've actually lend it out to others. |
remember this; that we read these original texts, that we did these tasks.
In a way, | actually think this is one of the things that | remember the
clearest from my undergraduate mathematics courses. (Julius, 2015)

Abstract

he article addresses the question of which long-term effects an exposure to primary

historical sources may have on students, exemplified by the case of Julius, who was
exposed to extensive readings of such sources as an undergraduate student. The
teaching module, in which the primary sources were a part, is described. The long
term effect of the student is analyzed through a combination of two theoretical
constructs; Niss’ and Hejgaard’s overview and judgment and Barbin’s special effects of
using original sources in teaching mathematics. It is concluded that long-term effects
are present in the case of Julius, and using the theoretical constructs it is described
what these effects are.

Key words

Primary historical sources; original sources; guided reading; HAPh-modules; case study;
long term effects.

IMTepidnyn

o apbpo Otel 1o epdnpa moteg paxponpdébeopeg embpdoelg npokalel atovg
T(pom]u-fc 1] €N0QL TOUG HE NMPWTOYEVES LOTOPIKEG PAONPOTIKEG mnyEs. €dg
nopadetypa ypropomnoteitat 1) nepimwor), tov Julius, mov pedétnoe extevog TéToleg
I YEG G IPOITLYLKGG pottntis. Ieptypdgetat to pdbnpa tov onoilov frav pépog ot
npotoyevels myég mov pedétyoe. Xty ovvéyela avadvovial ot paxpornpdOeopieg
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emdpdoelg oto ottty pe v xprjor §Uo OewpnTIKGY KATAOKELGY: TV AeySpevy)
IIPOCEYYLOT) «EMOKOIONG Kat Kpiong» tov Niss kot Hgjgaard kat tnv Oedpnon g
Barbin mov agopd ot edikég emdpdoelg g yp1jong NpeOTETUIOV MNY®OY Ol
Sidaokalia tov Madnpotkadv. H avdlvor emPefoidver ty Snapén pakponpddeopmv
embpdoewv ot nepintoon tov Julius, ot onoleg meptypdovtat pe v Xpron twv
IPOAVAPEPOPEVOV DEDMPITIKGV KATACKEVGV.

Aééerc Kdeibra

lNpwToyevelG 10TOPIKES TTNYES, QUOEVTIKEG TNYES, kaBodnyoluevn ueAé, HAPh-
HOBAHOTO, HEAETN TTEPATTWONG, HOKPOTTPOOEOUES EMIOPATELS.

0. Introduction

All of us, who have used elements of history of mathematics with our mathematics
students in a more or less extensive way, have probably wondered what the students
gained in the long run from this exposure to history, what aspects stayed with them,
and how they in hindsight view their earlier encounter with the history of mathematics.
Of course, when students have completed their studies, they often disappear out of
one’s periphery. For that reason, | decided to catch one of my old students — Julius — in
the spring term of 2015, just before he was about to complete his university studies,
and interview him about his experiences and hindsight reflections concerning a historical
project embedded in an undergraduate discrete mathematics course, | gave at Roskilde
University in the spring term of 2012. But allow me to provide a bit more of the
background story on this particular historical project and also on how the paths of this
particular student and myself have crossed each other, and how the idea for this
particular article came about.

In2010 and 2011 I did a postdoc at the University of Southern Denmark, one purpose
of which was to look further into the use of history of mathematics in Danish upper
secondary schools. In particular, | attempted to design a couple of teaching modules
which addressed History of mathematics, Application of mathematics, and aspects of
Philosophy of mathematics in unison — modules later referred to as HAPh-modules (e.g.
Jankvist, 2012; 2013; 2014a; 2014b). Both of these modules were implemented in an
upper secondary mathematics class, and eventually published as teaching materials in
Danish." At the beginning of 2012, | was employed at Roskilde University, and asked to
co-teach a course in discrete mathematics, as part of the bachelor science program, a
course which I had also taught there back when | was a doctoral student. This course is
amore or less classic introductory course to discrete mathematics, involving topics such
as propositional logic, basic set theory, algorithms and their complexity, recursivity,
elementary number theory, basics of counting, permutations, combinations, relations,
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etc. At the end of this course, the students were to do a couple of mini-project
assignments. One of these concerned logic programming, and was given by co-teacher,
a mathematical computer scientist. The other project was left for me to decide; and
having already tried out the two HAPh-modules with upper secondary students, | was
eager to try them out also with first and second year university students.

As mentioned there were two HAPh-modules: one on graph theory and one on
Boolean algebra. The students of the class were asked to choose one or the other, and
to work through the modules in groups of approximately four. The student, Julius, who
makes up the case study for this article was in a group who did the module on graph
theory. Julius later went on to become a student of both mathematics and of history at
Roskilde University. In the spring of 2013, | was employed at Aarhus University’s
Campus in Emdrup, Copenhagen, and was quite surprised to find Julius sitting in the
reception. It turned out that he had been working there as a student helper since he was
in upper secondary school. This meant that for a couple of years have been able to follow
Julius quite closely, often having discussions with him regarding his studies, etc. For that
reason, | decided to arrange a couple of interview sessions with him before he finally
graduates, and ‘disappears’.

In the following, | shall briefly describe the basic idea and design principles the HAPh-
modules, and present the module on graph theory, since this module will make up the
basis for the interviews with the student. (For a description of the other module, see
Jankvist, 2013; 2014b). As part of this description, | shall spend some time reflecting on
the essay assignment that the students were given as part of the module, and provide
excerpts from their hand-in mini-project. Next, the interviews with the student Julius is
presented and discussed. Finally, some potential conclusions are discussed in the relation
to the questions which initially spurred on the idea for the article.

1. Designing a HAPh-module
he main idea for the HAPh-modules was spurred on by the Danish KOM-project’s

“i

articulation of three kinds of so-called overview and judgment, which are “‘active
insights” into the nature and role of mathematics in the world” the purpose of which is
to “enable the person mastering them to have a set of views allowing him or her overview
and judgement of the relations between mathematics and in condlitions and chances in
nature, society and culture” (Niss & H jgaard, 2011, pp. 49, 73, italics in original). The
three types of overview and judgment (O)) are: (OJ1) the actual application of
mathematics in other subject and practice areas; (OJ2) the historical evolution of
mathematics, both internally and from a social point of view; and (OJ3) the nature of
mathematics as a subject. As argued in Jankvist (2013), these three kinds of overview
and judgment may be brought about by focusing on aspects, or exemplary cases
(Jankvist, 2011), from the history (OJ2), the application (OJ1), and the philosophy (O)3)
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of mathematics. Of course, the three types of overview and judgment may be seen as
to concern meta-issues of mathematics (Jankvist, 2009), but as Niss and H jgaard (2011)
point out, it is clear that if overview and judgment regarding the historical evolution of
mathematics (OJ2) is to have any weight or solidness, it must rest on concrete examples
from the history of mathematics — or to put it differently, reflections concerning the
meta-issues must somehow build on or be anchored in concrete mathematical in-issues
(Jankvist, 2011). Obviously, a similar argument holds for the other types of overview
and judgment.

To realize the above idea, it was decided to have one overall theme for each of the HAPh-
modules, to have the students read one primary historical source representing the
historical, applicational, and philosophical aspects, respectively, and to end the module
with an essay assignment. The reason for ‘resorting’ to primary historical, or original,
sources has to do with what Barbin (1997) and Jahnke et al. (2000)' refer to as the three
general ideas best suited for describing the special effects of using original sources in
mathematics education: replacement (or in the original French wording; fonction
vicariante), which refers to the replacement of the usual with something different, for
example by allowing mathematics to be seen as more than just a corpus of knowledge
and techniques; estrangement or reorientation (fonction dépaysante, or dépaysement),
which challenges one’s perception by making the familiar unfamiliar, thus also causing a
reorientation of our views, and; cultural understanding (fonction culturelle), which allows
us to place the development of mathematics in a scientific, technological, or societal
context of a given time and place. However, because primary historical sources may often
be difficult to access, the presentation of these in the modules were supplied with
explanatory comments and illustrative tasks along the way. This form of presentation and
way of working is referred to as a guided reading of primary original sources, a described
by Barnett, Lodder and Pengelly (2014). Practically no mathematical requirements were
needed beforehand on the students’ behalf to study the text of Euler — a major reason for
choosing this text initially — and many of those needed for the Dijkstra text were introduced
in the guiding commentaries along with the Euler text, thereby also bringing the students
somewhat up to date with modern notation, terminology, etc.

As for the essay assignments, | have previously found that this is a good way of bringing
small groups of students to work with meta-issues of mathematics (Jankvist, 2011). The
particular setting creates a scene, where students at the end of the implementation of
the teaching module, after having read and worked with the mathematical case in
question, are to discuss among themselves meta-issues regarding the case. These meta-
issues are chosen beforehand and included in the description of the essay assignment
at the end of the teaching material; although in such a manner that the students can
draw in additional meta-issues should they find it relevant. In the module on graph
theory, the students first and foremost were to relate the two first texts on history and
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applications to the philosophical discussion in the third text as part of their essay
assignments — a task which to some extent also forces out some of the interplay between
the three dimensions, although still exemplified by the concrete case of graph theory
and the chosen overall theme. In the following section, | describe this overall theme and
briefly introduce the three texts.

2. A module on Euler paths, shortest path, and
minimum spanning trees

he three texts (in Danish translation) included in the teaching material for the module
on graph theory were:

® Leonhard Euler, 1736: Solutio problematis ad geometriam situs pertinentis
® Edsger W. Dijkstra, 1959: A Note on Two Problems in Connexion with Graphs

® David Hilbert, 1900: Mathematische Probleme - Vortrag, gehalten auf dem
internationalen Mathematiker-Kongref3 zu Paris 1900 (the introduction only).

The module was conceived as to have an overall theme, this being mathematical
problems, which was what Hilbert addressed in general terms in the introduction of his
lecture from 1900. To make Hilbert’s general observations somewhat more concrete,
the students were first to read the two other texts, each of which addresses a
mathematical problem. Euler’s paper from 1736 is on the Kénigsberg bridge problem:
how to take a stroll through Kdnigsberg crossing each of its seven bridges once and only
once — and today the paper is considered the beginning of mathematical graph theory.
Two centuries later, with the dawn of the computer era, graph theory (and discrete
mathematics in general) found new applications. Dijkstra’s algorithm from 1959 solves
the problem of finding shortest path in a connected and weighted graph, and today it
finds its use in almost every Internet application that has to do with shortest distance,
fastest distance or lowest cost. Furthermore Dijkstra also discussed a method for finding
minimum spanning trees, a problem relevant for the building of computers at the time,
but also highly relevant today.

The students’ way into the first original text was by looking at Euler’s diagram of
landmasses and rivers in Konigsberg (figure 2, middle) and then verify that this is in fact
an accurate representation (or model) of the Kénigsberg bridge problem by comparing
with an illustration of the town (figure 2, left). Afterwards the students were told that in
modern graph theory, landmasses are represented by vertices (or nodes) and links
between them by edges. Students were asked to transform Euler’s diagram into such a
modern graph individually and then compare their own representation to their fellow
classmates, this illustrating that graph representations can look different. The idea was
to have the students adapt more and more schematic representations of the Kénigsberg
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bridge problem until arriving at something looking like figure 2 (right), gradually
increasing the level of abstractness.

Figure 2. Left: An illustration of Konigsberg with its 7 bridges from 1652
Right: Euler’s 1736 simplification of Kénigsberg's bridges
Bottom: A modern graph representation

Once being familiar with the modern representation of a graph, the students were
introduced to the problem of representing multiple edges, such as for example the two
edges between vertices A and B in the K6nigsberg graph. These cannot be represented
by only their pair, (A,B), since this causes ambiguity (which is why Euler also named
them a and b, respectively). To illustrate a formal and general way of dealing with this
to the students, they were provided with the following modern definition:

A graph G is a set of vertices V(G) and a set of edges E(G) together with a function
¢, which for every edge e E(G) assigns a pair, called g (e), of vertices from V(G).

The students were then asked to write up the sets V(G) and E(G) for the Kénigsberg
graph and the seven function values of (p(e). On the one hand, the idea of this was to
enable them to perceive the definition of a graph as a triplet G={V(G), E(G), ¢}, and
on the other hand to have them realize how the above definition in a general fashion
resolves the problem of ambiguity, when two vertices in a graph have multiple edges.
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As Euler, in his text, introduces various constructs, the students were introduced to
the somewhat equivalent modern terminology in the intermediate commentaries, e.g.
route, path, Euler path (open and closed), subgraph, degree of a vertex as well as a few
small theorems which Euler explicitly or implicitly uses, such as for example the so-
called handshake theorem. At the end of his paper, Euler states his three main results
(Euler, 1736, p. 139 in Fleischner, 1990, p. 11.19, numbering is mine):

(i) If there are more than two regions with an odd number of bridges leading to them,
it can be declared with certainty that such a walk is impossible.

(i) If, however, there are only two regions with an odd number of bridges leading to
them, a walk is possible provided the walk starts in one of these two regions.

(iii) If, finally, there is no region at all with an odd number of bridges leading to it, a walk
in the desired manner is possible and can begin in any region.

The students were first asked to formulate these three results using the modern
terminology and notation they had been introduced to. Next, they were provided with
a modern definition of a connected graph, i.e. that there exists a route between every
pair of vertices, a property Euler does not state explicitly. Using this property, the three
results may be reformulated as:

If a connected graph G has more than two vertices of uneven degree, then it does
not contain an Euler path.

Let G be a connected graph, then G contains an (open) Euler path if and only if
G contains exactly two vertices of uneven degree.

Let G be a connected graph, then G contains a (closed) Euler path if and only if
all vertices of G have even degree.

Most of Euler’s efforts goes into proving his first result (i), and regarding the third (iii),
which today is considered the main theorem of the paper, he only proves it in one
direction. To introduce the students to the notion of if-and-only-if theorems, they were
to consider result i as being of the form P :A=B, and then identify P, A, and B. After
having the students prove that A = B = —A <« — B (by means of a truth table), they were
asked to write up =B = —A for result i, i.e. formulating the contrapositive of this
theorem, which states that

If G is connected and has an Euler path (open or closed), then G has two or less
vertices of uneven degree.

Since Euler has shown, in his own context of course, that a graph will always contain
an even number of vertices with uneven degree, we may distinguish between two
different cases: when G has exactly two vertices of uneven degree and when it has none,
i.e. when all vertices have even degree. These cases correspond to the =>—direction in
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results ii and iii, respectively. Thus, by looking at Euler’s original text again, the students
would be able to deduce that the missing parts of the proofs are the <« —directions for
results ii and iii. For result iii this is ascribed to Carl Hierholzer (published posthumous
in 1873), and the students were shown this proof. Then they were asked to prove the
=-direction for iii and both ways for result ii using modern terminology.

While employed at Mathematical Centrum in Amsterdam in 1956, Dijkstra was asked
to demonstrate how powerful the center’s computer, the so-called ARMAC, was. He did
so by devising an algorithm for finding shortest path between two nodes in a connected,
weighted graph — today known simply as Dijkstra’s algorithm. Dijkstra’s description of his
algorithm appeared in 1959 in a paper which also describes an algorithm for finding
minimum spanning trees in connected, weighted graphs. Unlike Euler’s text the text by
Dijkstra is short and builds on a large apparatus of existing graph theory. In fact, the text
is only a few pages long. Also, Dijkstra only provides the description of his algorithms and
he gives no examples of running these and no proofs of their correctness either, only a
few remarks about running time. Thus, this text needed some ‘unpacking’ for the students
in the form of explanatory comments, additional examples, tasks, etc. For example, the
students were provided with definitions of a weighted graph, a tree, and a spanning tree:

A connected graph T without any subgraphs that are circuits is called a tree, and
a tree that for some graph G contains all vertices of V(G) is called a spanning tree.

To illustrate that finding a least spanning tree is not trivial, the students were asked to
look at the Konigsberg graph (figure 2, right) and find the number of different spanning
trees that can be constructed from this, and then explain their method for finding the
answer. (The answer, which is 21, may be calculated using the so-called (Kirchhoff-
Trent) Matrix-Gertist-Satz. Deleting the i"th row and column of this matrix and taking the
determinant of the one dimension smaller matrix reveals it. But the students had to do
it by systematic inspection.)

In fact, Dijkstra’s motivation for devising an algorithm for finding minimum spanning
tree had to do with a very specific problem related to the construction of the ARMAC
computer. The massive size computers at the time required vast amounts of expensive
copper wire to connect their components. Finding a minimum spanning tree
corresponds to leading electricity to all electric circuits while using the least amount of
expensive copper wire. (A few comments were of course made to the students about
the earlier discoveries of the algorithms by Jarn k, Bor kva, Kruskal and Prim,
respectively.)

Having worked through the Dijkstra text, the commentaries and examples to this, and
amodern proof of the shortest path algorithm’s correctness, the students got to the third
text by Hilbert; the introduction of his 1900-lecture in which he discusses ‘mathematical
problems’. Paraphrasing Hilbert roughly, he states that often some mathematical
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development is spurred on by a problem in the extra-mathematical world. Then it is
drawn into mathematics and rephrased so that it is hardly recognizable anymore and
embedded in a much more general context. Years later, when this has grown into a
mathematical discipline, what often happens is that it may then again be used to solve
some new extra-mathematical problem:

Surely the first and oldest problems in every branch of mathematics spring from
experience and are suggested by the world of external phenomena. [...]

But, in the further development of a branch of mathematics, the human mind,
encouraged by the success of its solutions, becomes conscious of its independence.
It evolves from itself alone, often without appreciable influence from without, by
means of logical combination, generalization, specialization, by separating and
collecting ideas in fortunate ways, new and fruitful problems, and appears then itself
as the real questioner. [...]

In the meantime, while the creative power of pure reason is at work, the outer world
again comes into play, forces upon us new questions from actual experience, opens
up new branches of mathematics, and while we seek to conquer these new fields of
knowledge for the realm of pure thought, we often find the answers to old unsolved
problems and thus at the same time advance most successfully the old theories.
(Hilbert, 1902, quoted from the 2000-reprint, p. 409)

In a certain sense, the case of graph theory illustrates this: first, spurred on by the
Konigsberg bridge problem, which Euler generalized so that the answer to the original
problem falls out as a small corollary to his more general results; and next, two centuries
later when we have a much clearer idea about the discipline of graph theory, Dijkstra
solves the extra-mathematical problem of shortest path (and also considers minimum
spanning trees) in this graph theoretical context.

3. Three essay assignments

F or the students to realize the above connection between the three original texts, and
thus the three dimensions of history, application, and philosophy, they were asked
to identify the criteria that Hilbert proposed for a good mathematical problem (e.g. that
it must be explainable to laymen and that it must be challenging but not inaccessible,
etc.) and see to what degree the problems treated by Euler and Dijkstra fulfill these, and
then relate them to Hilbert’'s comments on the development of mathematics in general.
The module included three essay assignments, each addressing different aspects in re-
lation to overview and judgment.

The first essay was on the just discussed topic of mathematical problems, linking the
three texts by Euler, Dijkstra, and Hilbert together. In their essay, Julius’ group writes
the following:
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The requirement that everyone in principle should be able to understand the
problem is fulfilled by the problems [in the texts], since they do not require any
mathematical specialist knowledge, but on the contrary concerns contemplations
regarding general issues. [...]

Concerning the development of mathematics [as a discipline], Hilbert [1902, p.
437] says: “History teaches the continuity of the development of science. We know
that every age has its own problems, which the following age either solves or casts
aside as profitless and replaces by new ones.” The case in question fits nicely with
this description by Hilbert, since when Euler tried to describe the [Konigsberg
bridge] problem, he began with the concrete issue and developed a general
description of this by means of assigning symbols, etc. Later on a further
generalization took place by introducing vertices and edges, this generalization
then being used to solve yet other, though related, problems, as for example that
of shortest path. (Julius’ group, March, 2012)

The second essay was on mathematical proofs and first dealt with different kinds of
proofs and proof techniques as well as the use and need for new signs and symbols
(both arithmetical and graphical) in the development of new mathematics (concepts,
definitions, etc.), something that Hilbert also addresses. The students were asked to
discuss this with relation to Hilbert’s text and try to draw connections to the two cases,
in particular the advantages Dijkstra had in 1959 with a fully developed graph theoretical
and conceptual apparatus at his disposal, as compared to Euler who had to start from
scratch in 1736. Finally, the students were asked to look into Hilbert’s actual discussion
of proofs and their role in solving mathematical problems as well as the role of rigor in
mathematical proofs. On the overall, the idea of this was to spur some reflections on
the students’ behalf regarding the epistemological development of the notion of proof.
This final part is not really well developed in the essay by Julius’ group, but they offer
some reflections on the question of the ‘graph theoretical and conceptual apparatus’:

These days one has a lager selection of well-defined notations and concepts at
one’s disposal when having to put forward mathematical theorems and formulate
proofs. We may notice the difference if we look at the length of modern

formulations of old proofs. The modern proofs are shorter and appear more
concise in their formulation. [...]

Since Euler was the first to treat a [graph theoretical] problem, he did not have a lot
of mathematical tools to choose between. Instead he had to define the necessary
concepts himself. When Dijkstra wrote his article, he could draw on the already
developed definitions in graph theory, and from mathematics in general. (Julius’
group, March, 2012).

The third essay was about mathematics’ status as a (scientific) discipline, in its own
right and in comparison to other disciplines, e.g. physics. Based on their readings of
Hilbert, and the two texts by Euler and Dijkstra, the students were asked to try to point
out some characteristics of mathematical problems, methods, and ways of thinking as
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well as to say something about the types of results mathematics delivers and what they
may possibly be used for. They were invited to discuss this by comparing mathematics
to other academic disciplines. Then they were asked to identify what Hilbert said about
the differences and connections between mathematics and other disciplines, and then
discuss to what extent they agree or disagree. With reference to their second essay,
Julius’ group point out the following:

Mathematics has proofs, which other disciplines do not — proofs are not possible

in the same manner in other disciplines, one has to document by means of

experiments. In mathematics, one concerns oneself with abstracts entities within

abstract structures, which Hilbert also talks about. Also, Hilbert discusses how

mathematical knowledge can be applied within other subject areas. [...] In short,
mathematics delivers solutions to general problems [outside of mathematics].

Hilbert describes the difference between mathematics and science-related
disciplines. [Unlike these] he sees mathematics as kind of unity, which no good
will come of splitting up into smaller braches, because the different branches then
cannot benefit from the results of one another. (Julius’ group, March, 2012)

Finally, as the very last questions of the essay assignment, students were asked to
comment on their experiences with having to read the three original sources. Julius’
group said:

We all agree that Euler’s text was the best, because you take a real-life problem
and transform it to a mathematical problem, which makes it easily understandable
and entertaining at the same time. [Dijkstra’s] text was compact, which made it
hard-to-reach at first encounter, although both the approach and results were quite
clear. [...] Since Hilbert's questions have contributed to shaping which
mathematical problems prosperity has been concerned with, it is interesting to
see what his personal views on mathematics were. (Julius’ group, March, 2012)

4. Interviews with Julius

n February of 2015, Julius was in the fifth year of his university studies at Roskilde

University, 23 years of age, and doing a combined master’s degree in mathematics
and history. In this respect, Julius was of course a bit special since he majors in subjects
that are topics in the HAPh-modules. But as we shall see in the interview excerpts to
follow, some of which are rather lengthy, this had some interesting consequences for
his assessment of and hindsight reflections about the module and the exposure to his-
torical source material. Furthermore, Julius had in mind to become an upper secondary
school teacher, which resulted in a few didactic and pedagogical considerations as well,
both concerning the module and mathematics teaching in general.

I conducted two interviews with Julius; a first somewhat long interview (45 minutes),
and a second shorter follow-up interview (25 minutes). The interviews were had the
form of collegial conversations and were semi-structured in the sense that although |
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had prepared an interview guide in advance, we would deviate from this time and again,
if other interesting aspects aroused as part of the conversation. The following
presentation of the interviews follows the conversation with Julius, i.e. the excerpts
appear in the order which they occurred during the interview. The very first utterance
of Julius was that which appears in the beginning of this article, and which was his reply
to whether or not he recalled the module. Following this, Julius continued:

| remember the Konigsberg bridge problem clearly. It is a problem that | know in
details. We were dragged through this — or guided through it, in a pedagogical
way, right, while at the same time reading in the original about these issues. I'd
definitely say that this module is one of the things | remember the best... What
struck me at the time, and still does, and what impressed me, was that a single
problem... I mean, how unimportant it is in principle, if you can walk through a
town in a certain way... But then you generalize it, take it out of the town, out of
its reality with bridges and islands. [...] | thought that was pretty impressive. That
every time he [Euler] had a problem, he would see that you could write it up in a
more general way, express it in a new fashion, so he could realize something new
about it. The insight that this is what you often do in mathematics; try to generalize
it as much as possible to find the underlying system, | mean take the problem out
of its real context — that was exciting, seeing this being unfolded through the texts.
Or through the original texts — as original as they can be — and also by way of
getting some tasks, where instead of just being told, you had to realize it for
yourself. [...] There were several tasks of the kind where the idea of you doing the
task was to make you realize what Euler realized at this particular place of his text.
At least that is how | perceived some of the tasks. [...] So we weren't just being
told what was interesting. You had to discover some of the interesting points
yourself. Often in math it’s like, okay, here is a proof, here is a theorem, here are
some examples, and some tasks for you to apply the theorem on. Whereas here
you got a different understanding of what was going on, mathematically speaking,
than the classical ‘proof-theorem-kind-of-way’. Here you obtained realization,
which meant that you could follow what was being talked about. (Julius, February
18, 2015)

Julius” answer above referring to the explanatory tasks led me to ask him another
question from the interview guide, namely what he thought of the guiding reading
approach:

You challenge the classical way in which you learn something; because it’s clear
that some of the definitions and concepts are still there. But overall, the tasks were
not designed for you to test something [i.e. a theorem] that you had to learn. You
were not supposed to learn something specific by doing the task. You were to get
some insight to help you better understand the original source. So, I think, the
connection between the historical and the mathematical is much more substantial
in this work. And you obtained an understanding of how Euler had thought — okay,
not one hundred percent, of course — but you got the feeling that you did, that you
could follow what went on in the original text. | mean, it's a different way of
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viewing a proof. And this was fun seeing unfolded at the time. [...] Of course, it is
a major leap between the two texts [Euler’s and Dijkstra’s]. But still, there is a clear
connection between them. It is fun to see how a single question can become
almost an entire theory, after years of research, right, by different people. That was
impressive. [...] Itis fairly obvious, how it can be relevant and exciting to read. And
that you see how the notation has changed. It is interesting to find out how this
mathematics has come into being, right. | mean, if you are used to always being
presented to mathematics kind of top down, with modern definitions, etc., then it
is completely strange being thrown into an old text like this. Personally, I was
already interested in mathematics and history, but this made my interest even
bigger, or how should I put it... | mean, seeing it unfold in this way, seeing how
you can cut up a text and present it so also people less nerdy than me would find
it interesting to read. (Julius, February 18, 2015)

From the conversation with Julius, it was clear that he found that he from the module
had learnt some history of mathematics. A natural question to ask was if he also found
that he had learned some mathematics?

I believe I did. [...] For example, doing these graphs [points to a figure similar to
figure 1]. I clearly remember the shortest path problem [Dijkstra]. | made some
projects later, where we did similar things, weighted edges and stuff. [...] But what
| benefitted the most from, or at least what I feel | benefitted the most from, was
that about the 'nature of mathematics’. | mean, also when you tell other people
about mathematics, and when you think about how it actually develops; you look
at something and then you generalize it. Then other people catch on and do
something with it. I mean, it is not a straight path of someone initially thinking
‘now | want to develop a theory that can be applied for exactly this thing’. It is
rarely like that — at least in what | have seen: here someone looks at something
specific and formulate a problem, which other people then try to solve for some
300 years. All of sudden you then realize that the methods used were not
applicable at all for this specific problem, but that they could solve another different
one. So often it is a rather rough and uneven path, and a kind of crooked way in
which things are connected, and one which is very difficult to predict. [...]

In the textbooks things are presented in a straight way — and as if they came into
being in the same manner. So just obtaining an understanding of that often it is
actually very, very different was exciting — also to see it for yourself. You don’t
think about it when reading you usual textbook, because the presentation is so
top-down and stripped from all historical context. Also if you have a lecturer who
just does things, and you are like... | mean, it is not obvious how much thought
people had to do for decades or even centuries before arriving at anything looking
like what you are being presented to on the blackboard during a single lesson,
right. So you got an understanding of how mathematics has developed, how it
came into being, and what make people throw them self at a mathematical
problem. This became clear to me. And | don’t think it was something I had really
thought about in the same way before, not until we saw the sources and what
people did. [...] There are some questions | wouldn’t have posed, some thoughts
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about mathematics which | wouldn’t have made, had | not seen it being unfolded
in this particular way. (Julius, February 18, 2015)

Referring back to the essay assignment on the nature of mathematics as a discipline,
| wanted to ask Julius on his current views on this, i.e. if and how mathematics is different
from other (scientific) disciplines —also to see if his hindsight reflections were somehow
different from the answer of his group in 2012.

If you are to compare how Euler worked to some of the other disciplines, then it
is obvious that it is something different. If a physicist is to solve a problem, he
would work within physics; he would use some theories and tools from physics.
But he would always return to the outset, return to the original problem. But in
the Euler text there is almost no connection facing backwards — only forward. He
generalizes, generalizes, generalizes, and fairly soon he couldn’t care less about
the Konigsberg problem. He quickly realizes that he can answer this. But he
doesn’t answer it by actually answering the Konigsberg problem. He answers it
by being capable of answering a long line of similar questions; his answer is a
“theory”. He won't accept to solve just the one problem. He could have done that,
of course. | mean spent three pages on solving only this one problem. But if he
had only solved the Kénigsberg problem, then we would hardly ever have heard
about it afterwards. And this I think is typical for mathematics. You generalize and
take things further and further away from the outset. And this you get an
impression of — or you get an image of how mathematics is as a discipline. (Julius,
February 18, 2015)

Throughout both interviews, Julius keeps returning to two overall issues. The first is the
above mentioned one of Euler’s generalization of the Konigsberg bridge problem to
something which in essence has very little to do with neither Kénigsberg nor bridges. The
other issue concerns the fact that mathematics developed in one context may later be
applied in different contexts — one of the points made by Hilbert. Julius personally talked
about the “external” and the “internal” influences on the development of mathematics —
what is usually also referred to as inner and outer driving forces (Jankvist, 2011).

Actually, it is a good example of exactly that, i.e. what began as bridges in a town
ended up being used for something with telegraph cables. And then you realized
— because you had the general theory — that telegraph cables and cobber wire
connecting components in computer hardware, things which at first sight are not

related in any way, actually is the same problem, only in different forms, because
you realize that it can be treated as the same mathematical problem...

Yes, the minimum spanning tree.
Yes! Exactly, right.
And you remember this after three years?

Yes, yes. | remember we talked about this. | thought it was funny because of these
problems, which one wouldn’t immediately think to be related; I mean, if I list ten
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things and someone had to say which of these were related, or could be solved in
the same mathematical way. [...] It has to do with how time changes. At one point
in time you need telegraph cables, later you develop the computer, and you realize
it involves a similar problem, only in a new form. [...] It has to do with the external
world, how it develops, and how mathematics is brought into play. It is fun to see
that it begins with an external question, which is dragged into mathematics, and
then develops within the field of mathematics — internally, right - [...] and then it
plays back at a problem that is not related to the initial problem. So, this thing with
the telegraph cables, | remember very clearly. | mean that the mathematics can be
used for different things which are not related. This, and then the thing with you
generalizing a problem more and more, which | would say is part of the nature of
mathematics; that you look for the simplest expression of something, the simplest
problem of its kind, or the simplest way of writing up a whole line of problems -
this is what you often want to do, right. You don’t want to talk about just one
problem. You want to say something about all problems having this particular form.
(Julius, February 18, 2015)

Next, | asked Julius whether the Hilbert text had left any impression with him. At first
sight apparently not, since he did not recall much of it. For that reason we agreed that
he would reread the Hilbert text and we would talk briefly about this a week later. Maybe
he would recall aspects of it, when rereading it. Also, there might be other hindsight
reflections appearing from a rereading of the text that could be of interest for this
particular article.

In the second interview, Julius again talked about things which he and his group had
discussed in the essay assignments back in 2012, e.g. Hilbert’s definition of a good
mathematical problem and why both the Kénigsberg bridge problem and the shortest
path problem fulfilled Hilbert’s criteria. But one interesting thing which Julius brought
up was related to the essay referring to Hilbert seeing no meaning in splitting
mathematics into several braches, as is done in the natural sciences. Julius found that
he could relate to what Hilbert said, also from doing various project works as part of his
education at Roskilde University. But what he also pointed out was when being taught
mathematics in regular courses, it often did appear as being divided into different
branches — or “boxes” — which did not necessarily appear to be related.

When you are being taught math, then you have analysis, and maybe it is called
‘fourth dimension analysis’ and you get the impression that it makes sense to have
this division of topics into boxes. But when we do our student projects [at Roskilde
University], then it isn’t always clear what math to use... | mean, ‘what do you
have to say something about here?’ and then you go for what you know. Then it
is nice to see how Euler did. He wasn't restricted to a specific box to begin with.
He looked at a problem, and then he thought about which things he needed to
describe it. He wasn't in a predefined box. He chose elements from different
branches of mathematics that he needed to describe his problem. So the texts by
Euler and Dijkstra and their ways of working with mathematics illustrate well that
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even though you may have been taught mathematics as being divided into boxes,
when you actually have to use it for something, then it is not the case that if you
are within this box, then you can only use the elements of this box. You use what
makes sense. And if you can provide arguments, and if it makes sense within the
system, then you can make use of the things you need. And that I think you get an
idea about from these texts. (Julius, February 26, 2015)

Another thing which Julius brought up, and which was a bit surprising for me, was
Godel’s incompleteness theorems. In the material surrounding the three primary
historical sources, | took the opportunity to tell the story of Godel’s incompleteness
theorems, since the first of these was presented in Konigsberg on September 7,
1930 — the day before Hilbert gave a famous radio speech on mathematics, in
which he said his immortal words: “Wir miissen wissen. Wir werden wissen.”
(“We must know. We will know”).iil In the material, the two theorems and their
consequences were outlined briefly, and connected to the history of Hilbert's
speech, and the reactions from the mathematical community to Godel’s theorems.

Godel’s incompleteness theorems, right — I mean, I've always had an idea that you
could draw a circle around mathematics, and say that this you know about
mathematics, right. You’ve always had an idea that you were on rock solid ground,
and that you could build from there. The idea that something at the bottom is not
solid — you must give up on this. This has had a major influence on how I
understand the discipline | work within — because you don’t have this foundation.
You can create temporary foundations, but you just have to accept, that there are
things which you can’t know for certain — or how you want to put it. | thought that
was strange. | still think it is a little strange.

And you remember this? You remember G6del’s theorems from the course?

Godel’s theorems! Yes! | remember them from back then. And when | reread the
material | recalled it. It was so strange, | thought. Of course, it wasn't like with the
mathematicians described here, it didn’t shake me to the core. | wasn’t shocked
like that, since I was still in the process of learning the subject. But still I was like;
for real, is that how it is! Because in upper secondary school things were presented
as this-is-how-it-is kind of knowledge. All the stuff with axioms, I didn’t see until
university. This is not like the first thing you hear. So, | definitely remember the
incompleteness theorems.

5. Analysis

here are many approaches one could take to analyze the statements of Julius above.

However, in the current analysis, | shall try to access the “long term effects of expo-
sure to primary historical sources” on Julius through a discussion of his development of
the three types of overview and judgment (Niss & H jgaard, 2011) and relate this to
Barbin’s (1997) effects of being exposed to primary sources: fonction vicariante; fonction
dépaysante; and fonction culturelle. We may visualize this be means of the following
table.
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Table 1: Visualization of the two theoretical constructs from Niss and
Hgjgaard (2011) and Barbin (1997)

Application (OJ1) History (O)2) Philosophy (O)3)

Vicariante

Dépaysante

Culturelle

Of course, when combining the constructs of Niss and H jgaard (2011) and Barbin
(1997) into a three by three matrix, we may not expect to be able to plot elements into
every cell of the matrix. Nor should we take the number of cells “filled in” as a criterion
for success of the long term effect in regard to Julius. Rather we should view it as an
organized way of thinking about the kind of effects this particular HAPh-module — with
its guided reading approach (Barnett et al., 2014) to the use of primary historical sources
— had on Julius and his image of mathematics as a (scientific) discipline (Jankvist, 2015).
I shall do the analysis column by column, i.e. one type of overview and judgment at the
time.

In relation to the first type of overview and judgment (OJ1), i.e. actual applications of
mathematics in other subject and practice areas, Julius’ talk of “boxes” may be seen as
illustrating this. Or more precisely, it illustrates an important issue regarding
mathematical modeling, which is how actual applications of mathematics often come
into play. Namely, that although mathematics is usually taught as belonging to specific
“boxes”, in real life applications, you use what makes sense and what provides you with
the needed answer when building a model. Julius relays this by stating that Euler did not
operate in a “predefined box”. This may be seen to relate to the issue of fonction
vicariante, since Julius clearly has realized that mathematics is not only a corpus of
knowledge and techniques, but also a hotchpotch of ways for bringing these into play
in given situations and contexts.

Regarding the second type of overview and judgment (O)2), i.e. the historical evolution
of mathematics, both internally and from a social point of view, Julius’ talk about external
and internal influences on the development of mathematics illustrates this quite well.
His “evidence” in this respect is the example of minimum spanning trees, telegraph
cables and computer cobber wiring. He is able to relate this example to the technological
and societal context (fonction culturelle), when he says that: “It has to do with how time
changes”; “At one point in time you need telegraph cables, later you develop the
computer...”; “It has to do with the external world, how it develops, and how
mathematics is brought into play.” In the interviews, Julius often talks about how
mathematics has developed, and that textbooks do not provide you with a correct image



Emotjpes Ayoyljs Oepatiké Tevxog 2014 169

of this, e.g. how long time it has taken to end up at the efficient notation which is so
easily used by your lecturer today. Julius says that he had not thought about this before,
not until he was exposed to primary historical sources. This may be seen as an element
of fonction vicariante. Also an element of dépaysement is present, since the fact that the
same “mathematics can be used for different things, which are not related” appears to
have made quite an impression on Julius.

Concerning the third type of overview and judgment (O)3), i.e. the nature of
mathematics as a subject (and discipline), there are clearly also issues which have left an
impression with Julius. Several times he mentions the generalizing nature of mathematics,
with reference to Euler’s treatment of the Koénigsberg bridge problem, and that in
mathematics one wants to reduce something to the simplest problem, and provide as
general an answer as possible. Clearly this is yet an element of fonction vicariante. As for
dépaysement in relation to the nature of mathematics, the story of Godel’s incompleteness
theorems certainly provides estrangement for Julius. Of course, in relation to these
theorems there were no primary historical sources, so ascribing this particular element
of dépaysement to exposure of original sources is an exaggeration. Still, in combination
with the Hilbert text, it clearly led to a reorientation of Julius’ image of mathematics.

6. Concluding discussion

ow, when performing an analysis as that in the previous section, there are always
Nchoices to be made. For example, Julius’ example of minimum spanning trees in
relation to telegraph cables and computer wiring could possibly also have been ascribed
to the first type of overview and judgment instead of the second. Also, further examples
to fill in the cells of table 1 could possibly be found in the data (taking into account that
what is displayed is only a fraction of the full interviews). But this is not the important
issue here. Rather the important issue is that there are examples of development of all
types of overview and judgment, and there are examples of the exposure to original
sources having resulted in all three potential effects. That is to say, even three years after
the completion of the course in which Julius did a project involving a reading of historical
primary sources, there are “measurable” effects in regard to 1) each of the three types
of overview and judgment, and 2) in regard to the issues of fonction vicariante, dé-
paysante, and culturelle. All in all, the HAPh-module appears to have had an impact on
Julius” image of “mathematics as a discipline” (Jankvist, 2015), in particular by providing
evidence on which to develop this image, not least in relation to the various meta-issues
surrounding the case of early graph theory and its later application the shortest path
problem. But what also appears evident, is that these meta-issues to some extent are
anchored in the in-issues of the mathematical cases (Jankvist, 2011) — and my hypothesis
in relation to this is that the documented long term effect is not completely unrelated to
the presence of anchoring in one way or another.
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Furthermore, Julius is also able to provide hindsight reflections on the design of the
HAPh-module, in particular the guided reading approach — and he is able to contrast the
approach of reading primary historical sources to the usual textbook teaching. One
question which is often raised in relation to the use of primary sources in the teaching
and learning of mathematics is whether this makes the students better mathematicians.
Julius found that he did learn mathematics from the HAPh-module, but if it made him a
better mathematician is not to say. However, what seems clear is that it made him a much
more reflected student of mathematics. A student who is not only aware of the inner
issues of the subject he is studying, but also the meta-perspective issues surrounding the
subject, including its applications within other subject areas and disciplines, its historical
evolution and development, and its science philosophical status. And my guess is that
Julius is going to become an equally reflected teacher, who will be able to relay his own
insights regarding the discipline of mathematics to his future students.

Znuerdoers

1. The teaching materials may be found as texts 486 and 487 in the series ‘Texts from IMFUFA’:
http://milne.ruc.dk/ImfufaTekster/

2. Chapter 9 in the ICMI Study on History in Mathematics Education; the chapter is written by Jahnke,
Arcavi, Barbin, Bekken, Furinghetti, El Idrissi, da Silva and Weeks.

3. See: http://math.sfsu.edu/smith/Documents/HilbertRadio/HilbertRadio.pdf (Retrieved March 13,
2015).
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AITIO TON I'AAIAAIO £THN..... AIOOYZA
ATAAXKAAIAY TON MAOGHMATIKQN

©eddwpog I". Ndoxog
Mabnuatikdg, Ap. Aidaktikig Twv Mabnuatikwv

Abstract

he close relationship between Mathematics and Physics during their historical

development is generally considered to offer motivational power to the educational
praxis. In this paper, we discuss a teaching approach inspired by history in which the
integration of genetic ‘moments’ in the history can lead to the designing of a specific
activity. We exploited historical elements from the mathematical study of motions in
the later Middle Ages (14th century) and Galileo (17th century) in order to introduce
first-year undergraduates in the Department of Mathematics to the Fundamental
Theorem of Calculus. The activity was based on a problem of motion and its
representation in Cartesian axes of velocity/time. We used an original text from
Galileo’s book “Dialogues Concerning Two New Sciences” concerning the free fall of
bodies. In this paper, we present: (1) elements of the History of Mathematics and
Physics which we used in designing the activity, (2) the didactic aims of the activity,
(3) worksheets and excerpts from the students’ interviews, and (4) observations from
analysis of the collected data.

Keywords

Integrating history in mathematics’ teaching, free fall of bodies, Fundamental Theorem of
Calculus.

ITepiAnyn

aglonoinon g lotopiag tov Mabnpatikév kat g Puokig otr SI6aKTIKL
anaknmj Bploketat oto enikevtpo Tov eVOLHPEPOVTOG TOV EPEVVIITAOV KOL TOV
Oewpnuikdv otov topéa )¢ Aldaxuxkig ta tedevtaia ypovia. Ly epyacia avti
nopovoldovpe pia SIGaKTIKY mPoogyylon epnvevopévi) and v lotopia oty onoia
1) EVOWPGT®OL] YEVETIKGY LOTOPLKAV ‘OTlyPdV 081jy10€e 010 0XeS1a0p6 pag SIaKTKIg
Spaotypiétrag. A§lonoujoape 1otopikd ototyeia and ) padnpotiki] pedét) tov
Kwijoewv katd tov “Yotepo Meoaiwva (140 aidva) kot tov F'aidatlo npoketpévou va
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gloaydyovpe npwtoetels gottntés tov Madnpatikot Tpfpatog oto Oepediddeg
Oedpnpa tov Aoylopot. H Spaoctpiduyta faciotnke o éva npéfAnpa kivijong kot
otV avanapdotaot] Tov e Ypdenpa tayUTtag/ypévou oe Kapteolavous GEoveg.
Xpnotponoujoape €va mpotétuno kefpevo amd to PipAio Awdhoyor yra Svo véeg
emotrjpes tov 'adtdaiov, oxetikd pe v 601 TV 0opdTov ot gior). Xe avtd to
apbpo napovordlovpe: (1) otoyeio ané v lotopia twv Mabnpatkdv kot g
dvowkiig mov yprotponoujoape oto oyedlaopd g Spactnpidtnrag, (2) Touvg
Sidaktikolg otéyovg g Spaoctnpiduytag, (3) puidda epyaociag kat TRRpa plag
OLVEVTELENG QOLTITAV, Kat (4) mapatnprjoelg and v avdAvor SeSopévavy.

Aééerc kderdra
Evowpudrwon g lotopiag ot dibaokadio, eAevbepn TTddoN TWV OWUATWY, Otue-
Aihdeg Oedpnua Tov AoyiopoU.

1. Oswpntiké {nrypoto

H @1hoco@Ikr] Bedpnon TWV HOONHATIKOY 0§ avOp®TTIVIG SpaoTnpIdTTOS ETTI-
S10Kel var eppnvedoel T HoONUATIKA OKEYPN o’ Evar eEeAICOGPEVO 10TOPIKG process.
No eppnveloel TNV oTOHIKA OKEWPN OTO TIAQIOIO £VOG deG0pEVOU TTOAITIOHIKOU, KOI-
VVIKOU TTePIBGANOVTOG, VO KATAVOHOE! TQ I0TOPIKG XAPOKTNPIOTIKG TV ev eEeAel
166V KOl YEYovOTWV, var ToEIvoprioel cAANAeTOp&oels, va avalnTRoe! AITieg, va ouy-
Kpivel atmoTeEAéopATOL.

>Oppwva pe Toug Radford k.é. (2000: 144), n evOWPGTWON TG I0TOPIOG OTTAITET
€va 0aég kal TTAoVO10 BewPNTIKS TTAGITIO VIO TO YEVIKG OXNUATIOPS TNG HOONHOTI-
KAS Yvaong. ETTA€ov pia oopr] eTMOTNHOAOYIKI TOTTOBETNON KO P AmrodOTIKH HE-
Boboroyia (0. 1):



174 Emoujpes Ayoyrs Oepatiké Tedyog 2014

Zxfpa 1: To BewpnTiKS TTAGIOIO AVO@EPETAI OTN OUVEEOT) TNG IOTOPIKAG OVATITU-
&NS TV HOBNUATIKGWY KOl TNG HAONONG HABNPOTIKWV OTré TOUG HaBNTES, HEow
piag peBodoAoyiag Tov LTTOOTNPICEl TO OXEDIAOPO DIBAKTIKWV SPACTNPIOTHTWV

Baoiopévwv aTnv 1oTopia

Eniotnoloyikd tedio

OewpNnTIKS MAaiolo

v v
WuxoAoyiko nedio ] lotopiko nedio ]

H paénon twv padnpatikwv Z0véeon EvvoloAoyikA avamntuén
TWV LaONUATIKWV

A
\

ano Toug Hadntég

p

MeBoboAoyko nedio ]

IXESLOONOG SLEAKTIKWV
SpaotnplothTwy yla TNV aibouvoa
Sidackaliag

2. M£€0060t eVvoOwpdtmorng tng 1otopiag tTov
poOnpotirev otnv at@ovoo Si8aokaliiog

nroUpevo eival, To TG Ba agloroindel n loTopia otn didakTik TPGéN. Molog
Z eival 0 KATOAANAGTEPOG TPGTTOG WOTE N 1I0TOPIC: V& avoi&el SPGHOLG 0T HaBNpO-
TIK} KaTavénon. Na kGvel Tn Siadikaoiar pabnong EAKVOTIKGTEPI KOl ATTOSOTIKGTEPN,
va TTPowOIoel Tr) CUAAOYIKH SIXTTPOYHATELON KOt VO EVIOXVOET TO OAANAETTIOPAOTIKG
XOPOKTNPIOTIK& TOL KOIVAWVIKOU péAouL TNg aiBouvoag S1daokaAiog.

Y0pgpwva pe Toug Tzanakis & Arcavi (2000: 212) UTTGPXOLY TPEIG TUTTOI TIYWV OVOL-
@opIKoL LAIKOU: [pwTOTUTTEG TTNYEG (ATTOOTIGOPOTA AT GUBEVTIKG I0TOPIKG VTO-
KOUPEVTQ), OEUTEPEVOVOEG TTNYEG O1 OTTOIEG OXETICOVTOI HE IOTOPIKEG APNYAOEIS,
OXONIO KOl EPUNVEIEG, OVAOUYKPOTHOEIG KATT., TEAOG, TTNYEG S16aKTIKOU LAIKOU Ol
OTTOIEG TIAPATTEPTIOVV OF IGTOPIKG HEGOPEVA KOl GUYKEKPIHEVES DIBAKTIKEG TTPOTEY-
YIO€IG EUTTVEVOUEVES TG TNV I0TOPICL.
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Y1réipxouv SIGPOoPES ATTOPEIG AVOIPOPIKS e TOV TPATTO aloTToioNg TOL I0TOPIKOU
LAIKOU oTnv affovoa SI6GIOKOAIG TWV HOBNUATIK®Y, Ol OTTOIEG PTTOPOUY VO Opad0-
TToINB0OUV O TPEIG YEVIKESG KATELOUVOEIG AVAAOYX HE TO BISOKTIKG OTGXO:

() EKp&Onon Twv HoONPATIKWV GUECA ATTO TO I0TOPIKG OTOIXEION KO TIG OXETIKESG
TTANPOPOPIES.

(B) ExpéOnon BepdTwv Twv MoBnpaTIKGOY, GKOAOUBMVTOS HIx SIGAKTIKF) OTPATHYIKA
oxedloopol Kal dI6aoKOAIOG PTTVELOpEVN OTTG TNV 10TOPIKN €EEAIEN TwV pabn-
HOTIKOV.

(y) AvatrTuén Tng pabnpaTikig ouveidnong mpooeyyifovrag Tny idia T Uon Twv
HOONHOTIKWOV KOBWS KOI TO KOIVAVIKG KOl TTOMITIOHIKG TTAGO10 avaTTTUERS TOUS.
Mia TéToiax yevikn kaTnyopiomoinon Tng didakTikAg aflooinong Tng IoTopiog Sev
OTTOKAEIEI, TOLVOVTIOV, TTOAAEG (POPES TIPOUTTOBETEN TN GUHTIANPWHOTIKGTNTA TV
TTPOOEYYIOEWV.

TNV Tapovoa £PYOOI OEIOTTOIOVHE IOTOPIKG OTOIXEIO GUEDD, TIPOOTPEXOVTOS OF
€va avBevTIKG Keipevo Tou FTaAdaiov. O SISOKTIKGG GTGX0G €ivail ) TTPOCEYYIoN TTPW-
TOETWV POITNTAV TOL MaABNPOTIKOV TPHHATOG 0TO OgpeNddES OEDPNHUA TOL ATTEI-
pooTikoU Aoylopol oTo TAaioio piag oAvoidag dpaotnpiotiTwy (Paschos, T. &
Farmaki, V., 2007, Mé&oyxog, 2007).

3. To wotopk6 mAaiolo
3.1. H pelérn twv xavijoewy kava tov "Yorepo Meoaiwva

3.1.1. H pedétn Twv Kivijoewv oto Merton College, Tov 140 aikva

Tov 14° addva €XOVHE OLOIROTIKG TNV APUTIVIOT TNG ETTIOTNHOVIKAG peBodoAoyias.
Kot tnv mepiodo auTi| kupiapyovv ato Merton College atnv O&pdpdn o1 Calculators,
ol AoyikioTég — podnpaTikoi: William tou Heytesbury (1313-1372 p.X.), Richard
Swineshead, dxpooe yopw ota 1344-1354 p.X.), kai o John Touv Dumbleton (Gkpaoe
YOpw ota 1331-1349 p.X.), ol o1roio1 HEAETOVV TIG KIVAOEIG TV CWHETWY. O1 KIVIHO-
Tikof Tou Merton College Sivouv opiopoUg Twv diGipopwv HopPWVY TG Kivnong, Ka-
VOULV EIKOIOTES, DIGTUTIWVOLY OXETIKA BEWPHHATO KOI TX OTTOOEIKVOOLV PE HOONPOTIKG
TPOTIO, XWPIG V& TIPOapelYOLV O TEIPAHATIKY eTTIBeaiwon. Eiodyouv Tnv 16éa Tng
oLVAPTNOIAKAS OXE0NG HETAED TaXOTNTOS Kal Xpovou. MIAoUV yia Tny €vraon Tng
ToXOTNTOS WS APIOPNTIKAS TIPAG 1) OTrolar avTIoTOIXEl 08 pIa Sedopévn Xpovikr oTIypr,
obnyavtag oTn diciodnTIKA avaduon Tng évvoiag Tng oTiyHiaiag TaxOTNTOS. ATro-
deikviouv To OeWpnua péong TIuAG, YVwoTS wg Kavova Tou Merton, yia TV oHoAG
peTaoAAGpevn Kivnon.

O William Heytesbury ypdpei oTo «Rules for Solving Sophisms» — Part VI. Local mo-
tion, (Clagett, 1959: 235):
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ATIO TIG TOTTIKEG KIVIOEIG, KOAETOI OUOIGHOPPN, EKEivN N Kivnon oTtnv
omoia HIa 0N ATméoTAON SIAVUETOI OUVEXWG ME TNV idia TaxiTNTA 07
éva i00 XpovikG Sidotnua. H avopoiduopen kivnon, arr’ Tnv aAAn, mor-
KiAel o€ éva Grrelpo apIBUG TPOTTWY, TO0O OE OXEON HE TNV TTOOOTNTCA,
0600 o€ Ox€on e TO XPOvo.

O oplopds TG OTIyHIiag ToXUTNTOS, TNG OPOIGHOP@O KAl HI OHOIGHOP@PO ETTITO-
Xuvépevng kivnong, 666nke amé Tov Heytesbury wg e€rg (Clagett, 1959: 235):

«... O€ [IOL N OHOICUOPPN KIVNoN 1 OTIyHIcia ToYUTNTO O€ pio GeSouévn
XPOVIKI}) OTryur) HETPATAI 1} TTPOCOIOPIGETON HEOW LIOG S106pONS TTOU
Ba UTToPOUCE VO YPAPETAI ATTO VOl KIVOUUIEVO ONEID, OV OE HICt XPOVIKH
TEPIOBO, EKIVEITO e OLOIOHOPPN Kivnon, pe TN idia Tiur TG Tay0TNTAG
HE TNV OTTOIQ AUTO EKIVEITO O QUTI] Tr) XPOVIKI) OTIYUI...

Ka6e kivnon eivar opoiduoppa emmitayuvouevn (uniformiter intenditur)
av, O€ OTTOIXSATTOTE [0al XPOVIKA SIQOTHHATA, ATTOKTA (0€G AUEHOEIG TO-
XuTnTag. ...

... AAAG pia kivnon eivau pn opoIGUOPPA ETTITAYUVOUEV) OTAV OTTOKTA
pia peyoAuTepn avénon g TaxUTNTAS O€ HIO XPOVIKH TTEPIOSO AT OTI
o€ pia &AAn ion Tepiodo..»

To Oewpnua Méong Tiurg (Mean Speed Theorem) Tou Merton College eivon évar o
TO MO ONHOVTIKE OTTOTEAEOPOTA TwV peAeTdV Twv Calculators Tou Merton, obp-
PWVA PE TO OTTOI0 HETPATAI 1) OHOAG ETTITOKUVOHEV Kivnon pe 6poug TnG HEong Tar-
X0TNTéS TNG, dnA. Tng TaXOTNTAG OTN HEON XPOVIK OTIYHR TNg didipkeiag Tng
ETTITGYLVONG.

H moAaidtepn SiatOwaon Tov BewprjpaTog, cUppwva pe Tov Clagett (1959: 262),
vtrépxel oTo Regule solventi sophismata Tou W. Heytesbury, ota 1335 p.X.:

«Ai6T1 gite apxiCer a6 TN Tiprj 0 1) 170 pIal [TTETTEPAOUEVN] Tiur, KAOE
mAdrog (latitude) [onA. av&non i peTaPoAr Tng TayxvTnTog, O.I.] £’
0600V TEPUATIGETAI O KATTOIA TTETEPOACHEVN Tiur], B QvTIOTOIXEl OTNV
péon TG Tiun. "ETo1 TO KIVOUEVO OWHO ATTOKTUWVTAG 1) XAVOVTAG QUTO
70 latidute opoIGHOpPa KATA TNV SIGPKEIX KATTOIOG KABOPIOHEVNG XPO-
VIKIG TTEPIGEOL Bar S1IavUoE! piar ATTGOTAOT aKPIBUWGS ion ue ekeivr Tou
Ba b1évue O€ [00 XPOvo, Qv EKIVEITO OUOIGUOPPA e TNV uéon Tiuf TNG
TaYOTNTAG... AIOTI KAOE Kivron wg 0AGTNTA, TTOU OUVTEAEITAI KATA TNV
S1GpKeia 0AGKANPNG TNG XPOVIKIAG TEPIGOOL avTioToINEl OTN HEoN Tiur,
6nA. v miun [Tng TaxvTNTOG, ©.11.] TNV oTT0iCX B €iYE OT €O XPOVIKT
oTIyun».
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3.1.2. H eappoyq TG YEwHETPIag TV §U0 SiaoTdoewv ot pedéTn TV
KIVOEWV

To mépaopa oTnv ELP®TIN TV KIVHOTIKWY CUPTTEPAOHATWV TOL Merton ouvodel-
TNKE PE TNV EQPOAPHOYI EVOG YEWUETPIKOU HOVTEAOU QVATTAPAOTAONG TV KIVIJOEWY,
KO YEVIKOTEPO TWV TTOIOTITWY, HE OXHATA SUO SIa0TAoEWV. [TPOKEITON VIO HIC TIPWTN
HOPPT] YPOPNUAT®WY, TTOL AVOTTOPIOTOVOAV TI§ CUVAPTAOCEIS TTOL LTTOVOOUVTAI OTIG
€VVOIEG TNG KIVNOoNS. BpiokSpaoTe oTnV apxi Tng avaduong Twv VEwV HaBNHOTIK®Y,
pe égpaon ota ouoTHpaTa avatrapdoToong (Farmaki, V. & Paschos, T., 2007).

O Nicole Oresme (1323 — 1382 p.X.) avaTrap&oTnoe ge OXHATA SUO SIGOTROEWV
TOUG OpIopOUG Trov &6Bnkav oto Merton College. Qg éva Trap&derypar TG TEXVIKAS
TOU, 0§ BEWPITOVPE TA TTAPAKGTW OXHATA (0pBOYWDVIO TTaAPAN/HO Kot 0pOOYwVIO
Tpiywvo, . 2). Ka®’ éva a1md autd avatroploTé katolia kivnon. H ypoupn AB, o
KG&OE TTEPITTWON, TTAPIOTA TNV EKTAON TNG KIVoNG. AMG eKTOG OTTO TV EKTOOT), €XEI
QVOTTOPAOTAOEl KOl N vTaon Tng Kivnong, KaT& onpeio.

Zxipa 2

L)

w

AUTGS TO €kave 0 Oresme pe TN XGPaEN KATAKGPUPWY YPOHP®Y TTPOS T YPOHHH
NS P&ong AB Twv oxnHETWY. To PKOG TWV KATOKGPUP®Y YPAHH®Y TTolkiAovv, 600
o1 evTdoeig peTafGAovTal. ‘ETol oe kGBe anpeio KaTd prikog Tng AB, urédpyer K&TroIo!
EvTaon Tng TaXUTNTOG, KOI TO OUVOAO GAWV QUTWMV TWV YPOPH®V QVOTIOPIOTA TNV
ToXOTNTA 0TO OUVOAS TNG.

Me auTév Tov TpéTTo TO OpBoYWVIO ABCD avarrapioTé Thv opoidpopgn Tox0THTA
- kivnon, o1 ypopuég AC, EF, BD avatropioToOv Tig evTAOEI§ TG TaXOTNTAS 0T ON-
peio A, E, kon B (1o E prropel va efvar otroiodfjrote onpeio tng AB) kou eivan foeg.
‘Opola, oTnV TTEPITTTWON ToL 0pBoywVioL TPrywvouv ABC, aiveTan 6TI To Pfikn Twv
KOTOKGPUP®Y YPOPH®OV TTOU QVATIAPICTOVY EVTAOEIS, AUEGVOUY OHOIGHOPPO WG
TIPOS TO PIKOG. Apai, TO OPOOYWVIO TPIYwvo, AEPE, OTI AVATIAPIOTA HIX OHOIGHOPPO
peTaBoASpevn TaxOTNTa - Kivon (Boyer, 1959: 83). ®uaoikd oI evTGOEIG HTTOPOLV



178  Emoujpes Ayoyric Oepatiké Tedyog 2014

Vo HETOBGAAOVTOI pE €vav GTTEIPO GPIBUS TPATTWV KOl EXOUHE HIGV OTTEPIOPIOTH TTOl-
KIANQ OXNHATWOV VO GvOTTApaaTHO0VHE GAA €I6N ) OLIOICHOPEWY KIVTEWV.

A&iCe1 va onpeivdoovpe 6T1, 0 Oresme oxediaoe TNV «opiokr ypopu» CD (1} AC
OTNV TEPITITWOT TOU TPIYWVOL), WG TN «YPAULI) Twv Kopu@wvy-line of summit (/inea
summitatis), | T «ypappr} TG évraongy-line of intensity (linea intensionis) (Clagett,
1959: 353, 374). "Evwoe dnA. TIG TAvw GKPESG TwV SIOKPITWOV EVTEOEWY TG ToXOTN-
TOG (0. 2). AUTS, pTropel va GUYKPIBET pE I KOPTTOAN 0TI GUYXPOVH OVOAUTIKY Ye-
wpeTpia. Qg ek TOVTOV, TA OXAHATA TA [61A, OTO CUOTNHO ToL Oresme, UTTOPOUV VO
OUOXETIOO0UV e Ta EUBAdE KATW ATTO TIG KOUTTUAEG. H ‘KOPTTOAN’ TNG YPOPHIS Twv
KOpLPWV Tou Oresme avaTTaPIOTA HIx ‘ouVAPTNOT' 1) oTrolx EkPPAECeTal AeKTIKG. H
AEKTIKI] EKPPOOT) TNG CLUVAPTNONG EIVO KHIC OHOIGHOPEI TTOIGTNTA-TOYXVTNTON, «HIC
OpoIGHOPPa HETAPBOAASHEV TTOIGTNTA-TaXVOTNTON KATT. O1 HeTABANTEG 07 QUTES TIG
‘ouvapTroelg’ Tov Oresme eivai: N «EKTACN» — XPOVOG KIvong, N «E&vraony» — Tiurj NG
TAYUTNTOG O€ KAOE XPOVIKI] OTIyHN» KA I} <ITOOCTNTA TNG TAYUTNTOGH WS 1 SIOVUGHEVN
OoTT60TOON 1) OTTOIO AVATTAPIOTATAI GO TO EUPASEV TOL OXHATOS.

E6® 0 Oresme gaiveTal va KQvel pior eTGPaan, Katd TpATro dioiobnTIKG, oTrd Tig
OIOKPITES, KATG ONUEID TOU LTTOKEIPEVOL, EVTAOEIG TNG TAXUTNTOS, TO GUVOAO TOU
OXMHOTOG KOl WG €K TOUTOL OTO CLVEXES TNG YPOMHAS TNS €vTaons. AUTO TO ETITPE-
TTEl TO OUVEXEG TNG YPOHHAS TNG €KTAONG TTAVW OTNV OTTOI LYPWVOVTAI O KATOKO-
PUPEG TO OUVOAO Twv OTToiwV dnpIovPYEl TO eTTITTESO OXAPA, COPWVOVTASG TNV
vmrokeipevn ypappn (De configurationibus qualitatum, kee. 11.8, 6TTwg avagpépeTal 6To
Clagett, 1959: 356, Clagett, 1968: 64, 289, Kaput, 1994: 93).

To Oewpnpa TG péong TIPARS Tou Merton, €§10WVel P OHOIGHOPPO HETABOAGHEVN
Kivnon pe HIot OpoIGHOpP®N KIvon pe TaxOTNTO ion He Tn HEon TIP TG PeTaBOANS
NG ToXUTNTAG TNG HETAPBOAASHEVNS KivoNg, pe TNV évwola 6T1 SiavbovTail [oeg aro-
OTAOEIG O€ {00 XPOVIKG dlaaTApaTa kai oTig 600 Kivioelg. H amédeién Tov Oresme
eivan kKaBap& yewpeTpikn. To epPadov evég opBoywviov Tou o1Toiov To UPOS IGOVTI
pe TN péon TIpAR TG ToxUTNTOS €ivan {00 pe To euPadov Tou opBoywviouv TPIywVOL
TOUL OTTOIOL TO VYOG AVATIAPIOTG Tr CLVOAIKI PETAPOAN TG TaxUTNTOS (Clagett,
1959: 358-359; Clagett, 1968: 409) (ox. 3).

Zxijpa 3
c
H amédeifn Touv Oresme BacieTal
oe TpoTdoelg TnNG EukAeideiag yew-
F E o peTpiag (T Tpiywva FEC kar EBG

eival foa, kA, XToryeia, BifAio |,
Mpdtaon XXVI). (XtapdTtng, 1975)
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YOppwva pe Tov Boyer (1959: 83), auTé TO Be@PNHO KOl 1 YEWHETPIKH oTédeI€n
v €dwaav o Oresme ka1 apyoTepa o FaAidaiog, émaiav €va kevTpiké poAo oTnv
QVATITUEN TWV ATTEIPOOTIKWV PEBGOWV KOl TOU OAOKANPWTIKOU AOYIOHOU.

3.2. H ovpPolij tov Galileo Galilei (1564 - 1642 p.X.) orn pedéry twv
KVIjoewy

O ToAiAaiog OTPEPETOI 0T PEAETN TWV KIVAOEWVY SIEPELVAVTAS TN «UABNUATIKN
YAooa g @oongy. Me T péBodé Tou, To «kab” vTTdBeav etryeipnuar (Crombie,
1992, 1. B: 146), avalnTa TOUG HABNPATIKOUS VOHOUS TTOL SIETTOLV TA POIVOHEVAL
IXNHOTIKG PTTOpoUHE var Tepryp&ovpe Tn p€B0d6 Touv wg €Ag:

1. Méow TnG TapaTipnong Tou eUTTEIPIKOD KGOHOL SIATUTTWVE! VTTOBEDEIG (VTTOBE-

OEIG £PYOOIOG) IO T OXE0T XITIOL — ATTOTEAEGHATOG £VEG (POIVOUEVOU.

2. Anpioupyel HaBnNpaTIKY) BEWPIX TTPOOAPHOCHEVH OTIG LTTOBETEIG KOl 0dNYEITal O€
MOONUATIKG CUUTTEPAOUATOL.

3. Tnv oArBeia i) TN S16Pevon TwV CUPTTEPOOPATWV TOU, ETTIBEPAIDVEI PE TTEIPAUOTO
TTPOCCPHOOUEVO O QUTA T HOONUATIKA CUUTTEPAOUOTAL.

4. Mg auTdév Tov TpOTro odnyeitan oTnv emfefainon 1 Tn diGevon TV aAPXIKWOV
LTTOBECEWV.

1o TeAevTaio Tou PiAio AidAoyor yia vo véeg emotrueg (Galilei, 1954), opiCel
TNV OHOAG ETTITAXUVOPEVN KIVIOT TNV OTIOIX QvaTTopIoTd He oXApOTa 00 S100TG-
oewV OOPPWVA e TO PovTEAO Tou Oresme. ATTodeIkvOEl OPYIKG TO BedPNHa péong
TIpAG Tou Merton Trepryp&govTag pia Siadikaoia ‘oAokAripwong’ (Galilei, 1954:160).
2710 KOMPIKS 2° PG TOL OTNV OHOIGHOPPO HETOPBOAASHEVT KiVNOT), OVOQEPEL:

«O1 aTTO0TAOEIG TTOU SIaVUOVTAl OTTG EVOl WO TTOU TTEQPTEN LIE LI OLOI-
OLOPQO ETIITAYVUVOUEV KiVNOT [EKKIVOVTOG] a1T0 TNV npepia, eivar pe-
Ta0 TOUG OTTWG TA TETPAYWVA TWV XPOVIKWV SIAOTNUGTWY TTOU
QTTAITOUVTAI TIPOKEILEVOL v O1avUOOUV QUTEG O ATTOOTAOEIG, dnA.:
(S4/Sy) = (t;2/t,2)».

X0 Tépiopa Tou akoAovdel (Galilei, 1954: 175), otnpileTon n TEIPOPATIKNA £TTIBE-
Baiwon 6T1 N TTWON Twv CWPATWY LTS TNV £TTOpacn Tou f&POLS Toug eivai Kivnon
OHOAG ETTITOXUVOHEVN. XUYKEKPIPEVO AVOIPEPETON:

«O1 aro0TAOEIG TTOUL dIAVUOVTAl O€ 100 XPOVIKG SIAS0XIKG SIa0THHATA
OTNV OUOIGHOPPA ETTITAYUVOUEVN Kivnon, eival avaAOYeS TWV TTEPITTWV
ap1Buwy, apxifovrag amo 1 povada, dnA.: (S1/1) = (S,/3) = (S3/5) =
(S4/7) = ..».

(BAétre oo MAPAPTHMA 1o SicAoyo pe Tig oXeTIkEG atTodeiSelg amrd To Kefpevo Tou
FoAiAaiov).
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O1 paBnpaTikég atrodeifelg Tou 2°° BEWPHPATOS KOI TOU TTOPIOPOTOS e TNV LTTC-
Beon 611 N TOXVTNTA, KATG TNV TITMOON TOV COPETWY, £Val avGAOYN TOL XPGVou Kal
n kivnon eivoi opoIGHOP@a ETTITOXUVOHEVT, LTTAPXOLY OTA Keieva Tov Oresme, TPEIG
a1@veg piv. Eivon Spwg €tot T mpdypoTa ot @uon; AuTté akpiBadg €Al va etrife-
Baidoer meipapaTikG o FoAdaiog. ‘OTI N TTOON TwV CWHATWV LTIG TNV ETTIOPAON
ToU BApPOUS TOUG gival KIVON OHOIGHOPPX ETTITAXVVOPEVT, EETALOVTAS TO (PUOIKS
@PaIvopevo kai 61 pIa UTTOBETIKNA Kivhon 6TTwg ékave o Oresme. Emrixeipei mpocopiol-
WOon TNG EAEVBEPNG TITWONG HE TO KEKAIPEVO ETTITTESO Kl TNV KAO0OO TwV PETOANKWDV
OPAIPAV LTTO TNV ETTIOPAOT HIOG CLVIOTWOOG TOL P&POUS Tous. O HETPAOEIG TOUL

ETMPEPAIDVOLV TG HABNPOTIKG TOU CLUPTTEPGOPOT (6T1 SnA., 81 _ 11
S, t

Apa emiefoudver TEIPAPATIKG 6TI 0T UOT), 1 EAEVOEPN TITAOT EVOI OPOIGHOPPO

~

ETTITOUVOPEVN KIVNOT), OTTWG KATNYOPNHATIKGE SNAWDVEI 0TO OXETIKG KEUEVO (TO OTTOI0
EPTTEPIEXETOI TIAFPWS OTO PUANO EPYOTTTG TTAPAKATW, OTIWG SGONKE OTOUG POITNTES).

IXNHATIKG, N peBodoloyial TNG EMOTNHOVIKIG TTPooEYyIong Tou FoAAaiov oxeTIKG
HE TNV TITAOO0T TwV CWHATWY, Ba pTTopoloe va arodobel wg €S (0. 4):

Ixjpa 4

Napatipnon: H toxVtnta au§AVEL KATA TNV ITTWon
TWV CWHATWYV HE TNV TIAPo S0 Tou XpoOvou.

1

YéOeon: Katd TNV mMtwon TwVv cwUATWV N Kivhon eivat
OMOAG ETUTAXVVOUEVN. Apa cUUdwWVA LE TOV OPLOUO TNG
Kivnong, n taxvTnta €ival avaAoyn tou Xxpovou.

!

Me SeSopévn tnV uTtEBeoNn WG AZIQOMA, KATAOCKEUATEL LAONaTIKE
Oswpia KAl YEWUETPLKO LOVTEAO HEAETNG TNG KIiVNONG KoL KATAARYEL OE
HLAONUATIKA CUMTTEPACHOTA:

S, _t?
(1) S—l = t—12 kat (2) % =? =? =..., O looug xpdvoug.
2 2

KatoaokeuAdel MEIPANA TPOCOAPHULOCHUEVO GTA TTAPOTIAVW HOONOTIKA
CUMUTITEPACHATA WOTE VO TA EAEYEEL EUTIELPLKA. ETuBeBatlwvel péocw
HUETPOCEWYV, OE TIPAYHOTIKEG CUVONKEG, TA LAONUATIKA TOU ATTOTEAECLATA

!

Juuntepaivel: H apxlkn urtdBeon, N omoila OTAPLEE TOUG TIEPALTEPW
CUAAOYLOMOUG, SNA., 0 OPLOUAG TNG KivoNnNg wG opaAd
ETUTAXUVOHUEVNG, KATA TNV ITTwon, ivat aAnOnig.
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loxupI{SpaaTE OTI HEOW TNG EPAPHOYAS TNG HEBGOOUL OTNV TTEPITTTWON TNG HEAETNS
NG KaBG80L TwV PETOANKWDV OQaIPOV 0TO KEKAIIEVO £TTITTESO LTTG TNV £TTIdPOION
ToL Bdpoug Toug, o TaANaiog £xel TTpoaeyYioe! SIoONTIKG To OcueAiddes Ocpnua
T0U ATrElpooTIKOU AoyiopoU (Mdoxos, 2007). ‘OxI pévo arrodeikviel Tr) deuTePoBEBHIa
oxéon diavudpevng amréoTaong — XpOvou pe dedouévn TNV UTTGOEON TNG YPOMMIKIAS
ovVEPTNONG TNG TAXUTNTAG, GAAG KOI QVTIOTPOMA, ATTOPAIVETAI YIG TO HOVAOIKG
‘airio” 6edopévng Tng TeipapaTikig miPePaimong Touv pabnpaTikoL ‘amroTeAéoua-
T0G’. AnAadY), emMIBELAIDVOVTOG TTEIPAUATIKG Tr) SeLTEPOLSAOUIA OYEON ATTOOTAONG —
XPOVOU, OUUTTEPAIVEL OTI ) TAXUTNTO EVOI YPOUUIKT) OUVAPTNOT).

4. H 818axktiky] npoofyyion Kot 1 ovAloyn Sedopévmv
va TEIPAPATIKA S1daoKaAi0r CLUPTTEPIAGBAE piar SPACTNPIGTNTA OTNV OTTOIC Ol

POITNTEG KAAOUVTAI VO TTPOTEYYIoOLY BIITONTIKG TO OgpeNIddEg BedpNHa, HEoO
o6 TO AUOEVTIKG KEIPEVO TOL TAAIAGOL TTOL AVOIPEPETOI OTO YVWOTES TIEIPOAHA TOL
KekAIpévou emmESou. O SISOKTIKGG OTEX0G ATAV VO EUTTAGKOUV OI (POITNTEG OE HICK
gpeuvnTIKA Siaxporypdtevon NG oxéong PeTa&l TNG HAONUATIKAG HovTeAOTTOMONS
HIOG TTIPOYPOTIKAG KATAOTOONS KOI TOU TIEIPAPOTIOHOU TTOU TTPOKVTITEI WG OITTOTE-
AEOpO TWV HOONUOTIKOV CUHTTEPOOHATWV.

4.1. Apagryproryra ‘GALILEO GALILET - ®vlo epyaoiag:

“O Tahidaiog TrapaTnpel TIG TTETPEG KABWS TTEPTOLY ATTO TNV 0POPH TOU TTUP-
you Tng Mica. ‘Evag amé Toug fonbolg Tou @povTiCel va aprivel o€ eAelBepn
TITOOT HIX TIETPA KAOE pop& Trou Tou YvEPel o FaxAAaiog”.

‘Eto1 10Topel n ropdidoon Ta meipdpaTa Tou FToAAaiov T OXETIKG pe Tr HEAETN
TNG €AL0BEPNG TITAONG TWV OWPETWYV. AG UTTOBECOLE OTI BPIOKECTE OTO TrEPI-
[B&AAov Tou Fadidaiou Kol 0o {NTEITal Vo TTAPETE PEPOS OTIG HOONUOTIKES ETTE-
Eepyaoieg pEAETNG TNG KIVONG TV CWHATWV KAt TNV TT@orn. O FoAidaiog
1oxUpiCeTal OTI N TITWON TWV CWUATWV eival ouaAd emTayuvduevn kivnon. (H
TITWON VTG TNV ETTOPACTN TOL BAPOLG TWV TWPGTWY, EITE WG EAEVOEPN TTTAON,
1} WG K&B060G Ot €va KeKAIPEVO eTTITTESO LTTO TNV ETTIOPOOT PIGG OTABEPHS OLVI-
OTWOOG TOL Bapoug Tous. Tnv Kivon auTh TNV XapoKTNPIZEl WG PUOIKG ETTITO-
XUvOuevn kivnon).

A) Ag UTTOBETOULE OTI EVOl OO TTEPTEL EAEVBEPT LTTG TNV ETTIOPOIOT TOL G-
pOoUG TOL. X0G {NTdiel va OXeDIGOETE, pe HeG0PEVO TOV IOXUPIOHS TOU, TO YPGPNHO
TNG ToXUTNTAG WG TTPOG TO XPOVO YIX TV Kivnon auTr. (QewprjoTe Xpoviko did-
otnpa [0, t).

B) Zag {nrdel va uTTOAOYIOETE TN HETATATION WG CLVAEPTNON Tou t. (ATT6 TO

Yp&pnpa va BpeiTe Tov TUTTO TNG OLVAPTNONG BECEWS TOU CWHATOS).
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>0 BifAio Tou FadiAaiov, AiGAoyor yia dvo véeg emioTriueg, oel. 175-179, Sio-
Baloupe:

Oewypnua ll (XTnV «puOIKE» ETTITOKUVOPEVN Kivnon)

O1 amooTéOoEIg oL SIAVOOVTOI OTTG VO CWHX TTOL TTEPTEI (KOATEPXETON), [€K-
KIVOVTOG] TG TNV nNpepia, He HIa OPOAG eTTITaXLVGpEVN Kivnon, eival peTal
TOUG OTTWG TO TETPAYWVO TWV XPOVIK®V SIGOTNHETWY TToU XPeIG{ovTal YIo VO
S10vuBOUVV QULTEG 01 AITTOOTAOEIG.

(AnA. 0 Adyog Twv aTTOOTEOEWY 01 0TTolEG dlaviovTal, aTré TNV oPXH TG Kivn-
ong, o1ré TO 610 CWUO TO OTTOI0 TTEPTOVTOG EKTEAET OPOAG ETTITOXUVOHEVI Ki-
vnorn, 1000Tal PE TO AGYO TWV TETPOAYDVWV TWV XPOVIKOV SIGOTNPATWY TTOU
OTTITOUVTOI TIPOKEIHEVOL var H1avUBOUV 01 ATTOOTAOEIG QUTEG. Me GUYXpOVO OLp-

.St
Bohiops =L=-1).
S, t;

[y
N

lépioua. Av T&poupe otrolIadATTOTE G XpOovIKG d1adoXIKG dlaoTHHOTO, He-

TPAVTAG ATT6 TNV apXH| TNS Kivong, oTa oTroia SiaviovTal avTIoTO®WS O oTTo-

0TGOeIG Sy Sy Sy Sy, T6Te S8 8 _Si_  (AlarOmwon og obyypovn
’ ’ ’

amédoon). 1l & & ¥
I') Xpno1poToldvTog To Ypd@npa TG TaxOTNTAS WS TTPOg TO XPOVO TTOL KO-
TOOKEVGOOTE TTAPATIAV®, var aTrodei§eTe To Oedpnpa Il Tou FTaxARaiov.

A) XpnoIpoTToIdVTAG TO YP&PNHo TOXUTNTOS — XPOVoL va amrodeiéeTe TO 6-
PIOUG TOU, I TG TECTEPO TTIPWTA (0O HIAGOXIKG XPOVIKG SlaoTHHATA.

To meipapa Tou Fahidaiov: (peTGppaon atrd To: AidAoyor yia 6vo VEEG eTmioTr-
peg, (Galilei, 1954: 178, 179).

Zx6Ai0: H avamrTuén Tng Bewpiog ko Tor emiyeiprjpata Tov Fadidaiou eprypd-
ovTal 010 BiIfAio Tov LTS popPr| SICAGYWV PETAED TPIDV TTPOCTWDTTWY, TWV:
Salviati (Trapovoiddel Tig améeig Tov FaxAdaiov — ovyypagéa), Sagredo (avTi-
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KEIPEVIKOG OLVOHIANTHAS) ko Simplicio (5UOTTIETOG GUVOHIANTHG). XTO ONEio AULTS,
TOU TTEIPGHATOG, £XOLV TTpoNnyNOel duo POONPATIKES aTodEeielg Tov OewpAPOTOS
Il ko Tov TropiopaTog. H TpdTH Tov oLyypapéa (TaAdidaiov), SuakoAever Tov
Simplicio, evad n 60 Tepn 1oL diveTon ord Tov Sagredo, Tov TrEiBEl....

INHEINOTE OTI TO TTAPOKATW OXAHO Eival LTTOPONONTIKG KOl OEV TTEPIEXETA
0TO Kefgevo Tou FTaAAaiov TTou aKoAoLBET. (aY. 5)

Zxjpa 5

«...SIMPL.: XTn)v TIpOtyHOTIKOTNTA BPIOKW LEYOAUTEPI) IKAVOTTOMOT) OTTG AUTOV
TOV QTAG Ko KaBapo 10XUPIoUG Tou Sagredo, TTapda oty amodeisn Tov ouyypa-
@Ea, n otroia Lou paivetar uéAdov duovon. ‘Eror reibopcu 611 Ta (nTipOTA Efva
omwg eprypdpnkav, araé ko Eyoupe SexTel TOV OPIOUG TNG OHOAG ETTITOYLVO-
HevnG kivnong. AAG katd oo auTr n emITAYLVON, €ival EKeivn TToL oLuVAVTA
KATT010G OTn (U0, OTNV TEPITTWON TNG TTWONG TWV OWHATWY, OKOUO OHI-
BAAAw. Kai pov gaiveral, ox1 Hovo yia xaTipl pov, aAAd yia GAoug 6oor OkEQTO-
vTal 6TTwG €y, OTI TV KATAAANAN oTiyur) 6a TTPETTel var TTAPOUOIAOEIG vl OTTO
EKENVO T TTEIPAUATA — Kol KATAABaivw TG uTrdpxouy TOAAG TETOIO — TO OTTOI0
VO TTEPIYPAPE! HE SIGPOPOVG TPOTTOUG TX OUVOYOUEVA CUUTTEPAOUOTON.

«SALV.: To aitnua ou vTTOBAAAEIG WG AVBPWTTOG TNG ETIOTIHHNG £ivail EUAOYO.
AI0TI €101 TIPETTEl VO OUUPBAIVEI OE EKEIVEG TIG ETIOTHUEG OTTOUL O HOONUOTIKES
a1rodeielq epapulovTal O€ PUOIKA PAIVOUEVD, OTTWG PAIVETOI OTNV TTEPITTWON)
T1G AOTPOVOUIOG, TNG UNXOVIKIG, TNG HOVOIKHG K. &., O GPXEG TWV OTTOIWVY, KT’
apxnv OepeAihvovTal HEOW KOAQ ETTIAEYUEVWV TTEIPOUATWY, KOI ETTITUYXAVETO!
n Beuediwon cAouv Tou emoikodouruaros. EATiCw woTtdoo, 611 bev Oa oTraTaAfow
TO XPOVO av oLLNTHOOVE ETTT UAKPOV, QUTAV TNV TTPWTN Kol ISIXITEPO OeeAIHEN
gpwdtnon amd v omoia e§apTWVTAI TAUTTOAAEG OUVETTEIEG QTTO TIG OTTOIEG
&xoupe oto apov BifAio, povo éva kS apiBue.... ‘Exw mpoorrabrioer va [e-
BauwOw pe Tov TTAPAKATW TPOTTO, OTI 1) ETITAYXVVON 1) OTTOIN BIOVETOI OTNY TTPOY-
HOTIKOTNTO HEOW TNG TTTWONG TWV CWHATWY, EVOI QUTI] TTOU TTEPIYPAPNKE
TOPATTAVWY.
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«Mipoue éva kopudar E0AIvo kaAouT fj kabpovi, epimou 12 Trrixelg HakpU,
HIOG TT1jX1) TTAGTOG, Ko Tpict SAXTUAX TTGY0G. XTN HIX GKPN TOU [KATG KOG TOU
kadpovioU], okaAioTnke Eva aUAGKI Afyo TTepIcOOTEPO TG €var SAKTUAO TTAGTOG,.
EXovTOG KOTAOKEVAOEI AUTO TO AUAGKI eVTEAWG fo10, Agio Kal YuaAiouévo Kai
EYOVTAG TO POSPAPEI UE TTEPYaUnvr, €TTiong 600 Aeiar ko yvahiouévn eivar Suvar-
TOV, a@oaue va KUAOEN KATA UIKOG TOL Hial OKANpr), Agior Kail arroAUTWS oQai-
PIKT PTTPOUTIV) oaipa. ‘ExovTag ToroOeTrioer auTh T1) 0avidor O€ 1o KEKAIUEVD
O€on, avuPVovTaG Eva aTTo T GKPA TNG €val rj SUO TITXEIS TTAVW ATTG TO GAAO,
KUArjooE T 0Qaipa, OTTWG LIOAIG EMTA, KATA UIKOG TOL KAvaAIoU, ONUEIOVOVTAG,
HE TOV TPOTTO OV Ot TTEPIYPAWOUE OE Afyo, TO XPOVO TTOU QTTUTEITAI I VO
TpaypaToTroInNOel n K&B060G. ETTavaAauBAvouLE QUTO TO TTEIPALA TTEPIOTOTEPES
QTG Uit POPA TIPOKEIEVOU VA UETPIOOVLIE TO XPOVO LE HIX OKPIBEIa TETOIO, (DOTE
n armrokAion peta&i dvo mTaparnprioewy moTé va un Semepvaer To €va SEKATO
£vOG kapdiakoU raAuou. ‘ExovTag ekTeAéoer auTO To Treipaua Kar ExovTag Sefai-
woel yia v alomoTia Tou, TWPA KUAIOUUE TN OQAipa HOVO OTO EVal TETAPTO
TOU UAKOUG TOL KAVOAIOU. METPAUE TO XPOVO KAOGG0L KOl TOV BPIOKOUUE OKPI-
Bddg piod Tou mponyouuevou [xpovou]. E§akodovBolue va dokiuadovue GAAeG
QTTOOTATEIG, GUYKPIVOVTOG TO XPOVO GAOU TOU UHKOUG HE EKEVOV TOU HICOU pn)-
KOUG, 1j JE EKEVOV TV 60O TPITWY, 1j TWV TPIWV TETEPTWYV, Ij OKCUA YIX OTT0I061-
TOTE KAGOUQ. Xe TETOIQ TTEIPGUATA, ETAVOAAUBAVOLEVA TOUAGXIOTOV EKOATO
(POPEG, TTAVTA BpioKovuE OTI OI ATTOOTAOEIG TTOV SiaviovTal eival ueta&t Toug
[éxouv AGY0], OTTWG Ta TETPAYWVA TWV XPOVWV, KOl AUTO eival aAnBEg yia 6Aeg
TIG KAIO€IG Tov emTTESOUL, 6NA, TOL KAVAAIOU, KATA UIKOG TOU OTTOI0U KUAHOOLE
1) ogaipa. Emriong maparnprioaue ot o1 xpovor KaBodou, yia SIAPOPES KAIOEIG
ToU eTITESOUL, €xouv ueTa&U ToUG aKPIPUWS exeivo To Adyo Tov o1roio OTTWG B
boUue apyoTepa, 0 oLYyPaPEQG eixe TTPOPAEPE! Ko atroSei§er yio aUTOVY.

«1a TV péTpnorn Tou xpovou, xpnoiuoTroIjooue &va peydAo oxeio vepou To-
TOBETNUEVO O€ pIa avoPwpévn B€on. XTov TTUBUEVA auToU Tou GoxEioL TV
ovykoAANuEvog évag owAnivag HiKpriG SIGUETPOL O OTTOI0G TTaPEYE Eval AETITO TTi-
baka vepou, To o1roio CUAAEYOLE O€ Eva LIKPO TTOTHPI KATA T1) SIGPKEIX KAOE KO-
6060, €iTe yia GAo To ufKog Tou KavaAioU, 1j Yia Eva TURHO AUTOU TOU UIIKOUS.
To vepd Tov CLUAXEXTNKE U’ AUTO TOV TPGTTO QUYIOTNKE UETG ATTO KAOE KAB0bO, e
&va Quyo akpifeiag. O1 S1apopES ka o1 Adyor auTdv Twv Bapdiv Hag ESwaav TiG
S10POPES KAl TOUG AGYOUG TWV XPOVWV, KOI AUTA HE TETOI OKPIBEIR, TTOV LIoAO-
VOTI TO TrEipapa eTavarjpOnke Tapa ToAAEG PopéEg, dev vtrripe adidAoyn amd-
KAIOn oTOr aTTOTEAEOUIATO.

«SIMPL.: Oa jbeAa va rjpovy Tapddv 0’ auTd Ta TEIPGUAT, AAAG SeixvovTag
EUTTIOTOOUVI) OTO EVOIOEPOV LIE TO OTTOIO LIOG T AVATTOPIOTAS, KO OTNY OKPiBeIa
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UE TNV oT10i0 TOt OVOXETICEIG, EIUQI IKAVOTTOINIEVOG KAl TA SEOLAT WG aAnbr Ko
EYKUPOW....

EpdbTnon mpog Toug goItnTEG: MTTOpoUE VO IGXUPIOTOVHE 0TI HE QLTS TO TTE-
papa o FToAdaiog atrodeikvier 6TI ) EAeBOEPN TITWOT TWV CWHATWV EVAI OPOAG
emmITOXLVOpEVN Kivnor; Na aiTIOAOYAOETE TNV OTTAVTNOT] 0OG.

ATTG TIpONyoUHEVEG SpOOTNPIGTNTES, O1 POITNTESG YVwpilouv 6TI 1) SIavuSHEVN QTTé-
OTOON OTO TTPOPAAPOTA KiVIONG AVOTIAPIOTATAI AT TO EPPAdOV KATW ATTd TO YPA&-
@nUa TNG TaOTNTO.

Oéhouvpe aTTé TOUG POITNTEG:

a) Na amodei§ouv 61 S(t) = (1/2)at?, a1mé TO Ypdipnpa Tng TaxvTnTog U(t) = at.

B) No atrodeixBeil 611 S1/ 1 = Sy/ 3 =S3/ 5 = S4/7, av n xpovikn didpkeiax Tng kivnong
dlaipebel oe TEoOEPQ [OO BlOOTAPATOL.

y) Na a&iohoyrjoouv T ongaoio TG HOVTEAOTTONMONG TIPAYHATIKWY KATAOTAOEWY,
TN ONUOOIOt TWV HOONPATIKWV CUUTTEPOOPATWY OTNV EPHUNVEIC TWV PUOIKWV
VOHWV TNg Kivnong kai va oudnTnoBel n ox€on TaxOTNTOG — HETATATIONG LTTG TO
Tpiopa Tou OepeNIOEoVG OeWPHHATOG TOL AOYIOHOU TOL OTIOIOL TNV TUTTIKA OTTG-
de1€n €xovv d1daxBel 01O P £€APNVO TOL TIPWTOL £TOLG 0TO MABNUATIKG THAHA.

4.2. Ano vo ypvlo epyaoiac 6vo porrnrwv nov epydoOyxav pe vy
dpaoryproryre Tov «[ahidaiov» (ekdveg 1, 2, 3)

MoapaBéTovpe eveIKTIKG Eva UANO EpYaOIOg Kol T OLVEVTELEN TTOL OKOAOVONOE
TTPOKEIPEVOL VO KATOIVOOOUHE TOV TPOTTO HE TOV OTTOI0 TTPOCEYYIOQV TO TTEIPAOL.
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To yivddo epyaoiac Twv Ilavayiwry kar Bayyély:

Eixova 1

A). Ac vmoDigoups 6T Eva cOpa mEQTE giebbepa vrd Ty emidpacn Tov
Bapouvg Tou. Eag Cnrdsl ve oyediacets, pe Oedopsvo TOV oQUPLONG TOL, TO
YpapRpe TS TaLdTNTES @G TPOG TO YPovo yLa TV Kivien avTi).

( Oewpiiote Lpoviks dotnpa [0, t] ).

B). Xag {nris va vroloyicere 1) peratimon og suviprnon tou t. ( Na
Bpsite Tov TOmO TG cuvapTong PLcEmS TOV GHPATOC)

g(i): f‘i‘fﬂ)(t\ g 5(1”)1 %C‘tl

s i : 1 ﬂwgv»u‘“ﬁ)
/u{ﬁf(]j/% 5"':‘}“%3} ( g A%

Eikdva 2

@zmpnpae [ ( Ztnyv «poolkd» emTayvvopevn kivijon )

O gmocTAcEls TOoU SLoviovTer and £V odOpE wov TEPTEL (KETEPYETOL),
[skxivébvTag] amd Ty npspia, e P opeld smTayuvopsvn Kivion, sivar perald
TOUS OMOS TO TETPAYOVE TOV LPOVIKOY SaoTRaTov Tov yperalovTdl yue va
Srxzvudoty GUTES 0L ATOCTAGELS.

A). Amd TO YPOOMPUE TS TEXDTNTUS ME TPOS TO ¥POHVO TOV KEATEOKEVAGETE

napand@ve, va arodeifers to Qed@pnpa I I tov Nalikaiov.
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Eikdéva 3

[Mopropa . Av wapovps OTOWHINTOTE 0@ LPOVIKA OLEOOYIKGE SLECTHHATE,
HETPAVTAS amd TNV apyi TS Kiviong, oTa onoia HiaviovTaL avTioToizms ol

: : - S e, S
anoataoels S, 5;, S5, S4seeny toTe L==_2L=

L

B ET T
(AwxTimtwen o siyypovn andédoon).
B). Amd to iSwo ypagpnpa va anodeiEeTe To TOPISPE ToU, Y10 TA TECGEPO TPAOTA
iga SLadoIKE LPOVIKE SLEcTHHATE.
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4.3. H ovGjryon pe vov Havaywsty ke tov Bayyély
(éva Tuajpe e avvévtevée):

(1) Epevvnriis: O FoAdaiog 1oxupiCeTan 611 n Kivon eival OpoAd eTTITAXUVOHEV,
KOTE TNV TITOON TOV oopdTwv. O 510G Aéel 6T1 auTd To amodeikviel. Kat’ apxiv
va BUpNBOUE TOV OPIOPS TNG OPOAG ETTITOXUVOHEVNS KIVIONG €KEIVNG TNG ETTOXIS.
OpOAG emTITaXLVOPEVN £iVail 1 KIVOT) EKEVI KATG TV OTTOI0 0€ OTTOIGONTTOTE [0QK
XPOVIKG SlaoTrpaTa €xw oeg avéfoelg Tng TaxVTNTOS.

(2) BayyéAng: Kata Merton College.

(3) Ep.: O TadiAdaiog pe auTo TOV I0XUPIOHS TIPOXWPET KOl KATAOKEVGLEN HIX HOBNPO-
TIK Bewpia. ZUVETTMG, av TTEPTEN TO OWPA LTI TNV £TTIdpaoN Tov Bdpous, {n-
TeTal vor oxediGoeTe TO Yp&pnua TNG ToOXOTNTAS.

(4) NavayiwTng: Nai eival YpoppIK ouvapTnaor, 6TTwg Kol 0TI TIPONyoUHEVES Spar-
OTNPIGTNTES TTOL EiYOHE OPOAG ETTITAKLVOHEVN KivOM).

(5) Ep.: Me Béon auTé, oog {NTdel v UTTOAOYIOETE Tr) HETATOTTION.
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(6) Bayy.: To epfaddv oTo ypdipnpa TnNg TaXOTNTOS EiVAl I HETATATTION.

(7) Ep.: AlaTUTT@OVEI AOITIOV €8, Evar BEDPNPG TOUL YIO TN KIVNOT QUTH, KAl &V S¢ Kail
S, eival uo PETATOTIIOEIG 08 AVTIOTOIXOUG XPOVOUg ty Kail ty, TOTE 10XVEl OTI
S _ .

8
(8) Bayy.: Nai, oTnv eAelbepn TTROOM.

(9) Ep.: Eite oTnv eAe0Bepn TITAOON, £iTE OTNV KGOOO0 0’ évax KeKAIPEVO £TTiTTEGO LTTG
TNV emidpaon piag otadeprig dVvapng Touv Pdpous. Eivar n idia kivnon. ATAdg
TIGEl 0TO KEKAIPEVO TTITTESO YIO VO KGVEI TIPOTOHOIWOT TNG eEAeUBEPNG TITAONS.

(10) Mav.: Mo va Tael Mo opyS TO GWHO.

(11) Ep.: Nou, kan vor ptropei’ va peTprioel. BAETTw 611 To Bedpnpa auTé To ammodel-
KVOETE OTO YPAPNHG TTOL EXETE KAVEL.

(12) Bayy., Mav.: Nai, vai.

(13) Ep.: Apa poOnpaTikd, dev utrépxel SuokoAia va amrodei&eTe To Bewpnpa Pe TO
Yp&@npo TTou KEvVaTe. AUTOG dev £Xel YpAPNHa ekeivn TV £TTOXI, XPNOIHOTTOIEl
Bewpict Adywv Touv EukAeidn. Edwd PByaiver éva TépIopa ammé To Bedpnpa auTo,
10U A€l GTI 01 HDIAVUGHEVES ATTOOTAOEIG G’ QUTEG €8 TIG DIOOXIKES (0€G XPOVI-
KEG TrepPI6doLG, £xouv Adyo OTTwg o1 apiBpoi 1, 3, 5, 7,... Kar €dd {nTeiton ammo-
oe1€n. “Eyive n ammodeién;

(14) Mav.: Nai, vai.... To Sy eivarl To egfaddv Tou Tprydvou auTol, To S, To epadov
TOU TPIYWVOL aLTOV. AlipETape KaTd HEAN, efTape 6TI TO t, eival 2y, To t3 eiva
3tq, KATT. Ko e0koha Byaivel. (Agixver Ta Tpfyawva oTto pUAAO £pyaoiag).

(15) Ep.: AuTG Ta ere€epydieTan ge HOBNPOTIKG TPOTTO 0 FTaAIAGOG KOl KATOARYEl
oT0 TépIopa. Me To Bedpnpa auTé o Fahidaiog €xel amodeier Tn devTepofdOpIa
oxéon HeTaTAIONG KAl Xpévou. Edwd utrépxel To elpapa oe peTdippaon amré
TO TPpWTSETLTTO. KOt aiveTar T akpifadg SiapeiBeTon peTa&D TV CUVOHIANT@V.
O loAhaiog ekBETEN TIG ATTOYPEIG TOL PETO OTTG BIGAGYOUS KATTOIWY GUVOHIAN-
T@v. ‘Evag eivar auTdg Tov vtrooTnpidel Tn Bewpict Tou Ko Tov {010, évag GAAOG
eivail o S50oToTOG TTOL {NTdEl KGOE POP& aTTOOEIEEIG, KAl EVOG EIVOI AVTIKEIPEVI-
KOG TrapatnPnThS. Kével Aoimrév To meipapa.

(16) Bayy.: AuTé pe TN préAa.
(17) Ep.: Nau, pe To KeKAIPEVO ETTITEDO. ..
(18) Mavay.: Mov peTpder xpévoug pe To doxeio.

(19) Ep.: Nau, petpder Bdpn kon vtrodoyilel xpévous. H epdTnon moia eivar; M1ropd
Vo 10XUPIOT® 6TI 0 ToAIAaiog P’ auTO To Trefpapa arodelkvUel 6TI 1) eAeVBepN
TITWON TWV CWHATWV VOl OPOAG ETTITOXVVOHEVT Kivon);
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(20) Mav.: Eyod moTebm 6T auTo Pyaivel, YIOTI ATOdEIKVOET TTEIPAPATIKE OUTS TTOU

pag Adel. ‘O S t_u

4

(21) Ep.: Opwg €65 6ev £XOUpE TOXUTNTES. MeTPAEI TTOOTAOEIG KO XPOvous. Mg

, YIOTI HETPGEl TOUG XPOVOUS.

Byaivel oupTrépoopa yia TN TOXOTNTO;

(22) Nav.: ‘Exer amodeitel 611 n oxéon :—' ::—'2 10X0El OTAV €XOUHE OPOAK ETTITAXUVS-
pevn kivnon.

(23) Ep.: Apat a1ré TV TOXOTNTO TTOL TTEL;

(24) Bayy.: ZTIG ATTOOTAOEIS.

(25) Ep.: Kan ammodeikvier;

-
o

S

1=

-

& §
(27) Ep.: TG pmopd va ByGAm TETe GUPTTEPACHA GTI ATTOOEIKVOEI TOV I0XUPICHO

(26) Mav.: To Bewpnua, Tn oxéon

TOUL YIa TV TOXUTNTO;

(28) Bayy.: ‘Exave To mreipapa pe To kekAipévo eimedo kan €6e1e 611 1) kivon eiva
OHOAG ETTITOXUVOHEVN;

(29) Nav.: K&vovTag To TEIPOPa KO JETPWVTOG TOUG AVTIOTOIXOUS XPOVOUS KO TIG
QTTOOTAOEIG, ETTOANOEVEI AUTE TTOL £XEl ATTODEIEE!.

(30) Ep.: Oa mpooTrabiiom va 0og KareuBUvm Afyo. loxupiCeTar 611 n TaOTNTO Eivai
U = at. ‘Exel Tnv Tory0TnTO 0TI €ivan £T01. Me paBnpoaTike TPOTTo TTGEl 0T HETO-
TOTION, ONA. TTGEl O P GAAN GLVEPTNON. XTr CUVAPTNOT TNS HETATATTIONG WG
TIPOG TO XPOVO KOl OTTOOEIKVUEI KO HOBNPOTIKG KOl TTEIPAHATIKG TN oxéon Tng
HETOTOTIONG pHE TO XPOvo. AnA. oTré pIx ouvapTnon, TAel O€ pIa GAAR, 6TToUL
ekel arodeikviel TN ox€on Tou 10xVel To ep@dTNPa oL oLENTAHE gival, TTAS
a6 avTO €6 By&del CUPTTEPAGHA VI TOV OPXIKO I0XUPIOHS Tov; BAETTETE KG-
TIOI0 OUOXETION HE OTI €XOUVHE KAVEI HEXPI TWOPO;

(32) Ep.: "Exoupe Tn ouvépTnon Tng TaXOTNTOS. MN&pE 0TO OAOKARPWHO TTOL €iva N
petarémion. MeipapatiCeTal 0To OAOKARPWHQ, 0TN GXEoN S—‘ ::—' , TIPOKEIPEVOU

va amrodeiéel, Aéw £YW, TOV I0XUPIOHS TOUL OTI N TITAOT) £iVal OPOAK ETTITAXUVS-
pevn. Nati meipapaTiCeTon 0To oOAOKARpwHO; MNaTi pTTopel va HETProEl XpOvous
KOI OTTOOTAOEIS. Agv PTTOPEl eKefvn TNV €TTOXT| va HETpRoel Tax0TNTES. MNMapa-
Tnpel Spws piax otevly cAAnAeEGpTNON PeTaD Twv 600 oLVAPTACEWY, TNG TO-
XOTNTOG HE TN HETATOTTION KOl OLUPTTEPQivVEL OTI amré Tnv oxéon U = at, émeTai
NS = (1/2)at?, kai ey Aéw, Ka avTIoTPOPWS. AnA., yIo vo oToavOel 6Ti ) uTT6-
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6eor| Tou eivar owoTH, Tpémrel o TV S = (1/2)at* va 0dnynBei otnv U = at.
AUTG Aéel, kT’ ovaiav oTo diGhoyo....

(33) Mav.: Opwg podnuaTikG amedeiée 6T av U = at, ToTe S = (1/2)at? kan 61 To avTi-
OTPOQO.

5. ITapatnprjoelg — COUPMEPEAOPOTO OXETIKEG E TI)
Spaotnpiotnta ‘Galileo Galilet’

Ol @oITNTEG €X0LV OTOdEIEEl EDKOA TO BEDPNHA Kal TO TTOpIopa Tov FahiAaiov,

XPNOIHOTIOIOVTAG TOV OPICHS TNG OHOAG ETTITAXUVOHEVNS KiVIONG, TO YPGpnHa

NG TaUTNTOS KAl TOUG AGYOUS EPBAdWY TWV TPIYOVHOV TTOU AVOTTAPIGTOUV TIG Ov-

TioToIxeg peTatotioels. H amédeiln, pe alyxpovo oUHBOAIOHS, TwV OXETIKWY TTPO-

TGOEWV TOLG 0ONYel APIXOTA OTO CUPTIEPACHA GTI «av N ToXUTNTA eivan avGAoyn

TOU XPGVOL TOTE 1) SIAVUGHEVH ATTEOTOON Eival QVEAOYN TOU TETPAYWDVOL TOL XPO-

vouy. H mrpoomrdBeia Tou epevvnTh (OTTWG PAVETAI ATT6 TO ATTOOTTACHO OTHV TTO-

pamévw ouvévteuén) va Toug 0dnyfoel oTnV 100dvVOPia  LTTGBEONS  Kal

OULPTTEPGOPATOS HECW TOL OepeANIDOOVG OeWPHHATOG, Sev OTAONKE OPKETH VO TOUG

TPOCAVATOAIOEI OTNV avaTNON TNG avTIoTPOPng TTopeias. Efvan evbexdpevo va pn

YIVETOI KATAVONTS TG TOUG (POITNTEG OTI PTTOPET V& OLULNTAEHE YIX ‘“TTEIPAPATIKI

emPePaiwon 1 6x1 VoG HOONPATIKOD BEWPHHATOS.

FevIKOTEPQ, OXETIKG PE TIG VONTIKEG AEITOUPYIEG TV POITNTWV TToL EAaav pépPog
0T SpaoTNPIGTNTA TTOL OXETICETAI HE TO TrEpapa Tov FaMACiOL GTO KEKAIPEVO ETTi-
ed0, £XOUHE VO ONHEIDOOVHE TO EEAG:

(a) O1 poITnTEG ¢ duoKkoAevONKaV va atTodeifouv To 2° Bewpnpa Touv FaAidaiov oxe-
TIKG HE TNV ‘PUOIKA’ ETTITAXXVVOHEVN KIVOT, XPNOIHOTTOIOVTAG AGYoUS epBad@V
TWV 0pOOYWVIWV TPIYWVWYV TTOV AVATIAPIOTOVY TNV Kivnor 0To YPAPNnHo TG TO-
X0TnTOS-XpSvou.

(B) ArydTepor poitnTég amédeiav To TépIopa;, TaipvovTog Adyous epfadwy evo-
YPOHHWV OXNPATWY OTO YpA@npa ToxUTNTOG — XPOVOU.

(Y) O1 poITnTég KaTavénoav 6Ti pe Sedopévn TV UTTGOEDT TNG OHOAK ETTITOXUVOHEVNS
Kivnong Kai TnNg eayOHEVNS YPOHHIKIG OUVAPTNONG TNG TaXUTNTOS, TIPOKUTITEI N
deuTepoPaBpIa oxEon PETATOTTIONG- XpOvou. XOTE00, dev KATAPEPAV VO IKOAOU-
Brjoovv pIot AVTIOTPOPN TTOPEItt GLAAOYIOHWY PECW TOL KEIPEVOL TV SIGAGYwV
atd 1o PiAiov Tou FAIAaioV, WOTE VO ATTAVTIIOOLY BETIKG OTNV EPWTNON 1) OTTOIX
T€Onke 01O TEAOG TNG SPAOTNPIGTNTOS, OV KUTTOPOUHE VO IGXUPICTOUHE GTI pE AUTO
To Treipapa o FTaAidaiog atmodeikviel 6Ti 1 eAe0Bepn TITWON TOV CWPETOV eivai
OHOAG eTTITOYUVOpEVN Kivom;». O1 poITNTEG SEV KATGPEPQAV VO TIPOTEYYICOLV TNV
ouaoia Tou BepPENIOOOVS BEWPHHATOG, TTOL KATG TN YVWOMN PO BpiokeTan 0To dI1G-
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Aoyo. Oewpolpe 6TI TO Keipevo Tov FaAIAGioL TO OTTOI0 APOPG TNV OHOAL Kal
OHOAG eTTITaXLVOHEVN Kivnon (‘TpiTn nuépa’ atrd To AiGAoyor yia Uo VEEG emmioTr-
peg, Galilei, 1954) pmropei va amoTeAéoel UAIKG OXedIGOHOD SpaCTNPIOTHTWY HE
0TEX0ULG: (0) Vo eI00XBOUV Ol POITNTEG 0TI ETMOTNHOVIKH HEB0OO PHOONUOTIKAG pe-
AéTNg TnG pvong amé Tov FaAidaio, kai (B) HEow avTHG, OTNV TTPOCEYYIOoN Tov Ot-
HEAMIDOOLS BeWPPATOG TOU AOYIOHOU. ATIITEITOI TTEPAITEPW EPELVA WG TIPOG
TOUG OTGXOUS, TO OXESIOOHG KOl TNV TIEIPAPATIKA EPAPHOYT| TNG TTPGTOONS.

INopaptnpo
Ocdpypa 11, Ilporaon 11. (Galilei, 1954: 174)

«O1 amoOoTAOEIG TTOV SIAVUOVTOI OTIG EVa OWUA TTOV TTEPTEI LIE LI OHOIOHOPPX
ETMTAYVVOUEVI Kivnon [ekKivdvTog] ot Tnv npepia, eivar petad Toug 6TTWG TA Te-
TOAYWVA TWV XPOVIKWV SIGOTNUATWY TTOU ATTAUTOUVTOI TTPOKEIEVOL va SIavUOOUV
QUTEG OI ATTOOTACEIGY.

(Galilei, 1954: 176):

«SAGR.: MapakaAd SiakoyTe T ovlrTNON TPOG OTIYUNY, SIOTI LOAIG oL TTEPAOE
Qo To HUOAG pia I6Eal TNV oTToIx BEAW VAl TTEPIYPAPW UECW €VOG SIXYPGULATOG,
TTPOKEIUEVOL VA YIVEI KABXPOTEPN OE 0OG KOl OE LEVAL.

Exiipa 6 Eotw o1 n) ypawrj Al avamapioté v mépodo

TOU XPOVOU TTOU UETPATOI OTTO TNV OPXIKI OTIyur

D A | A A6 10 A oxebidoTe Tnv evBeia AF oxnuartiCov-

TOG OTTOIAONTTOTE YWwvial (0X.6). EvdoTe Ta TEAIKG
onueia | kai F, diaipéote 10 XpOvo Al 0TO LIOG e
10 C, oxebiGoTe Tv CB 1ropdAAnAn mpog v IF.
Ag Bewprjoouvpe T CB wg T P€yIoTn TIUn TG TO-
xutnTog n omoia avédver amé To Pndév otnv
apyxr, o€ amArj avadoyia TPOG TIG TOUESG OTO TP
yawvo ABC Twv ypopdv Tou dyovtal TapdAAnAa

mpog v BC, 1) mpdypa mou givai To id10, ag uTTo-
B€ooupe (vTroypdppion dikf pov, ©.I.) 611 n To-

# N I8 [H [, | xdmra avédver avdloya mpog To xpdvo. ToTe
Séxouar avavTippnTa, ATTO T OKOTIA TOU TTPO-
NYOUUEVOU ETTIYEIPIUATOG, OTI 1] SIAVUCHIEVN) QTTO-

oTaon amo v OWPA TTOUL TTEPTEl LE TOV
TpoavapePOEVTA TPOTTO Ba ivan ior Tpog 1 dia-

P R Q o | Vvuduevn amdoTaon arrd To 610 CWUA TO OTT0IO Ki-
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veiTar pe otabepr] TayutnTa ion mpog EC, ) pior} mpog v BC, katd 11 SIGpKEIX TOL
510V xpovikoU SiaoTHUATOG.

EmimmAéov ag pavTaoToUUE OTI TO OWUQ EXEl TIECEI € ETTITAYUVOUEVN Kivnon €Tol
wore, T otryuri C va Eyer TaxvtnTa BC.

Eivar kaBapd o11 av To opa ovvexilel va katépyeTar pe v idior tayvtnta BC,
Xwpis emtayuvon, 6a diavioer 0To eMOpEVO Xpoviko bidotnua Cl, dimAdoia arro-
OTOON QT €Keivn oL dlaviOnke oTo XPoviko didotmnua AC, pe opaAr TayomnTa EC
n orroiax eivan pior} NG BC. AAAG e@p” 600V TO OWHA TTOL TTEPTEL, ATTOKTA 10€G AUEAOEIG
TaYUTNTAG KATA TN SIdpKeIa iowv avérjogwv Tou xpovou, €metar 611 n TayoTnTa BC
KaT& 1 SIGpKeia Tou eTAuEVOL XpovikoU diaotruarog Cl, Ba avénbei katd pia mo-
OO0TNTA TTOV AVATTAPIOTATAI ATTO TIG TTAPAAANAES Tov Tprydivou BEG To otroio eivar
ioo mpog To Tpfywvo ABC. Av 10Te, KATTOI0G TTpOo0BE0E!l 0T TaxuTnTA Gl TO HIOC TNG
Tax0UTNTOG FG, 1 H€YIOTN TAXUTNTA TTOL QTTOKTATO! OTTO TNV ETITOYUVOUEV Kivnon
Ko opiCeTan arro TIG TAPAAANAEG ToL TPIyddvou BFG, Ba €xel Tnv opoidpop®n Taxv-
TNTA pE TNV oTroia 1) idia arréoTaon Ba eiye SiavuBer oto xpovo Cl. Kai ep’ 6oov auTr)
n TaxomTa IN eivon Tpeig popég ueyaddtepn amo v EC, €meton 611 n Siavudpevn
a1reoTAO0N KATA T1) SIAPKEIa TOL [YpovikoU] diaotriparog Cl eivar TPEIG POPES Leyar-
AUTepn amo ekeivn ou SiavieTan kKata ) didpkeia Tov diaoTriuaTog AC. AG pavta-
oToUue TV Kivnon va e€ediooeTan mepaitépw o’ éva GAXo ioo xpovikd didotnua 1O,
Ko To Tpiywvo emrekteiveTanr oto APO. Eivar TOTe yeyovog 6T1 av 1) kivnon ouvexiCeta
KaTa 1) SIdpKeia Tov Siaotrparog IO, pe To oTaBePo pLOUG IF TTOL ATTOKTONKE HEOW
NG EMTAYLVONG KATA Tr) SIGPKEIR TOL XPOvou Al, 1 SIAVUCUEV) OTTGOTAON KOTA TN
d1Gpkeia Tou Siaotriparog 10 Oa eivar TeTpamrAdoia ekeivng mou diavibnke ot Sidp-
Kela Tov PWTOU [YpovikoU] SiaoTriuarog AC, 610T1 n TaxutnTa IF eivar TeTpamAdoia
™G TayotnTag EC. AAAG av peyaAdoouue To Tpfywvo HaG €101 (DOTE VO OUUTTEPIAG-
PBoupe To FPQ To otroio 10oUTan e To ABC, BewpvTag akGUa OTI 1) EMITAYLVON Eiva
oTaBepr), Ba TTPOOOBEOOLE OTNV OHOIGHOPPN TaXUTNTA i avénon RQ, ion mpog v
EC. Téte n Tipn NG 10060vaUNG OUOIGUOPPNG TAXUTNTAG KATA TN SIGPKEIR TOU XPO-
vikoU 6iaotipaTog 10 6a eivar TevTamrAGoIa aTré ekeivr) Tou TPUWTOL XPOVIKOU OIa-
otrjuartog AC. " auTd n diavuduevn amdoTaorn Ba eivail TevTamAGoIa Ao ekeivn TOu
mpdyTou SiaoTripatog AC. “ETol, eivail yeyovog, Le AITAG UTTOAOYIOUO OTI €V KIVOUUEVO
OWHO TO OTTOIO EKKIVEI ATTO TNV NPEUIR KO ATTOKTA TAXUTNTA E Evar pUOUS avaAoyo
TPOG TO XPOVO, Ba SIAVUOEI, KATA Tr) SIGPKEIN [OWV XPOVIKWV TTEPIGOWY, ATTOOTATEIG
oV oxeTiGovTal ueTa&y TOUG GTTWS o1 TEPITTOI ApIBuor SEKIVWVTAG aTTG TN Lovada,
1, 3,5, ..., 1] BewpddvTag Tr) OLVOAIKY] SIAVUCUEVI ATTGOTAON N OTroiR S1avUETO! OF bI-
AGOI0 XpOvo Ba eivail TETPATTAGOIA OTTG eKeivn TToL d1avubnke ot SIGPKEIX TOL pio-
vadiaiou xpovou, g TPITAGOIO XPOvo, 1 amdéoTaon eival 9-TTAGoIa AT eKeivn TTOU
b1avibnke oto povadiaio xpovo. Kai yeviké o1 amooTaoelg mou Siavibnkav €youv
AGyo 00 TTPOG TO TETPAYWVO TOU AGYOL TWV [AVTIOTOIXWV] XPOVWV».
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(A, S = [tj ,0.1).

2 2

XXoMGLOVTaG TO KEMEVO QUTO, EXOVHE VO TTAPATNPHOOVHE:

1. Xpnoipotroidvrag T obyxpovn BepeAianddn e&iowon S = 2 gt?, 6mov g n emTd-
1

2
[ at 2
Xuvan NG BapliTNTOG TO BeWPNHO TIPOKVTITEI APETOL: é = igtz = %
2 2

To mépiopa : S = Y2 glty> %) = 12 gty —t1)(ty + ty), pe tp —t; =1 (t;, t, Sradoxikol
uaikol apiBpol) kai ty + ty TEvTa TEPITTOS APIBUOS.

2. Eivar XopaKkTnpIoTIKA 1 OTMASTNTA PE TNV OTIOIx OTTOOEIKVUEI TO BEWPNHA KOI TO
TOPIoHa 0" ALTO TO ATTOOTTACHA, TTPOOPEVYOVTOG HEOW TOU BEWPHPOTOS HECNS
TIPAS OTIS avTIoTOIXEG OPOAES Kiviioels. H avatrap&oTaon xpévou — TaxOTnTag,
o’ 611 poiéiler pe ekeivnv Tou Oresme, XPOIHOTTOIEITOI HOVO YIO TNV EQAPHOYH
TOU BeWPAPATOSG TNG HEONS TIPNAS. Me xpoviké diadoxikd dioaoTApaTa oTadepd,
oUp@WVA pe TNV 21 TPGTACT TOV OTNV OpOAR Kivnon: S Y kan emeldr oTO

2 2
TEAOG TWV AVTIOTOIXWV 0wV XPOVIKAV Siaotnudtwv 1oxver: U, = 3Uy, U3 = 5U,,
5.5 S5 _S.=

1 3 5 7
3. XtV TeEAeuTaix TTOPGYPOIPO TOL KEIPEVOL Tov, 0 FoAAaiog avagEépeTal Eppeca

U, = 7U4, kok., pe Uy = BC/2, £émreTan 6T

otn oelpd 1+3+5+ ... + 2v-1 = V2, TV oTroiax cLVOEEI e TO TTOPICHA TO OTTOIO pE
TN o€Ip& TOL TPOKVTITEI TS TO Bepnpa TG péong Tiprg (Edwards, 1979: 90).
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OAHI'TEX THX LYNTAKTIKHE EITITPOITHZ I'TA
TA AITOXTEAAOMENA ITPOX AHMOZIEYZH KEIMENA

I evOIaQEPSHEVOI VO ONpOoIEBOOLY GPOBPT OTO TTEPIODIKS Bt TIPETTEN VO YVwpi-
Zouv Ta akoAovBa:
1. O1 gpyoioieg Tov Bar aTTooTAAOVY B TIPETTEN VOl €ival TIPWTOTUTTEG (VO PNV €Xouv
onpooieuTel 1] arooTael yior dnpoaievarn aAAov).

2. Oa mpérel va £xouv EkTaon PeTaED 4.000 kot 7.000 Aé€ewv padi pe Tnv Tepidnyn,
TOUG TIVOKES, TIG EIKGVES, Ta TTAPAPTAHHATA Kail TN BifAioypadpia.

3. Oa mpérel va cuvodevovTal atré TepAnywn 100-150 AéEewv (a) oTnv oxyyAikr, YoA-
Ak fj Yeppaviki YAdooo kai (8) oTnv eéAAnVIKr] YAWOOQ, KaBDG Kol omrd 5-6 Aé-
EeiG-KAe10I1G (BACIKEG EVVOIEG TTOU XPNOIHOTIOIOUVTAI OTNV EPYOOIT).

4. Etriong, 6a péTrel va ouvodevovTal -0g EEXWPIOTO APXEIO- OTTO T GTOIKEIX ETTI-
KOIVWVIOG TOUAGXIOTOV VGG TG TOUG OUYYPOPEIS (G1e0BLVOT ETTIKOIVOVIOS, T-
Aépwvo, nAekTpovikn d1elBLVVOT) KABWDS Kol OTTG TNV 1I0I6TNTON TWV GUYYPOPEDY
Kal To idpupa pe To omoio gvéexopévms ovvepydlovtar (A.x. AvatrA. Konyntrig
AT1.O., ZxoAik6g X0ppovrog N. Xaviwv, DiAéAoyos- Yroyripiog AibGkTopog
M.T.A.E. MavemoTnpiov lwavvivwy, K.0.K.).

5. Eév To kefpevo TeprdapPfaver Mivakes, AIXYpaPPOT, ZXHHOTO KA., QLTS B TTpE-
el va UTTOBGANOVTOI O€ EEXWPIOTO APYEID KOl vor UTTOSEIKVOETAI TOPWS N BEDT
TOUG péoa oTo Keipevo. H apiBunor] Toug Ba yiveTar diadoxiké ko o1 Tivakesg o
ouvodeVOVTAl OO TIG KATGAANAEG ETTIKEPOAIOES.

6. Tux6v MNapapTtripaTa vTToPGAAovTaI £TTIONG O€ EEXWPIOTS apXeio.

Ta kefpeva mpog Snpooievon amooTéAovtan v HAekTpovikry Aieb@uven Tou
mrepIodikov (EPISAGO@edc.uoc.gr) og dvo (2) apxeia. To éva apyeio Ba pépel Ta aTOI-
XEI0t TOU CLYYPOPED (OVOHATETTWVUHO, IBIGTNTA, diebBLVOT), TNAEPWVO KAl NAEKTPO-
VIKG TaLOpopEi0) Kot To GAAO Ba €ival OVAVUHO, WOTE VO ATTOCTEAETOI GTOUG Tip-
p66I0LG KpITES. O1 ovyypagei§ Bar e1doTTOI00VTOI PE NAEKTPOVIKG TayvdpopEio yia
TNV apadapr TG epyaciag Toug Kar HOAIG TO TTEPIODIKG EVNHEPWOET TG TOUG KPI-
TEG yIa €Qv 1) epyaaia ivar SpooieVoIun Kal €V aTaITOOVTAI KATTOIEG GAAOYES.

Odnyies yia T S1epu0pYPwOI TOV KEWUEVOY

Ta kefpeva Tou LTTOBGANOVTON B TTPETTEI VO EIVOIT YPOPUEVD OE EVEHIOU SIGOTIYO KOl
p6vo oTn pic TIAELPEG TNG TEADOG, HE TTEPIBWPIO 3 EKATOOTE O€ GAEG TIG TIAEUPES.

O TiTAoG TOU Kelpévou &g Ba TTpéTrel va uTrepPativel Tig 10 AéEeig ko dev Bar TTPETTel
£TTIONG va TTEPIEXEI OLVTOHOYPOPIES. EGv oI oUYYypaPEiG KAvouv PO CUVTOHOYPO-
IOV OTO KEIPEVO, Bt TIPETTEN TNV TIPWTN POPS& VA TIG EPPAVICOLY OVOAUPEVES KOl VO
divouv Tn ouvTopoypapic o€ TTaPEVOEDT).
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Mo 1N SievkéAvvon TG avéyvwong Tov GpBpou Ba TTPETTel var YiveTan opiBpnon Ke-
POACIV, LTTOKEPOATIWV, TTOPAYPAPWV K.T.A. PE apafikols apiBpoUs SEKIVIVTOS oTTé
70 0 yia Tnv Eicorywyn, 6v utréipxel.

O TiTAog TV Kepataiwv ypdgpeTal pe Evrova el (A.X. 3. MeBodoloyia Tng épev-
vag), Twv vTToKePOAainv pe évrova TAGyIa (3.1. Aefypa kai Siadikacia ouAdoyig Se-
Sopévwv) kal Twv empEpousg vTToKEPOATiwY pe okETa TAGYIa (1.1.1.,1.1.2, K.0.K.)

O1 ovyYpO@EiG TTaPaKoAOUVTON VO EIVOI OUVETTEIG WG TTPOSG TN XPHON TV ONpeiwv
oTi€ng. Ta SITTAG e1oaywyIK& (..."") XPNOIHOTIOI00VTOI VIO VO SNADCOLY TTap&Bepa amrd
£pyo ovyypogéa. ‘OTav auTo EeTEPVA TIG TPEIG OEIPEG KEIPEVOU, TIPETTEI VO YPGPETO!
XWPIOTE, péoa og JIMTAG el00ywYIKS, pe peyodbTepa diaoTrpaTa de€id kar apioTep&
o1r6 6,TI TO KAVOVIKG KEIHEVO, KOl HE TTAPN ovaipopd oTnv Tyn. Ta Hova& eloorymwyik&
("...") pTTOPOUV VO XPNOIHOTIOINBOUVV YIO VO SNADCOUV pN KOIVG OTTOOEKTT 1] HETOPOPIKA
xprion A.x. "TpokeiTan yia évav pobnty ‘aoTépr’...”) fj avagopd oe AEEn, Ekppaoan,
KATT. (A.X. "'TO pépepnpa 'Trav’ prropeil eTriong va urodnAavet ...”"). Ta TTAGyIX Yp&ppaTor
(italics) xpnotpotrololvTon yia va SnAdoouy eite €pgaot eiTe Kamolov 6po. Ta évrova
YPGHHATO XPNOIHOTIOIOOVTOI HGVO YIO TOLG TITAOUG KO YIX TIG OVOHOTTEG Tav Mivakwy,
IXNHGTwV KAT. (Mivakog 3, XxApo 2, AIGypoppa 1,) Kot ol UTTOYPOpHIioEl§ KaBGAov.
TéAog, b€ ouvioTATON N XPHON TWV KePOAaiwy pEoa oTo Kelpevo 1 0TI BIBAIoYpapIKES
TTOPOTTOTTES,

O1 vroonpeIdoElg Ba TTPETTel var atroeUyovTal. EGv o/n ouyypagpéag Bewpel atror-
POITNTN TN XPiON ONUEIDCEWY, TOTE QUTES OOt TIPETTEN VO PTTOiVOLY UTIOOENIBES KO
61 0TO TEAOG TOL KEIPEVOUL (ENEIdTEI§ TEAOLG).

Ilapanounés péoa avo xkeipevo

O1 Trapatroptrég - BIBAIOYPAPIKEG avaOPES- HETO OTO KElPEVO Bar TTPETTEl var Yi-
VOVTOI TTAVTOTE PEOT OE TTAPEVOEDEIG KO VO TIEPIAGHPBAVOLY TO ETTOVUHO TOUL/TNG
OLYYPOPEQ Kal Tr) Xpovoloyia €kdoong, evOEXOHEVWS KOl GUYKEKPIPEVN OEAIDQ 1} O€-
Aideg (Tooukalds, 1977: 35-6), (MovAavtlds, 1982), "Xoppwva pe Tig Carrasquillo
& Rodriguez (1996:27),..”, "’ "Omrwg vmrootnpiCel o Halliday (1985:64-66)...”. E&v ol
OUYYPOPEIS €ival TTEPIOCOTEPOI A6 6V0, TETE N TTOPATTIOUTI PTTOHVEL PE Tr) HOPEPI
(EvoTaBiGong k.a. 1992) rj (Bimmel et al., 2000). EGv o1 Tnyég o€ pia raparouT
€ival TTEPICOBTEPES ATTG HiX, HTTOPOVY VO UTToVV eiTe 0e adpanTIKA oeIpd (AAe&iov,
2000, ®paykovddkn & Apaywva 1997) eite oe xpovoloyikn (Dpaykouvddkn & Apa-
yaova 1997, AAe€iov, 2000) pe CUOTNHATIKG TPOTTO, GHWS, O€ OAN TNV EPYOTIQL.

Biphoypayixéc avaypopéc

O katéAoyog Twv BIBAIOYPa@IK®Y avagopwdy Ba TepIAappdvel To 0UVOAO TwV
£pYwV OTQ OTTOIx YIVETOI TTAPOITTOUTTH HEOO OTO KefpEVO -kal pévov auTd. O1 kata-
Xwproeig Ba yivovtal pe oA@afnTik OeIpd Kol 0TI OUVEXEIX PE XPOVOAOYIKI] (€GvV
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UTTGPYOLV TTEPITTOTEPA EPYT TOU 16i0L OLYYPAPED). OTAV PO KATOKWDPNOT apop&
TIEPICOBTEPOVG TG EVAV GUYYPOPEIG, TA APYIKG TWV OVOHATWY GAWV TWV GUYYPO-
@EWV PETA TOV TTPWTO TTPONYOUVTAl TWV ETTWVOHWY TOUG. [MepIoodTEPA TOL EVEG
ApXIKG& OVOHATWV XwpilovTan pe TeAeleg Xwpig didotnpa peTad Tous. EvlelkTiKG
oKoAovBoUV TropodEfypaTO.
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A) Avagopés o adnpocicuto vAIKO
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E) Ava@opég og avadnpooievpévo vAiko

Fishman, J.A. (1965) Who speaks what language to whom and when? La Linguistique
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Z) Avapopis o€ GpBpa epnpepidmwv Kar mePIOdIKWV
Oa TPETTEl VA AvVOYPAPETOI TO OVOHX TNG EPNHEPIDOS, N NpEPOpNVioy/Xpovoloyia
€kdoang kai o TITAOG Tou GipBpou.

H) Avagopés ot emionpeg ekB€oeIg Kal £yypapa
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Additional Language, DfES 0239/2002, www.standards.dfes.gov.uk
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‘Oco1 vrofGAdouv GpBpa yia Snpocigvon MaPAKAAOUVTAI VA& AKOAOVOOUV TIG
vTrodei&eIg mov avapépovTal mapatdvw, 16T SiapopeTikG e B pmopéoer va
Kivn0ei n Siadikacia kpiong Tng epyaciag Tovs.
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